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LINEAR SYSTEMS

Numerical Method for Solving the Time-Optimization
Problem for Linear Non-Stationary Discrete-Time
Systems of General Form
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Abstract—In the paper, we construct a software-implemented numerical procedure for solving
the time-optimization problem for linear discrete-time systems with arbitrary variable matrices
of the system and convex sets of geometric constraints on control. We also prove the convergence
of the sequence of control processes produced by the algorithm to a solution to the problem.
The efficiency is demonstrated on a number of examples.

Keywords: time-optimization problem, linear discrete-time systems, sequential global improve-
ment, Krotov method

DOI: 10.7868,/S1608303225110011

1. INTRODUCTION

The time-optimization problem is one of the classical problems of optimal control theory. In its
most generality, it is posed as the problem of transferring a given dynamical object from a fixed
initial state to some known set in phase space (target domain) in the least possible time. The cor-
responding dynamical system itself can operate in either continuous or discrete time, can be linear
or nonlinear, and the target domain can be either a given smooth surface or a one-point set (sin-
gleton). In this paper, the time-optimization problem is understood as the problem of transferring
a linear dynamical object operating in discrete time from a given initial state to the origin in the
least possible number of steps. With the exception of some special cases, the main tool for study-
ing problems of this kind has always been and remains the method of directly enumerating the
moments of time of possible termination of the transient process and directly solving the resulting
finite-dimensional problems of terminal stabilization. For these reasons, relatively few works are
devoted directly to the time-optimization problem in the above sense. Among them, we highlight
the fairly general considerations in [1-3], as well as their continuations [4-8].

In this paper, we develop a fundamentally different algorithm for solving the time-optimization
problem, which is based on the method of constructing sequential global improvements of control
processes proposed in the works of V.F. Krotov [9, 10]. This method is also applied to problems
of terminal stabilization of a given linear discrete-time system at various fixed moments of time of
the end of the transient process. However, unlike the classical approach, these problems are not
supposed to be solved completely. Improvements are constructed until either an optimal process in
terms of time-optimization is found, or the impossibility of reaching the origin in a given number
of steps is proven. For these purposes, we construct an estimate of the optimal value of the quality
functional based on the current approximation. A similar approach can be implemented using
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990 IBRAGIMOV, TSARKOV

other numerical methods of conditional finite-dimensional optimization and improvement, including
those developed specifically for studying discrete optimal control problems. The latter include the
methods from [11, Chapter 6] and some methods from [12, Part 2 and Part 4]. A distinctive feature
of Krotov method is the speed of improvement, as well as the fact that, within the framework of
the considered problems of terminal stabilization of linear discrete-time systems, it is possible to
establish the presence of the key property of strict improvement of non-optimal processes. General
results on non-strict improvement in optimal control problems for discrete and continuous systems
were obtained by V.F. Krotov. Some particular results on strict improvement, close to those
discussed here, but mainly in the case of continuous systems, are presented in [13].

The paper directly continues the research begun in [14], where we propose an approach to
constructing two-sided optimal time estimates for stationary linear systems with a non-singular
diagonalizable matrix of the system, and a numerical method for improving the upper bound and
constructing a guaranteeing process. Here, the results obtained in [14] are further developed in the
following directions. First, it will be shown that the iterative procedure from [14] not only allows
one to improve the upper bounds for the optimal time estimate and construct guaranteeing pro-
cesses, but is also actually capable of approximately finding optimal controls in the corresponding
time-optimization problem without any additional assumptions. Second, a new procedure will be
proposed that allows one to solve the time-optimization problem and construct optimal processes
in the absence of any known optimal time estimates. Third, all results will be generalized to the
case of non-stationary linear discrete-time systems of general form. In particular, all of them are
applicable to stationary systems with a singular matrix.

2. PROBLEM STATEMENT

Consider a linear non-stationary system with discrete time
x(k+1) = A(k)x(k) + u(k), k=0,1,..., (1)

where z(k) € R" is the state of the system, u(k) € U(k) is the control, U(k) are convex compact
sets in R™ containing the origin, A(k) € R™*™ are arbitrary given matrices. The initial condition
for the system (1) is fixed:

2(0) = zo € R™. (2)

It is required to calculate the minimum number of steps Npyin, in which it is possible to transfer
the system (1) from a given initial state xy to the origin and to construct an optimal process
{z*(k),u*(k —1) gjli“, satisfying the condition 2*(Nyin) = 0. The number Ny, will be called the
optimal time of the system (1) with the initial condition (2) and we will assume that the problem
is solvable, i.e. Npin < 0.

In the stationary case A(k) = A € R™"™ and U(k) = U C R", the well-known sufficient condi-
tions for the solvability of the time-optimization problem for the system (1)—(2) are the Schur
stability of the matrix A and the inclusion 0 € intU or the Kalman controllability of the system (1)
and the inclusion 0 € riU.

3. FIXED-TIME PROBLEM AND OPTIMALITY CONDITIONS

In [14], in the case of stationary systems with a non-singular matrix A(k) = A, we propose
an algorithm that allows one to construct guaranteeing processes, using known estimates for the
optimal time, and improve the upper estimate. This includes solving several problems with a fixed
operation time of the system sequentially. Let us discuss these problems.
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NUMERICAL METHOD FOR SOLVING THE TIME-OPTIMIZATION PROBLEM 991

First, introduce the following notation. Let N > 0 be some fixed value of discrete time and
k=0,...,N —1 in the system (1). Let

Uy ={k—u(k):{0,...,N =1} - R" | u(k) € U(k)},
Xy :={k—x(k):{0,...,N} - R"}.

We will identify the set Xy with the Euclidean space R™™+1 and the elements of the set Uy with
the corresponding vectors of the Euclidean space R™.

Consider for the system (1)—(2) the problem

JIn(u) = [lz(N)[* = min, (3)
uEUN
where x € X is the solution to (1)—(2) for £ =0,...,N — 1 and fixed v € Uy. Here and below,
|| - || denotes the Euclidean norm in R".

The problem (3) for the system (1)—(2) satisfies the conditions [11, p. 124, conditions 1-4],
which guarantee [11, Theorem 5.6.2] that for the optimality of control & € Uy in this problem it is
necessary and sufficient to require the fulfillment of the relations of the classical discrete maximum
principle [11, Theorems 5.3.1 and 5.6.1]. Since the system (1) is linear, these relations reduce to
testing N maximum conditions

((k +1),a(k)) = uréané)(iﬂ(k +1),u), (4)

for k=0,...,N —1, where (-,-) denotes the inner product in R", and the values of the dual
variable (k) are uniquely determined by

(k+1) = A(R)2(k) +a(k), 2(0) = xo, (5)
d(k) = AR) )k + 1), $(N) = —28(N). (6)

It is easy to see that for N > Npi, the optimal controls in problem (3) are singular [15], since in
this case &(k) = (. For what follows, we will need an alternative form of the optimality conditions
in this problem, with respect to which the optimal controls will no longer be singular for any
value of N.

Theorem 1. Let 4 € Uy. Then for the optimality of G in the problem (1)—(3) it is necessary and
sufficient that for k=0,..., N — 1 the inclusions

(k) € Arg min [|Ax(k+ Du+ Ax (k)i (k) =&k + 1] (7)
hold, where
An(k) = AN —=1)... A(k), k=0,...,N—1, Ax(N):=1, (8)

I is the identity matriz of size n X n, and the values z(k) and é(k‘) are defined by the equalities (5)
and

A~ ~

£(k) =&k +1) — An(k+ 1)a(k), &N)=0. (9)

For the convenience of the reader, the proofs of the assertions presented in the paper are included
in Appendix A.
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992 IBRAGIMOV, TSARKOV

Necessary conditions in Theorem 1 up to changes of variables and renaming were obtained in [14]
for the case A(k) = A, det A # 0, U(k) = U. Sufficient conditions are obtained here for the first
time.

The set of conditions (5), (7) and (9), unlike (4)—(6), does not degenerate in the case N > Npyin.
Thus, for example, for k = N — 1 from (7) we have

(N —1) € Argue[rjr(l]i\rfl_l) JA(N —1)Z(N — 1) + ul|,

and this condition is always meaningful and reflects the geometric meaning of optimal control in
the problem (1)—(3).

As a direct consequence of Theorem 1, we can obtain the statement that the algorithm proposed
in [14] allows one to approximately find optimal processes in the time-optimization problem for
stationary non-degenerate linear systems. This strengthens the theoretical results presented in the
indicated work. The algorithm for solving the time-optimization problem proposed below also relies
heavily on the assertion of Theorem 1.

4. IMPROVEMENT THEOREMS

Let @ € Uy be some arbitrary control. Let us set the goal of constructing a new control @ € Uy
that improves @ in the sense of the value of the functional Jy in the problem (3).

Theorem 2. Let 4 € Uy be an arbitrary control, and :&,é € XN be the corresponding solutions
to the equations (5) and (9). Let us define the control 4 € Uy by the condition

(k) € ArgurenUi&) |AN(k + Du + Ax(k)E(k) — E(k+1)|| Vk e {0,...,N —1}, (10)

where An (k) is determined from (8), and (k) satisfies the equalities
Z(k+1)=Ak)z(k) +a(k), (0)= xo. (11)
Then, with respect to controls U, u € Uy, there is a non-strict improvement in (3), i.e.
In(a) < In(a).

Theorem 2 was proved up to notation in [14] under the assumptions A(k) = A, det A # 0,
U(k) = U, which are inessential. The proof given in Appendix 1 is entirely based on V.F. Krotov’s
global improvement constructions.

Theorem 3. Let u € Uy, & € Xy satisfy the equation (5) and for the pair (&,u) the condi-
tions (10), (11) hold. Then the equality Jy(u) = Jn (@) holds if and only if the control 4 is optimal
in (1)—(3).

Theorem 3 states that any non-optimal control in (1)—(3) can be strictly improved with respect
to the values of the functional Jy by constructing a new control according to the relations (10), (11).
Since all sets U(k) are assumed to be compact, these relations are always solvable (possibly not
uniquely).

5. ESTIMATION OF THE OPTIMAL VALUE OF THE QUALITY FUNCTIONAL

When studying the problem (3) in the context of the original time-optimization problem for
the system (1)—(2), it is important to be able to estimate from below the optimal value of the
functional Jy with sufficient accuracy. For this purpose, one can use the information obtained in
the process of constructing improvements. Here is one such estimate.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025



NUMERICAL METHOD FOR SOLVING THE TIME-OPTIMIZATION PROBLEM 993

Theorem 4. Let @ € Uy, the values &(k) and (k) be determined from (5) and (6), and J3 be
the optimal value of the functional Jy in (3). Then

N-1

T 2 8MIP = 3 max ik +1),u— a(k)). (12)
k=0 "

From Theorem 4 we deduce the following: if for some N > 0 and some control @ € Uy the
right-hand side of inequality (12) is strictly positive, then Ny, > N is guaranteed to hold, since
JN =0 for all N > Npi, due to the conditions 0 € U(k). In particular, substituting the control
@ =0 € Uy into (12), we obtain the following estimate of the optimal time:

N-1
Nipin 2 min {N 20 ’ [ AN (0)xol]* +2 > H(ljiﬁ;)<AN(k + 1D)T AN (0)z0, u) < 0} :
=0 ue

We should note that a similar to (12) inequality is obtained in [11, p. 166].

6. ITERATIVE ALGORITHM FOR SOLVING THE TIME-OPTIMIZATION PROBLEM

Now we proceed to constructing a general algorithm for solving the initial time-optimization
problem for the system (1)—(2). To do this, we will sequentially improve the control processes in
the problem (3) for values N = 1,2,. .., applying the results of section 4, and use the inequality (12)
for a quick estimate of the theoretical possibility of reaching the origin for the current value of V.
Excluding the trivial case, we will assume that Ny, > 0.

We have the following algorithm:

0. Set the value of the permissible calculation error € > 0, put N = 1.

1. Set/supplement the initial approximation with the equality u(® (N — 1) = 0, put [ = 0 and
calculate the matrices Ay (k) = A(N —1)... A(k), k =0,...,N — 1, set the matrix Ax(N)
to be unitary, of size n x n.

2. Find the solution £ to the system of equations

c(k) =€k +1) — An(k + DuD (), €(N)=0.

3. For each k € {0,..., N — 1}, sequentially find and fix some solution u*+) (k) to the extremal
problem

AN (k + Du+ Ax ()2 (k) — D (k +1)]| — mUi&),
ue

where the values of 21 (k) are calculated using the formulas
2V (k4+1) = ARz (k) + D (K), k=0,...,N—1, 2 0) = .
4. Check the external stopping condition
Iz (V)] <ce,

when executed, finish the calculations with the answer N, = N, u, = u(TD.

5. Find the solution ¥(*1 to the system of equations
Y(k) = A(R)Tp(k+1), k=0,...,N—1, »(N)=-22(N).

6. Calculate the estimate E](\Z,H) of the possible approximation to origin by the formula

E](\l[—H) ” 1+1 H2 Z ml?X l+1 (k +1),u— u(l+1)(k)>.
ue

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025



994 IBRAGIMOV, TSARKOV

7. Check the internal stopping condition

(1+1)
Ey' 7 >0,
when executing, fix the found u!*1) as a new initial approximation, i.e. set u(®) (k) = u(*+1 (k),
k=0,...,N —1, increase N by one and go to step 1, otherwise increase [ by one and go to
step 2.

Denote by U* the set of all time-optimal controls for the system (1)-(2). By virtue of the
assumptions made, the inclusions U* C Uy, C R™Nmin hold. Recall that the distance from a point
to a set in the space R™Vmin is defined as

dist(z, Z) = C1112 ||Z — CH’ z € RnNmin’ ZC R Nmin_
S

Theorem 5. Let Ny, < oo. Then, for any value of € > 0, the algorithm constructed above
terminates its work after a finite number of iterations with an answer N, u.. In this case,
N. < Nuin, and if the number € > 0 is small enough, then N. = Npyin. Moreover, for such val-
ues of €, u. € R™min holds and the convergence

dist(us,U*) -0, €—0

takes place.

Thus, the constructed algorithm allows us to approximately find solutions to the time-optimiza-
tion problem for the system (1)—(2).

7. DISCUSSION AND COMMENTS

To implement the proposed algorithm, it is necessary to determine a method for solving two
types of finite-dimensional convex optimization problems at steps 3 and 6.

The problems at step 3 are essentially problems of metric projection of given vectors onto given
convex compact sets in R"”. The latter are the sets An(k + 1)U(k), where all U(k) are known in
advance, and the linear transformations Ay (k + 1) are calculated from the known matrices of the
system A(k) and depend on the current values of k and N. Thus, for any values of k, N, the set
An(k+1)U(k) can be considered known in advance. In applications, U (k) are often linear transfor-
mations of some base set U (e.g., U is the unit ball and U(k) is an ellipsoid; U is the unit cube and
U(k) is a zonotope, etc.), and in this case Ay (k + 1)U(k) have the same structure. For many such
sets, the metric projection problem has been extensively studied, and various high-speed algorithms
have been developed for its solution [16, 17]. It is also important to note that the computational
errors associated with one or another method of approximate solution to the problems at step 3
do not accumulate in subsequent iterations, since each time a nonlocal improvement of the previ-
ously obtained (inaccurate) control program is performed anew. Note also that the optimization
problems at step 3 can be rewritten in terms of trajectories. Namely, instead of performing steps 2
and 3 for each k € {0,..., N — 1}, the following optimization problems can be solved sequentially:

2D (k4 1) € Arg min AN (k +1)(z — 2O (k + 1)) + D (V)
z€ A(k)z(HD) (k) +U (k)

where for k = 0 we have
21D (0) = .

In this case, the number of intermediate calculations required to construct the improved trajectory
is somewhat reduced. In this case, the corresponding control values are determined by the equalities

u (k) = 2Dk + 1) — ARz (k), k=0,...,N—1.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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More important is the exact solving of the maximization problems at step 6. Calculating the

estimate value E](\l[ﬂ) with the minimal possible error is important for correctly checking the con-

dition EJ(\l,H) > 0 at step 7, which guarantees that the current value of time N is strictly less than
the optimal time Ny,;,. The presence of computational errors for EJ(\Z,H) can lead to the issue that
the optimal time is found incorrectly even in the case when the value € > 0 is sufficiently small.
In this regard, it is helpful to use support functions of the sets U(k), which can be determined in
advance, since the structure of all U(k) is assumed to be known. With this approach, instead of
solving problems of maximizing a linear function on a convex compact set, it will be sufficient to
calculate the values of known support functions at given points. The latter allows increasing the
accuracy of calculations and additionly reducing the overall running time.

The algorithm proposed in Section 6 can be implemented in any software environment in an
arbitrary programming language. To demonstrate the results, an implementation was made in the
freely distributed high-level language Python3. For the numerical solving of extremal problems at
steps 3 and 6, we use a separate convex optimization library cvaxpy and the methods cvaxpy.SCS
and cvzpy.CLARABFEL. Note that in the case where the set U is a zonotope, it is advisable to use
the cvrpy.CLARABFEL method both in step 6 and in step 3. Detailed documentation and source
codes of these methods can be found on the official website of the library https://www.cvxpy.org/.

The program listing is included in Appendix B. To feed the initial data from the following
examples to the program input, one can use the json code provided in Appendix C.

8. EXAMPLES
Ezxample 1. Consider a one-dimensional stationary system
z(k+1)=x(k)+uk), k=0,1,..., z(0) =z € (2;3]

with a control constraint |u(k)| < 1 and solve the time-optimization problem for this system using
the algorithm from Section 6.

Since n = 1, all extremal problems at step 3 have unique solution, and Ax(k) =1 for all N
and k. We assume that £ > 0 is so small that the complete stop condition at step 4 can be replaced
by the condition |2V (N)| = 0.

Let N =1 and u(?(0) = 0. At step 2 we have

At step 3 we find

u(0) =arg min Ju-+aol = —1, 2 O(1) =20~ 1€ (12,
ue|—1;

Checking at step 4 shows that |z(1(1)| > 0, so at step 5 we have
P (0) = M (1) = —2:M (1) =2 — 22 < 0.
From here, in step 6 we calculate

Eﬁl) = zM ()2 - ué?f‘fi]w(l)(l)(“ —uM(0)) = |2MW(D))? = (zg — 1)® > 0.

In step 7 we fix the found «(!)(0) = —1 and move on to the case N = 2.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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For N = 2 we have u(®(0) = —1, «()(1) = 0. Then we sequentially obtain
O =2 =0, £90) =1,

u(0) =arg min fu-+aol = =1, 2 O(1) = a0~ 1€ (12
ue|—1;

uM (1) = arg I{li{lu ‘u + x(l)(l)‘ =1, zW@)=12—2€(0;1].
ue[—1;

Since |2 (2)| > 0, we find
P (0) = M (1) = M (2) = —22M(2) = 4 — 22 < 0;

B = 2D @)P ~ max (1) -uM(0)) — max @ (2)(—u®(1))
ue[—1;1] u€[—1;1]
=z (2)]* = (20 - 2)* > 0.
We fix the found ™ (0) = u™" (1) = —1 and finally move on to the case N = 3.
For N = 3 we have u(0(0) = u(9(1) = =1, u(?)(2) = 0. Here we get
9@ =93 =0, €20)=¢"0) =1,
u(0) = arg min futao—1) = ~1, 20(1) =2~ 1€ (1:2;

)

uM (1) = arg 1’%111111] ‘u + x(l)(l)‘ =—1, zWM(@)=1z0—2€(0;1].
ue|—1;

uM(2) = arg min ‘u + x(l)(Q)‘ = —2M@)=2—120 zM(2) =0
ue[—1;1]

The check at step 4 shows that the algorithm is finished and a solution to the time-optimization

problem has been found: Ny, =3, u*(0) =u*(1) =-1, u*(2)=2-—1zp, (1) =uz0—1,

x*(2) =29 — 2, 2*(3) = 0.

Ezample 2. Let in (1)—(2) n = 2, the system is stationary and it is known that

4 8
—(cos(1 sin(1 ——sin(1
sy | B AW gy
R sin(1) g(cos(l) —sin(1))

Uk) = {U € R? | (2v1 + v2)vy + (v1 + 3vg)ve < 1} :
wo = (=37.79, —26.1); &= 0.0001.

Applying the proposed algorithm, we obtain the following results: Ny, = 10, the time-optimal
process has the form shown in Figs. 1 and 2. Table 1 provides detailed information on the conver-

Table 1. Convergence of the algorithm in Example 2

N I+1 l=(N)]] VE
1 1 19.72 19.72
2 1 16.24 16.24
3 1 20.4 20.4
4 1 8.91 8.9
5 1 4.58 4.54
6 1 7.07 7.07
7 1 2.52 2.51
8 3 0.55 0.25
9 1 0.22 0.19
10 1 10~5 0
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10

25 F

—40 —-30 -20 —10 0 10 20
X

Fig. 1. Optimal trajectory in Example 2.

1'00 1 1 1 1 1 1 1
-1.00  -0.75 -050 -0.25 0.00 0.25 0.50 0.75

u,

Fig. 2. Optimal control in Example 2.

gence of the algorithm. In this and subsequent tables, N and [ correspond to the notations in the

paper, ||z(N)| should be read as ||z D (N)||, and VE as \/max{E](\l[H),O}.

Ezample 3. Let in the system (1)—(2) n = 2 and it is known that

o (5) ()
() (3

2o = (9.33, 0.2); &= 0.0001.

A(k) =
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~7.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0
X,

Fig. 3. Optimal trajectory in Example 3.

1.0

[
=
=

T

=

1.5 -1.0 -0.50 0.00 0.5 1.0 1.0

Fig. 4. Optimal control in Example 3.

Let us assume that the sets U(k) change according to the following rule:

V3 3
max{|vy], [va|} < (0-9)’“7, vl << ¢

U(k) = {v € R? "

Applying the proposed algorithm, we obtain the following results, presented in Table 2 and Figs. 3

and 4.
Table 2. Convergence of the algorithm in Example 3

N I+1 (V)] vVE
1 1 8.58 8.58
2 1 7.83 7.83
3 1 7.08 7.08
4 1 6.45 6.45
5 1 5.7 5.7
28 1 0.13 0.13
29 1 0.07 0.07
30 1 0.03 0.03
31 1 1076 0
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7.5

X,
Fig. 5. Optimal trajectory in Example 4.

05

1_0 1 1 1 1 1
-1.5 -1.0 -0.50 0.00 0.5 1.0
u,

Fig. 6. Optimal control in Example 4.

Ezample 4. In the conditions of the previous example, suppose that both matrices A(k) and
sets U(k) change according to the following rules:
cos (§) —sin (%
ARy = (D" ) ) ;
sin (3)  cos (3)
V3

mac{o, [oa]} < 52, o] < (0.9 }

We take the values of x¢ and ¢ from Example 3. Applying the proposed algorithm, we obtain the
following results, presented in Table 3 and Figs. 5 and 6.

Uk) = {v € R?

Table 3. Convergence of the algorithm in Example 4

N [+1 [N VE
1 1 8.33 8.33
2 1 7.46 7.46
3 1 6.65 6.65
4 1 5.92 5.92
5 1 5.27 5.27
24 1 0.16 0.16
25 1 0.08 0.08
26 1 0.1 0.1
27 1 107° 0
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100

80

40

20

-20 0 20 40 60 80 100

Fig. 7. Optimal trajectory in Example 5.

< 0,0 @

_0’8 i 1 1 1
-0,8 -0,6 —-04 -0,2 0,0 0,2 0,4 0,6 0,8
u,

Fig. 8. Optimal control in Example 5.

Ezample 5. Consider the following example of a non-stationary system (1)—(2). Let n = 2 and
it is known that

?

e~V k+D cog(1/(k + 1)) —e~ Y/ ®E+D sin(1/(k + 1))
A(k) = ( e—1/(k+1) sin(1/(k + 1)) e—1/(k+1) cos(1/(k + 1)) >

U(k) = {v e R? ‘ 20F + 203 <14 e 2D — 26 EH cos(1/(k +1)) }
2o = (100, 100); & = 0.0001.

Here the matrices A(k) and the sets U(k) correspond to a system of the form (1)—(2) obtained by
discretizing a continuous-time system of the form

2(t) = Acz(t) +w(t), 2(0) =z,
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-1 -1
AC:<1 _1)7

the control function w(t) satisfies the geometric constraint ||w(t)|| < 1, ¢ > 0, and is piecewise con-
stant on time intervals [tx;tx11), k=0,1,..., where ty = 0 and the discretization step Ay :=tx11 —tx
is not constant, but changes according to the rule Ay = 1/(k + 1).

where ¢ € [0; +00),

Applying the proposed algorithm, we obtain the following results, presented in Table 4 and
Figs. 7 and 8.

Table 4. Convergence of the algorithm in Example 5

N [+1 [e()] VE
1 1 51.42 51.42
2 1 30.78 30.78
3 1 21.79 21.79
4 1 16.75 16.75
5 1 13.53 13.53
77 1 0.03 0.03
78 1 0.02 0.02
79 1 0.01 0.01
80 1 107° 0

9. CONCLUSION

The algorithm developed in this paper is a method for sequential global improvement of the
control program in the time-optimization problem for a general linear discrete-time system. In the
absence of additional assumptions about the problem and the properties of its solution, we establish
the convergence to an optimal process. It should be emphasized that despite the presence of some
enumeration procedures in the structure of the algorithm, the information obtained at earlier stages
is not lost when moving to the next steps, but is used to construct a new approximation.

Examples show that there are problems in which this approach is more effective in comparison
with the classical enumeration-optimization approach. However, at the moment it has not been
proven that the algorithm will work as effectively in the general case. Moreover, computational
practice shows that the convergence rate directly depends on both the method of software imple-
mentation and the initial data of the problem. At the same time, various additional information
that may arise when solving specific applied problems (for example, any estimates of the optimal
time and/or a known approximation to the optimal process) are naturally built into the structure
of the algorithm and can be used to increase the rate of convergence to the solution. Theoretical
study of the convergence properties of the developed iterative procedure seems to be a relevant
direction for further research.

We also note that the results of this paper can be easily generalized to a more meaningful
practical case of non-stationary linear systems of the form x(k + 1) = A(k)x(k) + B(k)u(k), where
the vector u(k) has dimension m, and, generally speaking, m # n, and the matrices B(k) € R"*™
are considered to be known.
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APPENDIX A

Lemma 1. Let @ € Uy be an arbitrary control and & € X be found from (5). Let also 1&,5 € Xy
be defined by (6) and (9), respectively. Then for each k € {0,..., N} the equality

k) = 24N (k)" (€k) — An (k)i (k) (A1)

holds.

Proof. Indeed, for £ = N the equality (A.1) follows from the initial conditions on the right-hand
sides of the formulas (6) and (9), taking into account Ax(NN) = I. Suppose that (A.1) holds for
some k € {1,...,N}. Then

bk —1) D Ak - 1)k D 24x (k)T (E) — AnR)i(k)) E
2An(k = 1)T (£(k) — An(k — Di(k — 1) — Av(R)a(k — 1)) 2
2An (k= 1)" (€k = 1) = An(k = )ik - 1)).

Consequently, (A.1) holds for all k£ € {0,..., N}. Lemma 1 is proved.

Proof of Theorem 1. Since the relations (4)—(6) are a necessary and sufficient condition for
optimality in the problem (1)—(3), it suffices to establish their equivalence to the relations (5),
(7) and (9). The relation (5) is present in both sets. Moreover, for a fixed 4 € Uy, it uniquely
determines the trajectory &, and the relations (6) and (9) uniquely determine the values of the dual
variables 1(k) and £(k), which are related by the formula (A.1) by virtue of Lemma 1. Thus, it
remains to check the equivalence of the conditions (4) and (7).

The condition (7) is equivalent to the condition

~

(k) € Arg min (AN Gk + 1)ull? + 2(An (k + D)u, Ay (k) (k) -

(k+1))).

Given (5) this is also equivalent to

(k) € Arg_min (AN (s + 1)l + 2(Aw (s + D, Ay (k + 1) (@ (k + 1) — a(k)) —

U (k) (k + 1)>) ;

and by virtue of (A.1) it is equivalent to

(k) € Avg min (AN (k + Dl = (u, §(k + 1) + 245 (k + 1) Ax (k + Da(k)) ) -

Therefore, the condition (7) is equivalent to the condition

((k+1), (k) + | An (k + Da(k)|?
> (k4 1),u) + 2(An(k + )T An(k + Da(k),u) — [|An(k + Dul> Vo e Uk)

or, what is the same,
Dk +1), (k) — ) + [ Av(k + 1) (a(k) —uw)|* >0 Vue U(k).

Clearly, the latter holds if (4) holds. Suppose that (4) does not hold. Then there exists u’ € U(k)
such that
Wk + 1), a(k) — ') < 0.
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But then for v. = (1 — e)a(k) + eu’ with e > 0 we have
(k4 1), a(k) = ve) = e((k + 1),a(k) — ') < 0.

Moreover, for values € € (0; 1] we have v, € U(k) since the set U (k) is convex. In addition, v, — @(k)
for e = 0. Since

(k1) alk) — ve) + [ Ay (k + D) (k) - o)
= e((k + 1), (k) — ) + < An (k + D(ak) - o)
< e (((k +1),a(k) — ) + ellAn(k + D2lak) —o[1?),
then it follows that for a sufficiently small value of € > 0 it will be true that
(Blk+ 1), (k) — ve) + [|Ax (k + 1) (a(k) - v)” <0

where v, € U(k), so the condition (7) is also not satisfied in this case. We finally establish that the
conditions (4) and (7) are equivalent. Theorem 1 is proved.

To prove Theorems 2, 3 and 5 we need the following constructions (see also [9, 10, 14]). Fix @ € Un,
determine the values of £(k) from the equation (9) and set for arbitrary k€ {0,...,N —1}
and xz,u € R"

Bk, x) = 2(An (k) TE(k), ) — || An (k)=]|?,
R(k,z,u) = ¢k + 1, A(k)z 4+ u) — ¢(k, ).

Lemma 2. Let 4 € Uy be an arbitrary control, and a%,é € Xn be the corresponding solutions to
the equations (5) and (9). Then the condition (10) is satisfied if and only if

Rk, &(k), u(k)) = urerleaLé)R(k,aﬁ(k),u) vk e {0,...,N — 1}, (A.2)

where & satisfies (11). In particular, the control @ is optimal exactly when

Rk, &(k), a(k)) = urerleaLé)R(k,i(k),u) vk e {0,...,N —1}. (A.3)

Proof. By definition we have

Rk, Z(k),u) = ¢(k + 1, A(k)(k) + u) — $(k, &(k))
= 2(An(k + 1)TE(k + 1), A(R)Z(k) + ) — A (k + D)(A(R)Z(k) + u)|* — ¢(k, Z(K))
= — || AN (k)Z(k) + An(k + Dul® + 2 (k + 1), An ()E (k) + Aw (k + L)u) — p(k, &(k))
= [ AN ()& (k) + An(k + Du = E(k + 1|7 + 10k + DI* = ¢(k, #(k))-

Since the second and third terms obtained do not depend on u, we arrive at the first of the assertions
to be proved. The second assertion follows directly from the first and Theorem 1. Lemma 2
is proved.

Proof of Theorem 2. By virtue of the introduced notation, we have

In(@) = =p(N,Z(N)) = =4(0,20) + ¢(0,20) — (N, Z(N))
N-1

= p(0.z0) - Y (@(k LAk 1) - @(k,:ak)))
k=0
N—
= —(0, ) Z (k)
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and, similarly,

2

In(1) = —p(0,0) Z (k)).

k=0
Using that according to (9)
Rk, z,0(k)) = ¢(k + 1, A(k)x + a(k)) — p(k, z)
= 2(An (k + )Tk + 1), A(k)z + a(k)) — [ AN (k + D)(A(k)z + a(k))|?
—2(An (k) "E(k), ) + | An (k)| = 2(An (k + 1)TE(R), a(k)) + [An (k + Dack)|?
does not depend on z, then by (10) and Lemma 2 for each k € {0,..., N — 1} we have
Rk, (k) a(k)) = R(k, &(k), (k) = R(k,&(k), 0 (k)). (A.4)

Therefore, Jy (@) < Jn(@). Theorem 2 is proved.

Let us perform one more general construction, which will be used below in proving Theorems 3
and 5.

Consider the auxiliary system
y(k+1) =y(k) +v(k), k=0,....N—1, y(0) =yo:=An(0)zo (A.5)

with geometric constraints v(k) € V (k) := Anx(k 4+ 1)U(k). It is clear that all sets V' (k) are convex,
compact, and contain the origin. Let 4 € Uy be given. In the system (A.5), we set v(k) = 0(k) =
An(k 4+ 1)a(k). Then, since u(k) € U(k), we have v(k) € V(k) and the solution g to the sys-
tem (A.5) satisfies the relation

g(k) = Ax(k)2(k), k=0,...,N.
We write constructions for the system (A.5) similar to those given above. Namely, let us set for
ke{0,...,N—1} and y,v € R"
Sk, y) = 2(6(k),y) — vl
R(k,y,v) = ok + 1,y +v) — o(k,y),
where the values of £(k) are found from (9). Then the following relation holds:
Rk, An(k)x, Ax(k +1)u) = R(k,z,u) Vz,ueR”, k=0,...,N—1. (A.6)
Indeed,
Rk, An (k)z, An (k + Du) = o(k + 1, Ax (k)z + Ax(k + Du) — ¢(k, Ax(k)z)
= 2(€(k + 1), An(k)x + An (k + Du) — [[(Ax (k) + Ax (k + Du)|?
2<A( ), A (k)z) + | An (k)z||* = 2(An (k + 1)TE(k + 1), A(k)z + u)
—[l AN (k + 1)(A(k)z + u)|]* = 2(An (k) TE(), =) + || A (k)|
= ok +1,A(k)x +u) — ¢(k,z) = R(k, z,u).

Lemma 3. Let 4 € Uy and the values of é(k‘) be found from (9). Then there exists unique pair
(7,0) satisfying the conditions

Rk, g(k), (k) = v?%)ﬁ(k,g(k),v), k=0,...,N -1, (A7)
gk+1)=gk)+ok), k=0,....N—1, §(0)=uyo. (A.8)
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In this case, the condition (A.7) is equivalent to the condition

M@eAmr%bw+ﬂM—ﬂk+UHVkewwwN>i} (A.9)
ve

and for any pair (Z,0) satisfying the relations (10)—(11),
y(k) = Ax(k)z(k), kE=0,...,N, o(k)=An(k+ Du(k), k=0,...,N—1. (A.10)
Proof. Let us consider the condition (A.7). By definition we have

Rk, §(k), v) = ok + 1,5 (k) +v) = ok, (k)

= 2(6(k + 1), 5(k) + v) — [|(5(k) +0)|* - X §(k))

= —[[§(k) + o> + 2((k + 1), §(k) + v) — (k. §(k))

= —[[§(k) + v = &Gk + DI + |k + DI* = (k. §(K)).

As in the proof of Lemma 2, we find that (A.7) is equivalent to (A.9). In the case k =0, the
condition (A.9) means that the value ©(0) is found by solving the extremal problem

)
(

v+ An(0)zo — £(1)|| = min .

o+ Ay (O - 1) > min

It is clear that for a nonempty convex compact set V' (0) the solution to this problem exists and is
unique. Moreover, by (A.8) the value of §(1) is uniquely determined from here. At the same time,
any @(0) satisfying (10) is one of the solutions to the problem

AN (Du + Ax(0)zo — £(1)]| — ml?o),
whence 9(0) = Anx(1)u(0), since the sets U(0) and V(0) are related by the equality V(0) =
An(1)U(0). For Z(1) from (11) we obtain §(1) = Anx(1)Z(1), since yo = An(0)zo.
Let (k— 1) and g(k) be known for some k € {1,..., N —1}. Then 9(k) is defined as the unique
solution to the problem

+ (k) — E(k+1)|| — ,
v+ (k) — &k + 1) Ug%

where V (k) is nonempty, convex, and compact. For known o(k) and g(k), the value g(k + 1)
is uniquely determined from (A.8). Thus, the pair (g,0) satisfying conditions (A.7) and (A.8)
is completely and uniquely determined.

Carrying out similar comparisons of the values of v(k) and u(k), y(k + 1) and Z(k + 1) for
k=1,...,N—1 and taking into account V (k) = An(k+1)U(k), we establish the validity of (A.10).
Lemma 3 is proved.

Proof of Theorem 3. Suppose that the control @ is not optimal in problem (1)—(3). Then by
Lemma 2 there exists r € {0,..., N — 1} such that

R(r,aft(r),ﬁ(r)) < max R(r,af:(r),u).
uelU(r)

Take the smallest such . Then by (A.6) for any k € {0,...,r — 1} we have

N

R0k, 5(K).5(K)) = Rl #(K). (k) = max R(k. (k). ) = maxx Rk, i(k).).

where (k) = An(k)z(k), v(k) = An(k+ 1)a(k). Since by Lemma 3 there exists unique pair (7, )
satisfying conditions (A.7) and (A.8), we have

o(k) =o(k), k=0,....r—1,
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and, consequently, (r) = g(r). Hence, by (A.6) and (A.10), for any pair (Z, u) satisfying (10)—(11),
we have

R(r,i(r),ﬁ(r)) < max R(r,i“(r),u) = max R(T g(r),v)

ueU(r) veV(r)
_ vg%)n(r (), v) = max. R(r, &(r),u) = R(r,&(r), a(r)).

Returning now to the proof of Theorem 2, we find that for £ = r the inequality in (A.4) is strict
and therefore

JN(QNL) < JN(QZ)
If the control @ is optimal in the problem (1)—(3), then according to Lemma 2 and (A.6) for all
ke€{0,...,N — 1} we have

Rk, §(k),0(k)) = R(k,&(k), a(k)) = s R(k, (k) u) = vg%)R(k §(k), v),

and hence the pair (§,0) = (9,0) satisfies the conditions (A.7)—(A.8). Therefore, by Lemma 3
and (A.6), for an arbitrary pair (Z,a) satisfying (10)—(11), we have

R(k, #(k), a(k)) = R(k, §(k), 0(k)) = R(k, &(k), a(k)) Vke{0,...,N —1}.
But then, returning to the proof of Theorem 2, we find that all inequalities in (A.4) for values
k=0,...,N —1 are satisfied as equalities and, therefore, Jy (@) = Jy(@). Theorem 3 is proved.

Proof of Theorem 4. Let @ € Uy be an arbitrary control, and let #(k) and ¢(k) be defined
by (5) and (6). Consider a function L : R" x Uy — R of the form

N-1

L(z,u) = |® = 2(2(N), ) — ($(0),x0) = >_ ((k + 1), u(k)).

k=0

We emphasize that in this notation x is a vector from R"”, and u is an element of the set Up.
We show that for the vector x(N) found from (1)—(2) for fixed u € Uy, it holds

A

L(x(N),u) = [[2(N)|]? = Ty (u).
Indeed, due to (1) and (6) we obtain
N—-1
L(a(N),u) = (N[ = 2@(N), (N)) = (1(0), z0) = > Wbk + 1), u(k))
k=0
= [2(N)I2 + (V) 2(N)) = ((0), zo)
N-1
= > (Wl + 1), AR)w(k) + ulk)) = @k +1), Ak)z(k)))
k=0

N—

= [2(N)|2 + (H(N), z(N)) - (W + 1), 20k + 1)) = (B(k), 2(k))) = (V)]

k=0

,_.

In particular, for any optimal process (z*,u*) in problem (3) we have
L(z*(N),u*) = J := Jn(u®).

On the other hand, at the point of its global minimum, the function L takes the value

N-1
L= mun L(w,u) = —[|#(N)||* = (1:(0), z0) - ,go e (0 + 1), ).

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025



NUMERICAL METHOD FOR SOLVING THE TIME-OPTIMIZATION PROBLEM 1007

Consequently, due to (5) the inequality holds

Ty = L@ (N),u) > L —ch(N)HZ—(1&(0),wo>—]:_:urerlgé)<zﬁ(k+1)7U>
= [#(N)|2 = 20&(N) | = (5(0), o) —Z:u%) (05 + 1), A2 () + ) = (1), AR (R))
= (N2 + (B(N), 5(N) = (5(0), o) - Zzo o ((k -+ 1), ARY(k) + ) — ((8). 2(5)))
—ch(N)HQ—N_lurg%(<zﬁ<k+1>,A<k>@<k> ) = ((k+1), 5k + 1))

2 Yk +1),u — a(k)).
N)|I*> - Zg}?),g) +1),u —a(k))

Theorem 4 is proved.

Let us make one more construction necessary for proving Theorem 5. Let N > 0 be given.
For an arbitrary @ € Uy, we define two numbers fr(4) and fr(a) as follows. Let

fr@@) = [lg(Nv)|1%,

where 7 is determined by the conditions (A.9) and (A.8), in which ¢ is found from (9). In addition,
we set

fe(a) = ||2(N)|I* - Z max, Yk +1),u—a(k)),

ueU(k

where 2 and ¢ are the solutions to the equations (5) and (6).

Lemma 4. The functions fr, fg : Uny — R are well defined and continuous. Moreover,

f1(@) = In(a)

for any U satisfying the conditions (10)—(11), and each of the two equalities
f1(a) = Jn(a) = fe(a)

holds exactly when @ is an optimal control in the problem (1)—(3).

Proof. The well-definedness of the function f; follows from Lemma 3. The function fg is well
defined due to the compactness of all sets U (k).

The solution £ to the equation (9) depends continuously on the parameters 4(k), and the solu-
tion ¢ to the equation (A.8) depends continuously on the parameters o(k). In addition, for each
ke€{0,...,N — 1} the value v(k) is determined by the condition (A.9) as the metric projection of
the point & (k+1) —g(k) onto a nonempty convex compact set V (k) in the space R™. As is known,
the operator of metric projection onto a convex and closed set in a finite-dimensional Euclidean
space is well defined and continuous. Therefore, the function f; is continuous. Let @ € Uy and
T € Xy satisfy the conditions (10)—(11). Then, by Lemma 3, we have

f1@) = [N = [ Ax (NEN)|? = [2(N)]* = Jn (@)

In particular, according to Theorem 3, the equality fr(a) = Jy (@) is satisfied if and only if @ is an
optimal control in the problem (1)—(3).
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The solution to the equation (5) depends continuously on the parameters 4(k), the solution to the
equation (6) depends continuously on the parameters Z(k), and the quantity max,c (k) (W)(k+1), u)
is the value of the support function of the nonempty compact set U (k) at the point @Z;(k +1), which
is also continuous. Therefore, the function fg is continuous. Moreover, if @ is an optimal control

in the problem (1)—(3), then the maximum condition (4) is satisfied, whence
fe(@) = [|E(N)]* = Jn(@).
Finally, by Theorem 4 for an arbitrary control 4 € Uy the two-sided estimate
fe(d) < Jy < Jn(a)

holds, therefore, in the case of equality of the left and right parts, the control @ is optimal in the
problem (1)—(3). Lemma 4 is proved.

Proof of Theorem 5. Since by the condition of the problem 0 € U (k) for all k, then for any fixed
N > 0 the control 49 constructed according to the rule

uO(k)eUk), k=0,...,N—2 uON-1)=0,

satisfies the geometric constraints, and step 1 of the algorithm is thus well defined. Steps 3 and 6
are well defined due to the compactness of all sets U(k).

Let N > 0 be arbitrary. Let J; denote the optimal value of the function Jy in problem (1)—(3),
and let U} C Un denote the set of all optimal controls in it. Let us consider the sequence
{u(l)} C Uy constructed by the algorithm in steps 2-5. According to Theorem 2, the sequence
of non-negative numbers J N(u(l)) is monotonically non-increasing. Therefore, it has some limit J°.
Since the set Uy is compact, there exists a subsequence {u(lm)} and an element u* € Uy such that
ullm) — u* as m — oo. Let us show that u* € Uy Consider the function f; constructed above.
By Lemma 4, it satisfies the equality

Frul)y = gy (ulmt1),
where the function f; is continuous. Passing to the limit with respect to m — oo, we obtain
f[(u*) = JO.

On the other hand, the function Jy is also continuous due to the continuity of the squared norm
function and the continuous dependence of the solution to the equations (1)—(2) on the parame-
ters u(k). Therefore, we have
In(u) = lim Jy(ulm)) = JO.
m—0o0
According to Lemma 4, the obtained equalities mean that u* is an optimal control in the prob-
lem (1)—(3). In particular, J° = Jy(u*) = J.

Let us now consider the function fg constructed above, as well as the function dist(-,Uy).
Both of these functions are uniquely defined on Uy. By Lemma 4, the function fg is con-
tinuous and fg(u*) = J3 for any u* € Uy,. The function dist(-,U5;) is continuous by definition
and dist(u*,U%) = 0 for any u* € U;. Let us show that the sequences of numbers fp(ul)) and
dist(u(l),Z/{;Q) have limits Jy3, and 0, respectively. Assume this is not true and, for definiteness,
the sequence {fg(u))} does not tend to J%. Then for some § >0 there exists a subsequence
{u)} such that |fg(ultm)) — J&| > § for all m. Passing once again to a subsequence, in view
of the compactness of the set Uy C R™, we can assume that there exists an element u* € Uy
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such that u(tm) — u* for m — co. By what was proved above, the inclusion u* € Uy holds, i.e.
fe(u*) = J% by Lemma 4. But at the same time, the function fg is continuous, and there-
fore |fp(u*) — J§| = 0 > 0. The resulting contradiction shows that for the sequence of numbers

E](\l[) = fE(u(l)) constructed in steps 2-5 of the algorithm, the following convergence holds:
E](\l,) — Jy, | — o0
Similar reasoning leads to the fact that
dist(uV, Uy) =0, | — oo. (A.11)

Since N > 0 was chosen arbitrarily, the latter is also true for N = Ny,
Thus, it is shown that for any N > 0 the sequence of numbers Jy (u(l)) monotonically converges

()

to Jy from above and, moreover, the sequence of numbers E,/ converges to Jy. Moreover, by
Theorem 4 we have E](\l[) < Jy for all [. Thus, it is proved that

Iy@®)y L J% and EVtJ5 for 1 oo, (A.12)

Let € > 0 be given. For any N < Npji,, regardless of the value of €, we have J3 > 0, and by
virtue of (A.12) there exists an I’ = I'(\N) such that E](\l,,) > 0. Therefore, for any such N, after
a finite number of internal iterations, the stopping condition at step 7 is satisfied (if the condition
at step 4 was not satisfied before that). If N = Npyin, then JX = 0 and again by virtue of (A.12)
there exists an [* for which Jy(u")) < &2, which means that after a finite number of iterations,
the complete stopping condition checked at step 4 is satisfied. Consequently, the algorithm is
guaranteed to complete its work in a finite total number of iterations.

Let the algorithm finish its work with an answer N., u.. From the previous reasoning it follows
that N, < Npin. But if the number ¢ is chosen so small that

0<e<e':= min Jy,
0<N<Nmin

then the strict inequality N. < Ny is impossible, and therefore N = Npyin.

By virtue of (A.11), the sequence u(!) constructed in steps 2-5 for N = Ny, converges to the
set Uy = U™ in the sense of the distance between a point and a set. Moreover, this sequence does
not change depending on the choice of the value € € (0;¢*), since the internal stopping condition at
step 7 does not depend on e. In this case, the value of the number [* = [*(¢), for which u. = u)
holds by algorithm result, does not decrease with decreasing . Assuming that there exists [y
such that I*(g) = Iy for all sufficiently small e, we obtain Jy_. (ul)) < &2 for all small € > 0,
ie. Jy . (ul0)) =0 and ul®) € ¢*. Otherwise, I*(¢) — oo as € decreases. In each of these cases,
dist(ue,U*) — 0 as € — 0. Theorem 5 is completely proved.

APPENDIX B

Source code of the executable program.

import numpy as np

import cvxpy as cp

from tkinter import filedialog
import pathlib

import json
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MAXITERNUM = 200
MAXNORM = 1le3

IBRAGIMOV, TSARKOV

ex_file_path = filedialog.askopenfilename (
initialdir = pathlib.Path(__file__).parent.resolve())

with open(ex_file_path ,’

r’) as file:

ex_data = json.load (file)

)

n = ex_data[’'n’]
A = ex_data | ’A’]

x0 = np.array (ex_data [ ’x0
epsilon = ex_data [ ’epsilon’]

U = ex_data[ 'U’]

Id = np.identity (n)
Zn = np.array ([0] % n)

u = list ()
A_ = list ()
x = list ()
xi = list ()

psi = list ()
v = cp. Variable (n)

N=1
x.append(x0)

nrm = cp.norm(x0).value

E=0
iter = 1

)

while nrm >= epsilon and nrm < MAXNORM and iter < MAXITERNUM:

u.append (Zn)
iter =1

A_.clear ()
A_.append(1d)
for k in range(N):

A_.insert (0,A_[0]@np. array (eval(A.replace(’k’,str (N-k-1)))))

while iter < MAXITERNUM:

xi.clear ()
xi.append(Zn)
for k in range(N):

xi.insert (0,xi[0]-A_[N-k]@Qu[N-k-1])

AUTOMATION AND REMOTE CONTROL Vol. 86
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x.clear ()
x.append (x0)
for k in range(N):
prob = cp.Problem (cp.Minimize (
cp.norm (A_[k+1]@+HA_[k]@x[k]|-xi[k+1])),
[eval (constr.replace(’k’,str(k))) for constr in UJ)
prob.solve (solver=cp.SCS)
ulk] = v.value
x.append(np.array (eval (A.replace (’k’,str(k))))@x[k|4+u[k])

nrm = cp.norm(x[N]). value
if nrm < epsilon: break

psi.clear ()
psi.append(-2*x[N])
for k in range(N):
psi.insert (0,np.array (eval(
A.replace(’k’,str (N-k-1)))).T@psi[0])

E = nrmx*x*2
for k in range(N):
prob = cp.Problem (cp.Maximize (
psi[k+1].T@(v-ulk])),
[eval (constr.replace(’k’,str(k))) for constr in UJ)
E —= prob.solve(solver=cp.CLARABEL)

print (N,iter ,x[N] ,nrm,np.sqrt(np.max([E,0])))

if E> 0:
N+=1
break

iter 4= 1

if nrm >= MAXNORM:

print ("No_convergence ! .Try_another_example.”)
elif iter >= MAXITERNUM:

print (" Too_many.inner._iterations!_Break.”)

else:
print (N,x[N] ,nrm)
print ("Nmin.=_" , N)
ex_data[’'Nmin’|] = N

ex_data[ ’u_opt’] =
for k in range(N)]
ex_data[’x_opt’]
for k in range(N)]

[[u[k][j] for j in range(n)]

[[x[k+1][j] for j in range(n)]

with open(ex_file_path ,’w’) as file:
json.dump(ex_data , file ,indent=4,sort_keys=True)

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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APPENDIX C

Initial data for Example 1.

77n77: ]‘7

’7A77: ’7[[1]]’7’

"U”: [Pcp.norm(v) <= 17],
"x0”: [2.5],

7epsilon”: 0.0001

Initial data for Example 2.

’7n77: 2’
"A”: ?[[4/5%(np.cos(l)+np.sin(1)),—8/5*np.sin (1)],
[4/5%np.sin(1),4/5%(np.cos(l)—np.sin(1))]]”,

77U77: [

"c¢p.quad_form (v,np.array ([[2, 1],[1, 3]])) <= 17
Ik
"x07: [-37.79,-26.1],
?epsilon”: 0.0001

Initial data for Example 3.

"A”: 7[[np.cos(np.pi/4),—np.sin(np.pi/4)],
[np.sin (np.pi/4),np.cos(np.pi/4)]]”,

77U77: [
"cp.norm (v, \"inf\”) <= 0.9xxkxcp.sqrt(3)/2”,
"cp.norm(v) <= 3/4”7

I

"x0”7: [9.33,0.2],

"epsilon”: 0.0001

Initial data for Example 4.

’7n77: 2’
"A”: 7[[(—=1)xxksnp.cos(np.pi/4),—(—1)*xksnp.sin(np.pi/4)],
[(—1)*xksnp.sin (np.pi/4),(—1)**xk+np.cos(np.pi/4)]]”,
77U77: [
"cp.norm(v, \"inf\”) <= cp.sqrt(3)/2”,
"cp.norm(v) <= (0.9)%xk”
I
"x0”7: [9.33,0.2],
7epsilon”: 0.0001

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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Initial data for Example 5.

"n”: 2,

"A%: *[[np. exp(—1/(k+1))snp. cos (1/(k+1)),
—np.exp(—1/(k+1))*np.sin(1/(k+1))],
[np.exp(—1/(k+1))*np.sin(1/(k+1)),

[ np.exp(—1/(k+1))*np.cos(1/(k+1))]]”,

U

"cp.norm(v) <= np.sqrt((14+np.exp(—2x1/(k+1))
| —2s«np.exp(—1/(k+1))*np.cos (1/(k+1)))/2)”

"x0”: [100,100],
?epsilon”: 0.0001
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Abstract—This paper proposes a novel approach to suppressing nonrandom bounded exogenous
disturbances in linear control systems using a PID controller. The approach involves reducing
the original problem to a nonconvex matrix optimization problem. A gradient method for
finding the PID controller parameters is derived and justified. The recursive procedure proposed
is simple to implement and yields controllers that are quite satisfactory in terms of engineering
performance indices.
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1. INTRODUCTION

PID controllers are the most common type of automatic controllers; according to various esti-
mates, they account for over 90% of controllers used today. In 2019, the IFAC Industry Committee
conducted a survey [1] of its members to identify the control technologies mostly demanded by
modern industry; multiple answers were allowed. PID control was ranked first with a large gap: by
91% of respondents. Furthermore, according to medium-term forecasts, this share will even remain
exceptionally high, nearly 80%. The extensive application of PID controllers in industry is due to
several circumstances. In addition to their suitability for solving most practical problems and low
cost, a high demand for such controllers is associated with their simplicity: one needs to correctly
choose only three coefficients (gains) to tune a PID controller.

However, the procedures for their practical tuning remain much heuristic: in real plants, PID
controllers are often tuned manually, based on an intuitive understanding of the industrial process
and the influence of separate PID control components on the latter. Known analytical approaches to
PID controller design consider “fixed” models of plants, i.e., they are not universal; moreover, they
often neglect the effect of uncertainties. Accordingly, the problem of developing regular approaches
to PID controller tuning still retains its meaningfulness and topicality.

Among the publications devoted to this range of problems, note [2], where PID controllers were
designed based on genetic algorithms, and [3], where evolutionary algorithms were used for this
purpose. Also, we mention the works [4, 5], related to the so-called active disturbance rejection
control (ADRC, belonging to model-free control), and [6, 7], with the magnitude optimum method
applied for these purposes. The internal model method is also widespread for tuning PID con-
trollers [8-10]. The interested reader will find an extensive bibliography in the recent review [11]
as well.

The general trend of the latest decades is the transition to numerical PID controller design
methods based on solving optimization problems. The optimization approach to the problem of
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suppressing bounded exogenous disturbances, proposed in [12] and originating from [13], lies in this
vein. Recall that the classical problem of suppressing nonrandom bounded exogenous disturbances
is stated as follows. Consider a linear control system

& = Az + Bu+ Dw, x(0)= xo,
y = Ciz,
z = Cox + Biu

with the state vector z(t) € R”, the measured output y(t) € RY, the controlled output z(t) € R,
the control input u(t) € RP, and an exogenous disturbance w(t) € R™ such that ||w(t)|| < @ for
all £ > 0. The problem is to find a stabilizing feedback to reduce the “peak” of the output z,
i.e., the value of sup,(max|,|<q ||2(t)|. In [12], this problem was reduced to a nonconvex matrix
optimization problem, a gradient method for finding a static linear state-feedback (u = Kx) or
output-feedback (u = Ky) control law was derived, and its justification was provided.

On the other hand, the optimization approach was applied to the PID controller design problem
in [14]. More precisely, a regular approach to finding its parameters was proposed, involving the
solution of a nonconvex matrix optimization problem. In this case, the controller’s performance
was evaluated by a quadratic criterion of the system output: the controller was tuned against
uncertainty in the initial conditions to make the system output uniformly small. The recursive
procedure proposed therein proved to be very effective and yielded quite satisfactory controllers
in terms of engineering performance indices. Later on, the optimization approach was adopted for
suppressing bounded exogenous disturbances using a PI controller [15]. This paper continues and
develops the above line of research: we design a PID controller for suppressing bounded exogenous
disturbances. Note that the approach presented below can be extended to various robust statements
of the problem.

From now on, || - || is the Euclidean norm of a vector and the spectral norm of a matrix; || - ||p
indicates the Frobenius norm of a matrix; T is the transpose symbol; tr stands for the trace of
a matrix; I denotes an identity matrix of appropriate dimension; A;(A) are the eigenvalues of a
matrix A; finally, o0(A) = — max Re(\;(A)) > 0 means the stability degree of a Hurwitz matrix A.

2. PROBLEM STATEMENT
Consider a linear SISO control system described by
&= Az +bu+ Dw, x(0) = x,
y=cla, (1)
z=Cr,

where A € R"*" b e R", D € R ¢ € R", C € R™", with the state vector z(¢) € R"™, the control
input u(t) € R, the measured output y(¢) € R, the controlled output z(t) € R", and an exogenous
disturbance w(t) € R™ satisfying the constraint

|lw(t)|| <w forallt>0. (2)

By assumption, the pair (A, D) is controllable, and the pair (A4, C) is observable.
We will find the control input in the form of a PID controller

u(t) = ~kpy(t) ~ kit [ y(r)dr ~ kpj(t 3)
0

that stabilizes the closed-loop system and suppresses the effect of exogenous disturbances w, mini-
mizing the bounding ellipsoid for the output z.
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Let us conceptually recall the method of invariant ellipsoids; more details can be found in [17].
Consider a linear time-invariant dynamical system described by

& = Ax + Dw, xz(0) = xo,

z=Cr )

with the state vector z(t) € R", the output z(¢) € R", and a measurable exogenous disturbance
w(t) € R that is bounded at each time instant: |Jw(t)|| < 1 for all ¢ > 0. Assume that system (4)
is stable (i.e., the matrix A is Hurwitz), and the pair (A, D) is controllable.

An ellipsoid centered at the origin is said to be invariant for the dynamical system (4) if any of
its trajectories evolving from a point inside the ellipsoid will remain in this ellipsoid at any time
instant under all admissible exogenous disturbances of the system.

When evaluating the effect of exogenous disturbances on the system output, it is natural to
consider the minimal ellipsoids containing this output (in a certain sense). Obviously, if an ellipsoid

E={zecR": 2TP <1} (5)

with a positive definite matrix P (P > 0) is invariant, then the output of system (4) with z¢ € £
belongs to the so-called bounding ellipsoid

E.={zeR": T(crch)'z<1}. (6)

In the literature, the linear function f(P) = tr CPC?T (the sum of the squared semi-axes of the
bounding ellipsoid) is often introduced as a minimality criterion.

An invariance criterion for ellipsoids in terms of linear matrix inequalities (LMIs) was established
in the book [16]. Here, we formulate it as follows [17].

Theorem 1. Assume that the matriz A is Hurwitz, the pair (A, D) be controllable, and the matriz
P(a) = 0 satisfies the Lyapunov equation

T
1
(A+31)P+P(A+91) +-DDT =0
2 2 o

on the interval 0 < a < 20(A).

Then the minimal bounding ellipsoid for system (4) is obtained by minimizing the function
f(a) = tr CP(a)CT on the interval 0 < a < 20(A).

The strict convexity of the function f(«) on the interval 0 < o < 20(A) was shown in [12] (under
assumptions that can certainly be weakened). Also note that if o* is the minimum point in the
above problem of Theorem 1 and z(0) = z satisfies the condition xd P=!(a*)xo < 1, then the
uniform estimate

l=(0)ll < ICP(@)CT] < \/f(a%)
obviously holds for all ¢ > 0.

3. SOLUTION APPROACH

Let us introduce an auxiliary scalar variable £ as follows:

=y, &0)=0.

_ x n+1
g‘@eR |
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system (1) can be written as

. A0 b D x
g= (CT 0>g+ <0> u+ <0> w, g(0) = <00> :
y= (T 0)g,

z= (C’ 0) g.

According to (1) and (3), we have
t
u=—kpy(t) ki [ y(r)dr ~ kpy(t

0
kpctae — ki€ —kpe's = —kpe'a — kré — k:DcT(A:c + bu + Dw)

= —kp (CT 0) g—kr (0 1) g—kp (CTA O) g— kpctbu — chTDw;

consequently,
(1+ chTb)u = —kp (cT O) g — kg (0 1) g—kp (CTA O) g — kpct Dw,

and
kp - k;
____Fr M (o1
1+ kpclh <C 0) N Ry (O ) g
P __(T»y - P Tpuy.
1+ kpcTh <C 0) I T kpetp” 7
With the new variables
kp k; kb
P T 1+ kpcTy’

= — P =L
YT 14 ket T 1+ kpcth

the expression (8) takes the form

u=— (klcT + kscTA kg) g— ksc® Dw,
and the original PID controller parameters are uniquely given by

k1 ko k3

kp=—2 k=2 kp=-—
P Tkl T T 1 ksl P T T~ kgeTh

Thus, system (7) with the feedback control law (9) is described by

. A — kibet — ksbeT A —kob I — ksbeT)D T
g=< ! ’ 2>g+<( ’ )>w, 9(0):<00>,

! 0 0
z = (C O) g.
It can be represented as
g = (Ao + k1A + ks Ay + ks A3)g + (Do + ksDs)w,  g(0) = (“’%0> : o)
z =Cg,
No. 11 2025
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_beT _ _ 3T
A02<ﬁ‘ 8)) A1:<%c 8)5 A2:<8 Ob>) A3:<b8A8>a
T
D0:<107>, Dg,:<b%D>, C:(C 0).

Remark 1. Note that the pair (A, Dy) is controllable. Indeed, otherwise there would exist a
vector 0 # v € C"! such that, for some A € C,

AT o) T Ylo) T

By writing the vector v as v = <v1> , v1 € C", vy € C, we obtain

where

U2

) (300 () (8) -

or vfA = Mvj, vi D = 0, which obviously contradicts the controllability of the pair (A4, D).
Thus, the “nominal” system

Q:AOQ"'DOU%
z=Cg

(11)

is controllable.

Similarly, the pair (Ao, C) is observable. Indeed, otherwise there would exist a vector 0 # v € C**!

such that, for some A € C,
(c{lf 8)1):)\1), (C’ O)v:O.

. . v .
Again, by representing the vector v as v = <v1> ,v1 € C", vy € C, we arrive at
2

A0 ()0 @)

or Av; = Ay, Cv; = 0, which contradicts the observability of the pair (A, C'). Thus, the “nominal”
system (11) is observable as well.

Following the method of invariant ellipsoids, let the state g of system (10) belong to the invariant
ellipsoid (5) generated by a matrix 0 < P € S"*1. We will minimize the size of the corresponding
bounding ellipsoid (6) with respect to the output z = Cg.

In view of condition (2), according to Theorem 1, we appropriately scale the matrix D to arrive
the problem of minimizing tr CPCT subject to the constraint

T
C%+mm+@m+%@+%gP+P@%+mm+@&+@&+%ﬂ

—2
+ 2 (Dy + ksD3)(Dy + ksD3) " = 0.

(67
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By introducing the designations
A = Ao+ {A k} = Ao+ k1 Ay + ko Az + ks A3,

D = ((I - k:%bcT)D>

for convenience, we write this constraint as
T =2
Q Q w T
(Ao+{A,k}+§I)P+P(Ao+{A,k:}+§I) +EDka =0. (12)

Here, optimization is performed with respect to the matrix variable 0 < P € S**!, the vector vari-
able k € R3, and the scalar parameter a > 0.

Finally, as the performance criterion, we take the function
f(k,) = trCPCT + p[[K|?, p >0, (13)

which includes a control penalty. (The coefficient p > 0 adjusts its significance.)

Thus, the original problem (the design of a PID controller to suppress exogenous disturbances)
has been reduced to the nonconvex matrix optimization problem (13)—(12). Note that for given k
and «, the matrix P is found from the Lyapunov equation (12); thus, the independent variables
are k and «.

Nonconvexity in this optimization problem is due to the presence of the bilinear terms A;k; P,
i=1,...,3, in the Lyapunov equation (12), which defines the constraint in the parameter space.
Essentially, we are dealing with a bilinear matrix equation, and its solution (as in the case of bilin-
ear matrix inequalities) is an NP-hard problem [18-20]. In some particular cases, bilinear matrix
equations (or inequalities) can be linearized by special variable changes, e.g., the problem of sta-
bilizing a linear time-invariant system of the form & = Az + Bu by a proportional (P) controller
u = Kx. However, even in the problem of stabilizing this system by the output y = Cz (i.e., with
a controller uw = KCz), such an approach becomes fundamentally impossible, and other solution
methods are required; one alternative is to impose stronger conditions on the system, e.g., in the
spirit of the passification conditions (see the feedback Kalman—Yakubovich-Popov lemma [19]). De-
spite the fundamental difference between stabilization and suppression of exogenous disturbances,
similar challenges arise in such problems, which demonstrates the complexity of solving the problem
stated above. In the next section, after studying some properties of the objective function, we will
apply direct optimization in the parameter space to solve this problem.

4. SOME PROPERTIES OF THE FUNCTION f(k, «)

The objective function f(k,«) can be minimized with respect to a, e.g., using Newton’s method,
as proposed in [12]. Consider the problem

min f(a), f(a)= tr PCTC,

subject to the constraint
T
1
<A+%I> P+P<A+ %I) +=DDT =0
o

with respect to the matrix variable P € S" and the scalar parameter 0 < o < 20(A); the matrix A
is assumed stable (Hurwitz).
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Let us choose an initial approximation 0 < o < 20(A) and apply the iterative process

f'(a)

iy = —
J J f//(aj)’

where

flla)=trY (P - éDDT> , fa)=20rY <X + %DDT) ’

and the matrices Y and X are the solutions of the Lyapunov equations
a \T « T

and -
1
<A+91)X+X<A+91) +P-—DDT =0,
2 2 o?

respectively. The method converges globally (faster than the geometric progression with a ratio
of 1/2), with quadratic convergence in the neighborhood of the solution.

On the other hand, due to the convexity of the function f(«) (see [12]), it can be effectively
minimized on the interval (0,20 (A)) by simpler techniques, e.g., the golden section method.
Next, we introduce the function

(k) = min £ ().

Obviously, f(k) is well-defined and nonnegative on the set S of all stabilizing controllers (their
gains k). Moreover, the set S can be nonconvex and disconnected, and its boundaries can be
nonsmooth.

Assumption. Let

KO — | 1O

be the gains of a known stabilizing PID controller, i.e., the matriz Aoy = Ao+{A, k(o)} 18 Hurwitz.
We proceed to some properties of the gradient of the objective function.

Lemma 1. The function f(k,«) is well-defined on the set of stabilizing gains k for 0 < a<20(Ag).
It is differentiable on this admissible set, and the gradient is given by

! U_)Q T
fa(k,a) =trY (P — EDka. s

bt D 5
0 b

1 -2

i=1,... 14
Ok; a t=1-9 (14)

where ;5 denotes the Kronecker delta, and the matrices P and 'Y are the solutions of equation (12)
and the Lyapunov equation

T
(Ao +{A k) + %1) Y +Y (Ao +{A kY + %1) +c%c =0, (15)

respectively.
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The function f(k,«) achieves minimum at an inner point of the admissible set that is determined
by the conditions

folk,0) =0,  fi.(k,a)=0, i=1,...,3.
In addition, f(k,a) as a function of « is strictly conver on 0 < a < 20(Ayx) and achieves minimum
at an inner point of this interval.

The Jacobian of the function f(k) has the following properties.
Lemma 2. The function f(k) is twice differentiable, and

2

_ T
(f"(k)v,v) =2tr PY'{A,v} + p(v,v) — %’Ug tr [2Y’Dk —u3Y <bCED>] (bCED> , (16)

N | —

where v € R and the matrices P, Y, and Y' are the solutions of equation (12), equation (15), and
the Lyapunov equation

(Ao AR + %1) Yy (Ao AR + %1) FIATY 4 V(A 0} =0, (17)

respectively.

The gradient of the function f(k) is not Lipschitz on the set S of all stabilizing controllers, but
it possesses this property on a subset Sg C S. The corresponding result will be presented below.

For obtaining simple quantitative estimates in Lemmas 3 and 4 below, we incorporate the
regularizing terms ¢ and 0 into the optimization problem (13), (12) as follows:

min f(k,a), f(k,a)= tr P(CTC +ecl)+p|k|?>, 0<e<1,

subject to the constraint
« a \T w? T
(Ak+§I>P+P<Ak+EI> + Y DuDF 461 =0, 0<5< 1. (18)
o

The requirement for their introduction can be significantly weakened, but the current aim is to
obtain the simplest and most illustrative results.

Lemma 3. The function f(k) is coercive on the set S of all stabilizing controllers (i.e., tends to
infinity on its boundary) and, moreover,
w? £

000 T4+ o (A
106) > ol

f(k) = Dy %, (19)

Let us introduce the level set
So={keS: f(k)< ()}
Obviously, Corollary 1 is immediate from Lemma 3.

Corollary 1. For any controller k©) € S, the set Sy is bounded.

On the other hand, the function f(k) has a minimum point on the set Sy (as a continuous
function on a compact set), but the set Sp shares no points with the boundary of S due to (19).
According to the above considerations, f(k) is differentiable on Sy. Consequently, Corollary 2 is
true.

Corollary 2. There exists a minimum point k, on the set S, and f'(k.) = 0.
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Lemma 4. On the set Sy, the gradient of the function f(k) is Lipschitz with the constant

£ (ko) 2(n + 1) f (ko)

€ w2ed

L=2/3(n+1)

w2

2
Af2(k 3
x { f7(ko) (HAOH —|—mZaXHAZ‘H ;f(%)) —|—531(11;3%”-"‘2‘”2

3
x (quu +mac | Ay [ f (ko) ) max | A + 2

w2ed w2

2
+ 25 (2(”+1)f (ko) [4f (ko) (HAOH + mae A %f(ko)> + 3max [ 4]

ko ko
x <1+ L)HbcTu) Dl + 24 )HbcTDHF> 6™ Dl
P w2
These properties of the objective function and its derivatives allow constructing an optimization
procedure and justifying its convergence.

5. OPTIMIZATION ALGORITHM

We propose an iterative approach to solve the problem posed. This approach is based on the
application of the gradient method with respect to variable k& and convex minimization with respect
to . The corresponding algorithm includes several steps as follows.

(1) Choose some values of the parameters € >0, v > 0, and 0 < 7 < 1 and an initial stabilizing
approximation k(). Compute

ap = (Ao + {A,kO}).

(2) On the jth iteration, the values of k) and a; are given. Compute A, ;) = Ao + {A, k@)} and
solve equations (12) and (15) to find the matrices P and Y. Compute the gradient

H; =V (kD) a;)

from the relations (14). If ||H,|| < ¢, then take k) as an approximate solution and terminate
the algorithm.
(3) Perform the gradient method step:

pU+D — G _ v;Hj.

Adjust the step length 7; > 0 by fractionating until the following conditions are satisfied:
(a) The matrix Ao + {A, KUV} + LT is Hurwitz.
(b) fRUFD) < f(RU)) — ;| Hj|.
(4) Minimize f(kUtD), o) with respect to o (see the beginning of Section 4) and find ajy1. Revert
to Step 2.

This method converges in the following sense.

Theorem 2. In Algorithm 1, only a finite number of fractions are realized for y; on each iteration,
the function f (k(j )) 1s monotonically decreasing, and its gradient vanishes with an exponential rate
(like a geometric progression):

lim ||| = 0.
J]—00
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Indeed, Algorithm 1 is well-defined at the initial point since k() is a stabilizing controller by
the above assumption. For sufficiently small v;, the function f(k) monotonically decreases (moves
in the direction of its antigradient); with this step adjustment, the values of kU) remain in the
domain Sy, where Lemma 4 ensures the Lipschitz property of the gradient. Thus, the gradient
method for unconstrained minimization is convergent [21]. In particular, condition (b) at Step 3
of Algorithm 1 will be satisfied after a finite number of fractions, and the gradient method will
demonstrate gradient convergence with a linear rate.

Naturally, it is difficult to expect convergence to a global minimum: the definitional domain
of f(k) may even be disconnected.

Let us finally emphasize the following aspect.

Remark 2. With the Euclidean norm in the objective function (13) being replaced by the

weighted
lzllo = [>_pixi,  pi >0,
i

one can tune the PID controller parameters more flexibly via assigning different weights.

6. EXAMPLES
Consider an illustrative example from the paper [22]. The transfer function has the form
1

O = T ran( Tt eyt ads) @~ 0%

MATLAB’s procedure tf2ss gave the following matrices of system (4) in the state space:

-15 =70 —120 —-64 1 0
1 0 0 0 0 0
A=l 0o 1 o ol "lolr o
0 0 1 0 0 64
Let us choose the matrix
10
0
D= 0
0

and the controlled output matrix
1000
¢= (0 10 0) '
We assign p = 0.1 and the stabilizing PID controller

0.6389
ko = | 0.9853
0.3243

as an initial one.
The iterative process of the optimization algorithm terminated with the PID controller

0.6670
k.« = | 0.5466
0.1081
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wh
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iter

Fig. 1. Optimization procedure.

Amplitude, dB

Phase, deg

| |
1o —_
(o] oo
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=270 TR T i o -
107 10" 10 10' 10° 10°
Frequency, rad/s

Fig. 2. Bode plots of the closed-loop system.

and the bounding ellipse matrix

B _ ( 4.0336  —0.1999

The dynamics of the criterion f(k) are shown in Fig. 1.
The closed-loop system with the PID controller k, is stable by the Nyquist criterion; its minimal
gain and phase margins are 23.3 dB and 70.3°, respectively (Fig. 2).
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Fig. 3. Bounding ellipses.

By setting p = 10, we arrived at the PID controller

0.1232
kK, = 0.2410
—0.0710

and the bounding ellipse matrix

P =

4.8090 —0.1560
—0.1560 0.3453

) , tr P, = 5.15437.

Therefore, the norm of the vector of PID controller gains was reduced three times, at the “price”
of a less than 20% increase in the size of the bounding ellipse.

Figure 3 shows the resulting bounding ellipses and the trajectory of the closed-loop system with
the PID controller k, under some admissible exogenous disturbance.

All computations were carried out in MATLAB using cvx [23].

In the future, we intend to conduct extensive numerical simulations and discuss all computational
aspects thoroughly. In this paper, it is important to demonstrate the principal effectiveness of the
novel approach in disturbance suppression.

7. CONCLUSIONS

This paper has proposed a novel and easily implementable approach to the design problem of PID
controllers suppressing nonrandom bounded exogenous disturbances in linear control systems. The
approach is based on reducing the original problem to a nonconvex matrix optimization problem,
which is then solved by the gradient method. The corresponding algorithm has been constructed
and justified.

Although only SISO systems have been considered, the approach is fully transferable to the
multidimensional case; here, the constructs will become somewhat more cumbersome, while the
conceptual side will change little.

An important direction for further research is to extend the above results to systems with
uncertainties.
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APPENDIX

Lemma A.1 [12]. Let X and Y be the solutions of the dual Lyapunov equations with a Hurwitz
matrix A :
ATX + XA+W=0 and AY +YAT"+V =0.

Then tr (XV) = tr (YW).
Lemma A.2 [24]. 1. Real matrices A and B of compatible dimensions satisfy the relations
[AB|r < [ Allr]IBI;

[tr AB| < [[Al[r|[ Bl F,
[A]l < |All#,

<
<

1
AB + BTAT <cAAT + BB for any e > 0.
€

2. Positive semidefinite matrices A and B satisfy the relations

0 < Min(A) Amax (B) < Amin(A) tr B < tr AB < Apax(A) tr B < tr Atr B.

Proof of Lemma 1. Differentiating equation (12) with respect to a gives

oP oP
(Ao +{A k}+ %I) —

a T ’11_)2
B %(AojL{A, k}+ 51) +P - EDkD/? =0. (A1)

With Lemma A.1 applied to the dual Lyapunov equations (A.1) and (15), we obtain

P P 72
fLk,q) = trcg—aCT — tr g—acTc — Y (P - %DkD,;F> .

To differentiate with respect to k, we add the increment Ak and denote the corresponding
increment of P by AP :

(Ao +{A k+ Ak} + %I) (P + AP)

’11_)2

T
+(P + AP) (Ao +{A k+ Ak} + %I) + EDkJrAkD/;FJrAk =0,
where

I — (ks + Ak3)beT)D ber' D
Dk+Ak:<< (ks 0 3)6) )sz—Ak3<CO )

Let us apply linearization and subtract this and the previous equations to get

(Ao +{AK) + %1) AP+ AP (Ao +{AK) + %I)T (A.2)

T
beTD beT'D
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The increment of f(k) is calculated by linearizing the corresponding terms:
Af(k) = trC(P + AP)CT + p||k + AK||? — (trCPCT + p||k|?) = tr APCTC + 2pkT Ak.

Due to Lemma A.1, for the dual Lyapunov equations (A.2) and (15), we have

2 TH\ L
Af(k) = 2trY |{A, AK}P — Ak Dy, (bCOD ) + 20T Ak
a
2 TH\ T
=2tr PY{A, Ak} — 2% Y D, (chD> Aks + 2pkT Ak.
a
Thus,
3 w2 beTD T 3
df (k) = 2tr PY idk; —2—trY D dks + 2 k;dk;.
if (k) r ;A b k;< 0 ) 3+ P;
The proof of Lemma 1 is complete.
U1
Proof of Lemma 2. Let v = [ vy | € R3. The value of (f”(k)v,v) is obtained by differentiat-
U3

ing f’(k) in the direction v. For this purpose, linearizing the corresponding terms and using the
convenient designation
tr PY A4y
[tr PYA] = | tr PY A2 |,
tr PY As

we calculate the increment of f/(k) in the direction v :

1, ., w? bt D B
§Af (kv = [tr (P4+ AP)(Y + AY)A] + p(k + ov) — - tr (Y + AY)Djis0 0 es

beT'D

T
0 ) 63) = [tr (P + 6P'(k)v) (Y + 6Y'(k)v).A] + p(k + 6v)

’Ll_)2
— | [tr PYA] + pk — — tr Y Dy,
a
5 T\ T 2 T\ T
_w tr (Y + 5Y/(k)U)Dk+6v (bc D) e3 — ([tr PY A + pk — v trY Dy, (bCOD> 63)
o (6%

0
beTD beTD\ "
(Y—|— (5Y/) Dy — dvs 0 —-YDy 0 €3

— §[tr (PY'(k)v + P'(k)vY).A] + 6pv — 5% or [Y/Dk Y <bc D)] <bc D) N

2
= §[tr (PY'(k)v + P'(k)vY)A] + dpv — % tr

0 0
0
where e3 = | 0 | and
1
AP = P(k + dv) — P(k) = 0P'(k)v,
AY =Y (k+ 6v) =Y (k) = 8§Y'(k)v
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Thus, with P/ = P'(k)v and Y/ =Y’ (k)v, we have

0 0

DN =

w? be'D be'D B
(f"(k)v,v) =tr (PY'+ P'Y){A,v} + p(v,v) — o tr [Y’Dk —u3Y < )] ( ) V3.

Furthermore, P = P(k) is the solution of equation (12). We write it in increments in the
direction v :

(Ao +{A k+ v} + %I) (P+46P)

T 2
+ (P + 4P (Ao + {A, k+ év} + %I> + %DkaD/;FMv =0,

or

T
(Ao b AR+ o) + %I) (P+6F) + (P +6P') (Ao b {A K+ 60} + %I)

T
T T
Dk — 5?)3 (bCOD>‘| [Dk — 5?)3 <bCOD>‘| = 0.

(Ao b AR} + %1) (P+6P') + (P + 6P (Ao b AR} + %I)T

11_12
+_
«

After linearization,

72 TP\’ T
+8 ({4 0}P + PLA0YT) + % DD - 5wy, (bCOD ) ~ by (”COD ) Df| =0
Subtracting equation (12) termwise from this expression gives
o , , a \T
(Ao F{AK) T 51) PP (Ao L AR+ 51) (A3)
_9 T T T
D D
+ {A,0}P + P{A,v}T - Ug% [Dk (bco ) + <bco ) Dl =o.

Similarly, Y = Y (k) is the solution of the Lyapunov equation (15). We write it in increments in
the direction v :

T
(Ao +{A K+ bu} + %1) (Y +6Y) + (Y +6Y) (Ao +{A K+ bu} + %1) +CcTc =0,

or

(Ao +{AE} + %I)T(Y +8Y") + (Y +6Y7) (Ao +{A K} + %1)
+6({A,v}TY + Y{A,v}) +CTCc =0.

Subtracting equation (15) termwise from this expression yields the relation (17).
From (A.3) and (17) it follows that
T
T
tr P'Y{A,v} = trY’ be D)

bet D T
O )

0

—2
{Av}P — 03%1% (

-
=tr PY'{A,v} — ’Ugw— tr Y’Dk<
a
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SO
2

0 T
(F"(K)o,v) = tr (PY' + P'Y){A 0} + plo,v) — vy [Yfpk Y (bczDﬂ <b03D>

, w? , bet D B w? , bet D b D *
=2tr PY'{A,v} + p(v,v) — v3— tr Y' Dy, 0 — —uwstr |Y'Dy —v3Y 0 0
« !

_9 T T T
= 2tr PY/{A,U} + p(’U,’U) - %03 tr lQY/Dk - UBY (bCOD>‘| (bCOD> .

N | —

The proof of Lemma 2 is complete.

Proof of Lemma 3. Consider a sequence of stabilizing controllers {k)} € S such that

kW) — k€8S, ie., o(Ar) =0. In other words, for any € > 0 there exists a number N = N (e)
such that

|0(Api) — o(Ap)| = o(Aym) <€
for all j > N(e).
Let P; be the solution of the Lyapunov equation (12) associated with the controller kU
T 2
o a; w
<Ak(j) + 7”) P+ P; <Ak(j) + 7”) +

—(kaDEm +4I) = 0.
Qj

Also, let Y be the solution of the dual Lyapunov equation

o\ Qj T
(Ak;(j) +71) Y;+Y; (Ak;(f) —1—71) +C ' C+el=0.

Then
F9) =t PCTC +eT) + plkD)2
—2
w
> tr Pj(CTC +el) = tTYj;(kaD;;F(j) +6I)
j
w? W% Ain (CTC + 1)
> — Apin(Y5) tr (D, )y Dy + 601) > — 228 —\ID, 5 ||%
a; mln( ]) 1“( k(@) EG) + ) a; QHAk(J') +O;—]IH H k(])HF
w2 € w2 €
> Dt 2 — 757Dy |7 — 400
10 (A0 T |+ oAr ) ko Ie 2 o g e Pron I =5
since
0 <oy <20(Ag,)
and

Q; Q;
I + LTI < 1Al + S < 1401+ o(Axg,).
On the other hand,

FRV) = tr P(CTC +el) + pl kY |* = pl[ kWP ———— +o0.
K@ |>-+00

The proof of Lemma 3 is complete.

Proof of Lemma 4. We establish several estimates useful for further considerations. First of all,

A b =13 Aol < 3 1Al i] < max Aol < v/3 max [ Ao (A4)

since ||ally < v/nllal| for a € R™.
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In view of (A.4), o can be estimated as follows:

a < 20(Ao + {A k}) < 2| Ao + {A, K} < 2(1Aoll + [I{A, k}) (A.5)

2(] Aol + V3 max A1) < 2( o]+ max |4,y = £ o))

k k
”k”gwi) g\/f(po)_
HDkuF:H<I ksbe!) )H (1 ksbe™)D|p < [T — ksbe™ || D]l (A.6)

k
< (L+ ksl I ID e < (1 n \/@WH) 1D]r-

Applying Lemma A.2 to (16), we have

since

Finally,

1 1
I R = 5 sup (f*(k)v,v) <2 sup [tr PY'{A v} +p sup |(v,0)] (A7)
llv]=1 llv]=1 llv]=1
92 T T\ T
+w— sup |vstr [2Y'Dy — v3Y be” D be” D ‘
@ Jolj=1 0 0

<|PIellY'llr sup [{A v} +p+@* sup |vs| sup
Joll=1 o=t floll=1

T T
2Y’Dk—v—3Y (bc D)H H(bc D)
o} 0 F 0
be'D
(=2)] Yo

_ 1 1

< V3| P|lg Y|l F max [ Aill + p + @ (2 — Il [ Dllz+ =Y HbcTDHF) lbc” D]| -
—— —— (&% —_——

(A.6)

F

< V3| P ]Y |7 max LA +P+w2< —[[Y"Dillr + sup |v3|—

l[ol=1

F

(A.8) (A.12)

(A.11) (A.9)

The upper bound for ||P|| is derived as follows:
ellPll < Amin(CTC + D) |[P|| < tr P(CTC +el) = f(k) — pllk||* < f(k) < f(ko);

consequently,
(ko)

1Pl < £

and

~—

—~
>
o

~—

1Pl < v r 1)

3

Next, by Lemma A.1, equations (18) and (15) imply
tr Y (Dp D + 61) = tr P(CTC + I).

As a result,

w2d )
—||YH Amin(DpDF + 1) trY < trY —(Dy DF + 61)
[0

= tr P(C'C+el) = f(k) — pllkl* < f(k) < f(ko),

Q|§'3
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which gives

1 [ (ko)
SV < s (A.9)
and, due to (A.5),
2f(k 3
Y < ko) < 2100 (HAOH + max A, ;f(ko)> . (A.10)

Moreover, using Lemma A.2 together with the upper bounds (A.4) and (A.10), for ||v|| = 1 we
have

Amax ({A,0}TY + V{A0}) = [{A,0}TY + Y{A 0} < [|[Y2+ {A 0} {A 0}

412 (ko)
w2

3 2
< IVI + A o} < (1ol + max |4 2 £ (ko)) + 3 max LA

By Lemma A.1, equations (18) and (17) lead to

—2
Y (DD +61) = tr P({A 0} TY + Y {A}).

Therefore,
@25 / 11)2 T ! ,ZT}2 T
= tr P({A,0}"Y + Y {4, 0}) < Amax({A, 0} 7Y + Y{A,0}) tr P
412 (k 3 2
< [ (1ol + max iy 2 70)) 4 3ma LA E] 0 + 1P
n+1)f(ko) [4f2(k 3 2
< DI FEOO) (g4 iy 2 00+ 3mase )
g w 7 1% 7
SO
1o o (4 1) (ko) 4f2(ko)( w3 )2 2
aHY H < 026 w62 HAOH + mZaX ”AZH pf(kO) + 3mZaX HAZH . (A'll)

Accordingly, in view of (A.5), we obtain

w2ed w2

2
1) < o0 TSP (a4 sy 25000 )+ s A

2
. 2(n + 1) f (ko) l4f2(ko)<||AO||+m?x\|,4i\| %f(k:o)> +3m?x‘|Ai‘|2]

w2ed w462

(1l + max 4l = 10

and
Ve < VATV (A12
2(n +1)%2 f(ko) [4f3(k 3 ?
< Bt DT 0u) T2 (ot A 21 000) 4 5 A

(10l + ma LA = £ 0 ).
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Returning to (A.7), based on the upper bounds above, we finally arrive at the relation

f ko) 2(n + 1)%2 f (ko)
€ w2ed

S < 3+ )

9 2
o [0 (sl B s ]

w162
3
(10l + e LA = 7)) ma A+

e <2<n + 1)/ (ko) l4f2(1€o)

w2ed w462

3 2
<\|A0||+m?XHAiH ;f(k0)> +3m?X||Az'H2]

G ik
< (14 2 ety o + %ubcTDnF> 6" Dl

The proof of Lemma 4 is complete.
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Abstract—The problem of designing relay controllers in a self-oscillating control system with
a linear plant is considered. It is required to ensure self-oscillations in the system with given
parameters and to make its behavior maximally close to the desired one, defined by a set of
time-varying system output laws (training examples). Controller’s structural constraints and
the requirement for the degree of stability of self-oscillations are taken into account. Explicit-
form relations are obtained and applied to develop an iterative method for solving the above
problem. This method yields relay controllers having a simple structure. Some examples of
implementing the method are provided.
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1. INTRODUCTION

Relay feedback control, as well as analysis and design of self-oscillating control systems based
on its application, are classical themes of control theory [1-9].

The topicality of the problem of designing self-oscillating control systems with a relay controller is
confirmed by numerous examples of their practical use for various purposes. In particular, we men-
tion self-oscillating systems for regulating various physical quantities [1], servosystems [1, 2, 4, 5, 8],
self-tuning and adaptive systems using self-oscillations in the controller auto-tuning mode [6-8],
self-oscillating voltage converters and signal auto-generators [1, 10|, vibratory gyroscopes and ac-
celerometers [11, 12], sensors based on nanoresonators, resonistors and cantilevers [13, 14], vibra-
tion machines [15], control systems for underactuated multilink mechanisms and robots using self-
oscillations [16], and many other devices. In these systems, self-oscillations are an operating mode
where a controlled variable oscillates with a given frequency within an admissible range.

For a long time, the predominant approach to the analysis and design of self-oscillating sys-
tems was based on frequency-domain methods [1-3, 8]. Among them, the harmonic linearization
method [2, 3] became the most widespread due to its simple application. A significantly more
accurate and universal frequency-domain method for analyzing self-oscillations was developed by
Ya.Z. Tsypkin [1], with his original concept of the hodograph (also called locus or plot in the
literature) of a relay system. The development of state-space analysis methods for relay systems
ensured higher efficiency of their analysis and design procedures, as well as the deeper consideration
of possible operating modes of relay systems compared to frequency-domain methods. A method
for designing self-oscillating systems based on the concept of a phase plot was proposed in [4, 5].
A phase plot is a line in the state space of a plant in which each point z* corresponds to relay
switching from minus to plus for some self-oscillation period inherent to it. The phase plot remains
unchanged when choosing feedback coefficients (gains), which significantly simplifies the system

1035



1036 MOZZHECHKOV

design and allows achieving the assigned self-oscillation parameters with high accuracy. An ana-
lytical dependence of the vector z* on the self-oscillation period and the matrices and vectors of
parameters appearing in the state-space description of a linear plant was obtained, and algebraic
conditions for the existence of self-oscillations of a given frequency, including the condition of their
local stability, were presented in [6, 7].

For a control system with a linear plant, relay controllers ensuring self-oscillations of given
frequency and amplitude and making its behavior maximally close to the desired one, defined by
a given transfer function, were designed in [9]. The design method proposed therein is based on a
polynomial representation of the harmonically linearized system and reduces the design procedure
to solving systems of linear algebraic equations and inequalities. Due to the use of harmonic
linearization in the method [9], in some cases, the self-oscillation frequency significantly deviates
from its given value, sometimes leading to an appreciable difference between the behavior of the
system designed and the desired one.

In this paper, to overcome the limitations of the method [9] when designing a relay self-oscillating
system, we utilize the results of the studies [4-7], with their higher accuracy in predicting self-
oscillation parameters compared to the harmonic linearization method. The design procedure
proposed below is based on explicit-form relations obtained using the state-space description of a
plant and is the result of developing and extending the algorithm [17] to the class of relay self-
oscillating control systems. The desired behavior of the system is defined by a set of its time-varying
output laws, acting as training examples, as well as by the requirement for its degree of stability.
The controller implements static feedback with a relay output. We propose a method for finding an
initial approximation of the desired gains and refining them iteratively. In the general case, when
the plant output contains several measurable and linearly independent variables, controllers with
a simple structure [18, 19] are designed. In such controllers, only those gains are non-zero that are
necessary and sufficient to give the system the desired properties.

2. PROBLEM STATEMENT

Consider a plant described by the system of equations

i = Az + Bu, (1)
y=Cx (2)

with the following notation: x is the state vector; & = dz/dt; t indicates time; u is the scalar
control input; y is the output vector, all its components are measurable and available for control;
the matrices A and C' and the vector B are given, their elements, as well as the values of u and all
components of the vectors x and y, are real numbers. By assumption, the pairs (A, B) and (A, C)
are controllable and observable, respectively.

The mathematical description of the controller has the form

U= KTy, (3)
u = sgn(a), (4)

where the scalar variable @ is the output of the linear part (3) of the controller; the vector K
of the gains (real numbers) has to be determined; the function sgn(-) describes the relay forming
the control input wu, its value is —1, +1, or a real number from the closed interval [—1, 1] for the
negative, positive, zero value of its argument, respectively. The amplitude values of u being equal
to 1 do not restrict the generality of the problem under consideration: the real amplitudes of the
control input can be taken into account in (1) when determining the vector B.
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Let us impose structural constraints on the linear part of the controller, which usually reduce [20]
to the zero-value requirement for some components of the vector K = (k;). Therefore, we adopt
the condition

ki =0, Vi ¢S, (5)

where S is the set of the serial numbers of those gains k; that are not required to be zero. The set S
in the controller description (3)—(5) defines the list of its feedback signals and, in view of (3)—(5),
its structure. Assume that when solving this problem, the controller structure can change only as
a result of changing the set S. From this point onwards, the choice of the controller structure is
hence identified with the choice of the set S, and the terms “controller structure” and “set S” are
used as synonyms.

The solution of the discontinuous system (1)—(5) is understood in the Filippov sense [21].

In system (1)—(5), the steady-state operating mode should be an asymptotically orbitally stable
periodic motion representing self-oscillations with a given frequency wo and a given amplitude U
of oscillations of the signal %. The self-oscillations are associated with an isolated closed trajectory
in the phase space, i.e., a limit cycle. As a result of solving the controller design problem, the limit
cycle L must be stable, symmetric (with each point x € L the point —z € L must be associated),
and simple (the signal & must change its sign only twice per self-oscillation period).

We describe the stability margin requirement for self-oscillations by the condition

n(K) =1, (6)

where n(K) is the stability margin of self-oscillations and 7 is a given lower limit of its admissible
values. The mathematical description of the function n(K) will be presented in Section 3.

Let the desired behavior of system (1)—(5) be defined by specifying, for initial conditions ],
v € {1,q}, the corresponding desired trajectories of the output (2) of system (1)—(5), represented
by the vectors Y, = (y}), k € {1, N}, of its values at discrete time instants ¢ = kAt, where At is
a sampling step and k is a natural number. The values of N and At determine the time interval
[0, NA¢] on which the desired trajectories are specified. The initial states x, v € {1,¢}, must be
sufficiently distant from the steady-state trajectory so that the transient has a duration significantly
exceeding the self-oscillation period. In addition, the initial states must differ significantly from
each other. It is reasonable to assign ¢ € [1,n]. The set Q = {(z],Y;)}, v € {1,q}, is a set of
training examples that defines the desired behavior of the system designed during its transition
from a disturbed to steady-state motion mode. The requirement for system (1)—(5) to match the
desired behavior is written as

5%7 < y(fﬁg,K)k - y; < 5z+’ Vk € {LN}’ \V/’Y € {TQ}’ (7)

where ) and ] " are given constant vectors; y(z, K)) is the output of system (1)-(5) at the
kth time instant that corresponds to the initial condition z(0) = z] and the chosen vector K; when

applied to vectors, the symbol < indicates their component-wise inequality. The vectors €]~ and €Z+
can be specified by calculating their coordinates ] , €77, e.g., using the formulas €], = —d;m; and

) = +6;m], where §; is an admissible value of the absolute relative error (y(z3, K)xi — y};)/m]

of the reproducing the ith coordinate of the desired trajectory in the system; m, is the maximum
absolute value of the i¢th coordinate of the desired trajectory y”. In a more general case, particular
values of d; for different time instants kAt and trajectories y” can be used when calculating &/

and ], Tt is reasonable to assign &; € [1,20]1072.

The vector K will be chosen appropriately for making the behavior of system (1)—(5) maximally
close to the desired one in the sense of minimizing the Euclidean norm of the vector Ay(K)
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composed of the differences y(z], K)r — y}, i.e., from the condition
Ay~ min ®

where | - | denotes the Euclidean norm [22].

In the case of a given controller structure (a specified set S, defining together with (3)—(5) this
structure), the problem is to find a vector K under which the control system (1)—(5) will fulfill the
requirements (6)—(8) for the given values of wy and U.

In the general case, when the set S is not specified and the output vector y contains several
measurable linearly independent variables, we will solve the structural design problem, i.e., given
wo and U, determine the sets S and the corresponding vectors K for which conditions (6)—(8) are
satisfied and the structure of the controller (3), (5) is simple. (According to [18, 19], simplicity
means that only those gains k; are non-zero that are necessary and sufficient to give system (1)—(5)
the desired properties.) A structure S’ is said to be simpler than another structure S if S’ C S.
Formally, the problem of obtaining the set 2 of simple controller structures is to find admissible
structures S € ¢ for which no less complex admissible structure S’ € ¢ can be specified. In other
words, it is required to find

O={Sec|{Sec|ScCS =0, 9)

where ( stands for the set of admissible structures, i.e., those for which there exists a vec-
tor K under which the control system (1)—(5) will fulfill the requirements (6)—(8). The formula
{§8" € (| S C S} = indicates the absence of an admissible structure S’ that is simpler than a
structure S € Q.

3. PROBLEM ANALYSIS

The following conditions [5, 6] are necessary for system (1)—(5) to have a simple symmetric limit
cycle with period 2h = 27 /wy :

h
gt = —(I 4+ eth)~t / AP B dr, (10)
0
K'Cz* =0, (11)
t
K'C (eAt:c* + / Alt-7)p dT> >0, 0<t<h, (12)
0

where z* is the limit cycle point corresponding to the change of sign of @ from minus to plus and,
consequently, to the switching of the relay (4) from —1 to +1, and I denotes an identity matrix of
compatible dimensions.

A limit cycle is locally stable [5-7] if and only if the absolute values of all the eigenvalues of the
matrix

W=(I-vK C/(KTCv))e!, (13)
v=—Az*+ B, (14)

are less than unity. This statement was proved in [6, 7] for systems of the form (1)-(5) using the
classical approach to the stability analysis of periodic motions based on the Poincaré maps.
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The stability margin requirement (6) for self-oscillations will be considered fulfilled if
n(K) =1 - p(W(K)) =1, (15)

where p(W(K)) denotes the spectral radius of the matrix W (K); it is reasonable to assign 7 €
[1,10]h/(NAL).

Processes in relay systems that evolve much more slowly compared to a self-oscillation process
are conventionally called slow processes [1, 2, 5]. In the case where the signal range at the relay
input slightly exceeds the amplitude U, such processes are described by an approximate model
in which the relay (4) with a stable simple symmetric limit cycle is replaced by its linearized
representation [1, 2, 5]

w=Ri, R=4/(x0), (16)

where R is the linearization coefficient. Equations (1)—(3), (5), and (16) will be used as a simplified
model of slow processes in the self-oscillating system (1)—(5).

Assume that the set of training examples contains descriptions of processes that can be con-
sidered slow for given parameters wo and U. Then the problem of training system (1)-(5) to the
desired behavior can be replaced by that of training system (1)—(3), (5), and (16). To apply the
training method [17], we replace system (1)—(3) and (16) with its discrete-time analog

zhy1 = Ay, + Buy, yr=Crxyp,  up = RKyp, (17)

where k is discrete time (a natural number); ¢t = kAt; the time discretization step At is chosen from
the condition At < h; the vectors xy, yi, and uy are the discrete approximations of the vectors
x, y, and u, respectively; finally, A=eA and B = fOAt eAtB dt.

According to [17], the conditions (7), (8) for making the behavior of system (17) maximally close
to the desired one, defined by the set of training examples @), are equivalent to

q
> |1 Gy(K)sKg — Y, [~ min, (18)
=1 K
}A/:y"i_g; gGW(K)SKS <}>7+€nyrv RS {LQ}v (19)

where Yw =Y, — Yo, with the columns Y., Yy, and G,(K) being composed of the blocks y],
Cﬁkxg, and G (K) = C'Zf:_ol (y(:cg, K] ® ﬁk_i_léR), k € {1, N}, respectively; ® indicates the
Kronecker product [23, p. 83]; finally, the matrix G, (K)g and the vector Kg are composed of the

columns of the matrix G (K) and the coordinates of the vector K, respectively, with the numbers
specified in the set S.

System (17) differs from the control system considered in [17] only by the factor R in the
expression for uy. This difference is taken into account in the above expression for Gy (K).

In view of (5), condition (11) becomes the linear equation
(Cz*)iKs =0, (20)

where the vector (Cz*)g is composed of the coordinates of the vector Cz* with the numbers
specified in the set S.

Due to (5), the discrete analog of the requirement (12) is the system of linear inequalities
HysKs >0, Vk € {1,h}, (21)
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where the matrix Hyg is composed of the columns of the matrix

kAt T
H, = (CeAkAtx* LC / GAkAL-T) g dT)
0

with the numbers specified in § and h = fix(h/At — 1), where fix(-) means rounding to the nearest
integer.

For the self-oscillation mode, the left-hand side of inequality (12) determines the values of the
signal @ within the half-wave of its oscillations, so the amplitude U of the signal @ is close to the value
of HysKg when k lies at the middle of the closed interval [1, il] To realize the specified amplitude U
of the signal @ in the mode of simple symmetric self-oscillations, we impose the condition

HpsKs = U, k=fix((h +1)/2). (22)

Thus, the above problem of finding the vector K under which the control system (1)—(5) will
fulfill the requirements (6)—(8) for the given values of wy and U is reduced to problem (18)—(22), (15).
Here, the existence conditions (20)—(22) of self-oscillations with given parameters and their stability
condition (15) have been obtained from the nonlinear model of the relay system (1)—(5) without
simplifying assumptions: only the conditions (18), (19) for making its behavior maximally close to
the desired one are based on its simplified linearized model (17).

4. SOLUTION METHOD

Let the controller structure be given, i.e., the set S is specified. As shown above, the desired
vector K can be determined by solving problem (18)—(22) and (15), which is equivalent to the
problem of training a static controller considered in [17]. For this problem, we apply the method
proposed in [17]: at each iteration, it is necessary to solve a constrained linear least-squares (CLLS)
problem [24, p. 225], belonging to the class of convex programming problems [25]. For such prob-
lems, effective optimization procedures have been developed that guarantee a solution or claim
its absence. (In MATLAB, the lsqlin function is intended for solving CLLS problems.) At each
iteration of the method [17], when solving the original problem, the transition to the CLLS problem
is based on replacing the matrices G (K)g in (18) and (19) with the matrix GW(K)S (fixed during
this iteration) that corresponds to the vector K found at the previous iteration, as well as on re-
placing the function p(W (K)) in (15) with its linear approximation 7o+ 71K in the neighborhood
of K, i.e., on replacing condition (15) with the linear inequality

ro+mKg <1—1, (23)

where rg and r1 are linearization coefficients.

To determine an initial approximation for the solution of the problem under consideration, we
separate its important special case with conditions (18), (20), and (22) only. Here, we simplify
condition (18) by assuming that all desired trajectories in the set @ belong to the solution set of
the system designed. Then [17] the matrix G,(K)s in (18) can be replaced by the matrix G.g,
independent of K, and condition (18) can be therefore written as

q
> | GysKs =Yy P— min, (24)
y=1

where the matrix @75 consists of the columns of the matrix @7 specified in S, and the latter matrix
is the column of the blocks ka =C f;ol (sz ® ﬁk_i_IER), ke {l1,N}.
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As is well known [24], a quadratic programming problem with linear equality constraints
(and problem (20), (22), and (24) as its particular case) is reduced to a system of linear equa-
tions. In the case under study, this system takes the form

()5
L 0 A d
where F =GlGg, Gs is the matrix of the system of equations G.sKg = 577, vy e {1,q},
L= (Cx*)T", Hys)", c= G’gf@, d = (0, U)T, and \ is the vector of Lagrange multipliers.

The vector Kg obtained by solving system (25) can serve as an initial approximation for the
solution of problem (18), (22), and (15).

Suppose that with the initial approximation given by (25), problem (18)-(22), (15) has not
been solved successfully. Then it is possible to use the initial approximation calculated under the

requirements described by the system of equalities (20), (22), and (24) and inequalities (19), (21),
and (23). In this case, replacing (19) with its approximate analog, i.e., the condition

Y, +e, <GusKs<Y,+ef, ye{lg, (26)

one finds the initial approximation by solving the CLLS problem (20)—(24) and (26).
The above initial approximation is refined at subsequent iterations of the method without as-
suming that the trajectories constituting the set () belong to the solution set of the system designed.
The set §2 of simple controller structures can be found by a method intended for designing simple
structures of a general form [19]. In this method, the above procedure for solving problem (18)—(22)
and (15) can be used to assess the admissibility of the controller structure and determine the
corresponding vector K.

5. EXAMPLES

Ezxample 1. Consider the problem of designing a relay controller for a self-oscillating control
system of an electric drive. The plant consists of a DC motor with a constant excitation flux, a
gearbox, and an inertial load. This plant is described by equations (1)—(2) with

0 1 0 0 1/k, 0 0
A=lo o Cu/n |, B=| o |, c=| 0o 10|,
0 —C./L. —R./Le U/L. 0 01

where R, and L. are the resistance and inductance of the motor armature winding; C, and C,,, are
the back electromotive force (EMF) coefficient and the torque coefficient of the motor; U is the
supply voltage; k, is the gear ratio; finally, J,, is the moment of inertia of the moving parts
reduced to the motor shaft. Let R. = 0.475, L. =5.7x 107%, C. = C,, = 6.83 x 1072, U = 27,
k. =2, and J,, = 9.43 x 10~° in the international system of units. Direct verification shows that
the pairs (A4, B) and (A,C) are controllable and observable, respectively. The state vector has
the form x = (z1, z9, z3), where x; and x9 are the angular position and velocity of the motor
shaft, respectively, and x3 is the current in the armature winding. The output has the form
y = (1, y2, y3) = (x1/ky, x2, x3), where y; is the controlled variable (the angular position of the
output shaft of the electric drive), and S = {1,2,3}. Let us assign U = 0.01 V and suppose that
the amplitude of self-oscillations of the controlled variable y; should not exceed 0.1 mrad. To fulfill
this requirement, according to the analysis of the plant’s frequency response, the self-oscillation
frequency must be at least 1820 Hz, so we set f = 2000 Hz, with wy = 27 f = 12566 rad/s.

It is required to find the gains constituting the desired vector K.
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Fig. 1. System transients for x(0) = x}. (The desired process and processes obtained in Examples 1
and 2 are indicated by solid, dotted, and dash-dotted lines, respectively.)
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Fig. 2. System transients for z(0) = x3. (The desired process and processes obtained in Examples 1
and 2 are indicated by solid and dotted lines, respectively.)

We form a set of training examples defining the desired behavior of the system designed during
its transition from a disturbed to a steady-state motion mode. Following the above recommendation
q € [1,n] (see Section 2), ¢ = 2 training examples are taken. The desired system behavior is the
trajectories of the plant (1) and (2) from the significantly different initial states x§ = (1;0;0) and
x% = (0;10; —10) to the origin in a time of 0.025 s. These trajectories can be calculated using known
dependencies [22, p. 128]. The specified trajectories Y7 and Ya, together with the corresponding
initial conditions on the time interval from 0 to 0.05 s, constitute the set of training examples
Q = {(z{,Y1), (23, Y2)}. When calculating the trajectories ¥; and Ya, the time discretization step
At=25x10"° < h =25 x 107% is chosen according to the recommendation of Section 3; the
corresponding value is N = 2000. The problem of calculating these trajectories has a solution due
to the controllability and observability of the plant.

First, we solve the design problem without the constraints (6), (7), which is equivalent to prob-
lem (20), (22), and (24). Let the initial approximation be the solution of system (25). Three itera-
tions of the method presented in subsection 4.1 yielded K = (—5.11; —3.73 x 1072; 1.06 x 10~%),
with the stability margin 7(/&) = 0.017 and 2.1 x 107° as the corresponding value of the objective
function (18). The resulting values of U and wy were 0.010 V and 12566 rad/s, respectively. The
transients in system (1)—(5), corresponding to the found vector K, are presented in Figs. 1 and 2
for the initial states x(0) = 2} and z(0) = x3 = (—0.5; —10; +10), respectively. Figure 2 demon-
strates the system behavior corresponding to the initial state x3, which significantly differs from
the initial states x{ and 23 specified in this example.
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Ezxample 2. Next, we solve the design problem of Example 1 with the following modifications:
increase the stability margin n(K) to at least 77 = 0.030 and reduce the admissible deviation of the
output coordinates y; and yo from their desired values, assigning for them §; = 0.05 and o = 0.15
on the time interval from 0.025 to 0.05 s and 4; = 0.1 and d2 = 0.2 on the time interval from 0
to 0.025 s. The vectors 6z_ and €Z+ corresponding to the above values of §; and d, are calculated
according to the explanations to (7). The value 77 = 0.030 is chosen according to the explanations
to (15) by the formula 1 = 6h/(NAt), where h = 1/(2f) = 1/4000 s and NAt = 0.05 s.

Under the specified requirements, we solve problem (18)—(22), and (15), with the solution of the
CLLS problem (20)—(24), and (26) taken as the initial approximation.

Three iterations of the method from subsection 4.1 yielded
K = (—9.81; —3.76 x 1072; 9.75 x 1079).

In this case, n(K) = 0.0323, conditions (6) and (7) hold, and the value of the objective func-
tion (18) is 4.1 x 1076,

The transients corresponding to the found vector K are presented in Figs. 1 and 2 for the initial
states x(0) = 2§ and x(0) = 2¢, respectively.

Ezample 3. Let us change the problem statement of Example 1, i.e., solve the structural design
problem: given wy and U, it is required to find the sets S and the corresponding vectors K under
which the controller structure will be simple according to (9). The desired set 2 can be obtained

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025



1044 MOZZHECHKOV

by the design method of simple structures presented in [19, p. 19] for “general-form problems.”
At the first step, it is necessary to check the admissibility of all structures S C {1, 2, 3}. Recall that
for an admissible structure S, it possible to find a vector K under which the control system (1)—(5)
will fulfill the requirements (6)—(8). (See the explanations to (9).)

We check the existence of such a vector K using the solution procedure of problem (18)—(22),
and (15), described in Section 4. According to the checking results, the structure S = {1,2,3} is
admissible, whereas all structures S C {1,2,3} corresponding to two-component sets (i.e., {1,2},
{1,3}, and {2,3}) are inadmissible. As a consequence, the sets {1}, {2}, {3}, representing the
subsets of the inadmissible sets {1,2}, {1,3}, and {2, 3}, are surely inadmissible and do not require
checking [19, Proposition 8]. Thus, in this example, the structure S = {1,2,3} is admissible and
simple.

Example /. Now we solve the problem of Example 3, with the lower limit of the stability mar-
gin reduced to 77 = 2.5 x 1073, The resulting set © contains the single set S = {1,2}, which de-
fines the controller structure using feedback signals for the angular position y; and velocity ys
of the output shaft of the drive. In this case, the structure S = {1,2,3} is redundant, and
the other structures are inadmissible. The found simple structure S = {1,2} is associated with
K = (—61.45; —3.73 x 1072; 0). The transients in system (1)—(5) corresponding to the found vec-

tor K are presented in Figs. 3 and 4 for the initial states x(0) = 2} and x(0) = 2}, respectively.

6. CONCLUSIONS

In this paper, we have posed and solved the problem of designing relay controllers for a self-
oscillating system with a linear plant. The novelty of this problem statement lies in the joint
fulfillment of existence conditions for asymptotically stable self-oscillations with given parameters
in the system, controller’s structural constraints, and requirements for making the system behavior
maximally close to a desired one. The desired system behavior has been specified by a set of
time-varying system output laws (training examples). A method for solving the problem has been
proposed, which further develops and extends the algorithm outlined in [17] to the class of relay
self-oscillating control systems. The mathematical model of the controller uses the function of an
ideal relay. The impact of the differences between the characteristics of real and ideal relays on the
system behavior can be assessed via modeling by replacing the function of an ideal relay in (1)—(5)
with a more complete and detailed mathematical description of a real relay.
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Abstract—In multi-service satellite communication networks, as a rule, it is possible to provide a
particular service with different quality, while using different traffic transfer rates. Accordingly,
license agreements may stipulate that a particular service is provided at a certain speed for
the majority of the time, and it is acceptable to reduce the speed to the maximum threshold
in the remaining time. At the same time, network operators need a mathematical apparatus
that allows them to evaluate the fulfillment of the requirements specified in the agreements in
order to have an idea to what extent it is possible to expand the subscriber capacity of the
network. The article develops a mathematical model of joint maintenance in access nodes of
such networks of real-time service traffic and elastic data traffic based on the formalization of the
network operation process using the apparatus of multidimensional stepwise Markov processes.
Examples of solving the problems of determining the required resource at the network planning
stage and evaluating the possibility of expanding the subscriber capacity of the network with
the available resource are given.

Keywords: spacecraft, channel resource, multi-service traffic, real-time traffic, elastic traffic,
multidimensional stepwise Markov processes

DOI: 10.7868,/51608303225110041

1. INTRODUCTION

In multi-service satellite communication networks (Fig. 1), where the role of subscriber access
nodes to terrestrial network and Internet services is played by central earth stations (CES) together
with spacecraft (SC), there is typically the possibility of providing one or another service at dif-
ferent transmission rates. The higher the speed, the better the quality, for example, clearer video
images, etc.

Since the bandwidth of satellite channels is limited, when there is a large number of simulta-
neously served subscribers, using the highest possible speeds becomes impossible, and for some
subscribers, a reduction in speed is required. Accordingly, licensing agreements (Service Level
Agreements, or SLA) may stipulate that a specific service is to be provided at high speed for the
majority of the time, while a reduction to a minimum threshold is permitted for the remaining time.
In such cases, network operators require a mathematical framework to evaluate compliance with
the specified SLA requirements. This framework is essential for determining to what extent the
subscriber capacity of the network can be expanded under the given constraints, or when further
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Fig. 1. Simplified diagram of a multi-service satellite communication network.

expansion becomes impossible, necessitating network upgrades, adjustments to standards, changes
in tariff policies, and so forth.

This article addresses this task by considering an access node of a multi-service network. The
quality of service (QoS) in this network is assessed by the following indicators:

The high transmission rates for each service’s traffic, ensuring the best quality.

The fractions of time during which the service traffic is transmitted at high rates.
e The minimum allowable transmission rates for each service’s traffic for the remaining time.

The fractions of lost requests of each type due to insufficient resources.

e The average file delivery time.

It is assumed that the network handles K types of real-time (RT) service traffic and elastic data
service traffic. The resource for servicing requests is allocated in discrete units of speed quanta.

The quantum, Awv, is measured in bits/s. The network infrastructure within the Central Earth
Station (CES) includes a connection management system. This system implements rules that
uniquely determine how resources are assigned and redistributed upon the arrival and completion
of service requests, taking into account the current network state. A service request is accepted only
if the available resource is sufficient to service all current requests, at least at their minimum speeds.
Any remaining resource is then used to assign high service speeds to some or all of the requests,
based on the importance of the corresponding service types and the volume of the remaining
resource. Finally, any leftover resource, if present, is allocated to increase the speed of elastic
traffic. Consequently, for elastic traffic, the high and minimum speeds specified in the SLA are
effectively guaranteed and can be exceeded. Furthermore, while the session duration for RT traffic
is independent of its transmission rate, the file delivery time decreases as the rate increases.

The purpose of this article is to develop a mathematical model for a multi-service satellite
network access node. This model accounts for the ability to change the transmission rates of
individual services and enables the evaluation of the aforementioned quality of service indicators
for each traffic type.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025
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Modeling of multi-service networks is usually carried out under the assumption that the flows
of requests in the network are Poisson, and the service durations are exponentially distributed.
This allows building analytical models using the apparatus of multidimensional stepwise Markov
processes. A wide range of works is devoted to the development of models for multi-service networks.
Fundamental results are presented, for example, in [1-5]. A large number of results have been
obtained for networks of various purposes [6-23], including multi-service satellite networks [16-23],
including networks based on spacecraft in geostationary and highly elliptical orbits [16-19], [22],
as well as in low circular orbits [20, 21]. Although the factor of transmission rate change in most
works was taken into account only for elastic traffic, the possibilities of adjusting the rate in a
certain range for real-time traffic were also considered, for example in [15]. However, different
quality indicators from those mentioned above were taken into account. So in [15] the goal is to
analyze the average data transmission rate of video conferences. Therefore, the task of modeling a
network access node is relevant.

To achieve this goal, Section 2 describes the model, Section 3 formulates and solves the system
of equilibrium equations of the Markov process describing the dynamics of network state changes,
and obtains relations for calculating quality indicators. Section 4 provides a numerical analysis of
the model characteristics.

2. MODEL DESCRIPTION

In the considered network, transmission of real-time service traffic (voice information, video
conferencing data, etc.), depending on the service type, can be performed at high speeds Vi,
k=1,...,K, provided in the SLA, and at certain time intervals with a large number of active
subscribers at minimally allowable speeds V,;. File transmission is carried out within elastic traffic
and can be performed during the main part of the time at a speed not lower than the guaranteed
high speed V, and the rest of the time at a speed not lower than the minimally allowable Ve,.

Let by = [Vi/Av], k=1,...,K and b. = [V./Av]| be the resources, expressed as an integer
number of used speed quanta, required for transmitting RT and elastic traffic at high speeds Vj
or V.. Note that the resource for data transmission by one subscriber can be more than b.. Let
b;ﬁ = [V,; / Av], k=1,...,K and b/e = [Ve/ / Avw be the resources corresponding to the minimum

! ’ . . .
speeds V. or V,. Here also the resource for data transmission by one subscriber can be more
’
than b,.

Service RT with number £ =1,..., K is received by Nj subscribers. The service time of a
request for service is an exponentially distributed random variable with parameter u. After the
service of a request is completed, a new request from this subscriber arises after a random time,
which has an exponential distribution with parameter ;. The corresponding parameters for elastic
traffic are denoted by N, and (., and p. is the parameter of the exponential distribution of file
transmission time when allocating resource b,.

Let us introduce notations for quality indicators. Let P, k =1,..., K, and P, be the fractions
of time during which the traffic of each RT service is transmitted at high speed, and elastic data
traffic at a speed not less than the guaranteed high speed. Let m;, K = 1,..., K, and mw. be the
fractions of lost requests for service provision that were denied due to insufficient free resource upon
their arrival, W be the average file delivery time, and v be the total network resource managed by
the access node.

The dynamics of the network state change is described by the random process r(t) =
(11(t),...,ix(t),d(t)), where ir(t) is the number of serviced requests for service k and d(t) is the
number of serviced data requests at time ¢. The process is defined on the state space S, which
includes states s = (iy,...,ix,d) with integer non-negative components, each of which does not
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exceed the number of subscribers receiving the corresponding service. The space S can be written
as

K
S = {(il,...,iK,d) N Zip 2 0k=1,..., K;Ne>d>0; Y igby + db, gv}. (1)
k=1
In this space, one can distinguish subsets of states Uy, k = 1,..., K, and U,, in which incom-

ing requests for transmission of each type of real-time traffic and data traffic are denied due to
insufficient resource for their service. These subsets are defined as follows:

K
U, = {(il,...,z‘K,d) : (i1,...,ix,d) €S, <Z¢kb;+db; >v—b;> U (ix = Ny) } (2)
k=1

K
U, = {(z’l,...,iK,d) . (i1,...,ig,d) € S, (Zikbﬁdb’e >v—b;> U(d=N,) } (3)
k=1

To manage the network, the operator needs a rule f(s) that unambiguously determines for each

network state s € S the number of requests of each type z',(gh) out of iy, k=1,..., K, and d™ out
of d, that will be serviced at high speed.

It should be noted that different networks have different lists of provided services, and the
importance of each service is determined by the operator taking into account the target tasks
solved by the network. Therefore, the choice of the rule f(s) for resource allocation is qualitative
and is not considered in the article. We will only assume that:

e interruption of request service is unacceptable;
e all requests of the same type have equal value;

e when applying the rule, the resource for traffic transmission at high speed is allocated for
servicing requests in order of decreasing importance of their types, i.e., first for requests of the
most important type, then for the next in importance, etc.

The rule f(s) is executed when the network state changes and includes three stages:

e at the first stage, it is determined whether the resource is sufficient to service all requests at
least at minimum speeds;

e if the resource is sufficient, at the second stage, high speeds are allocated for servicing requests
taking into account the amount of free resource and the importance of service types;

e if there are remnants of free resource, they are directed to increase the transmission speed of

elastic traffic.

A high-level algorithm for applying the rule is illustrated in Fig. 2. Commenting on the al-
gorithm, we note that if any requests remain being serviced at minimum rates after the second
stage, it is impossible to increase their speed to the high rate. Furthermore, allocating additional
resources to requests whose traffic is already being transmitted at high speed is not efficient. There-
fore, any remaining resource from the first two stages is allocated in the third stage to increase the
transmission speed of elastic traffic.

It should also be noted that when new requests for important traffic types arrive, resources are
allocated to them as a priority. For less important traffic types, if resources are insufficient, their
transmission speed may be downgraded from high to minimum. In other words, a redistribution of
the resources used for servicing different traffic types will occur.

A possible example of such a rule is considered in Section 4 when conducting numerical analysis.

Let us introduce the vector s = (igh), e ,ig?),d(h)). Then s = f(s). Obviously, after as-
signing high service speeds to requests, the resource constraint must be satisfied, which is more

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 11 2025



1050 MASLOV et al.

( Start )

Has a service request no

been received?

Determining the sufficiency of resources for
servicing at minimum speeds

no

Application processing

ne completed?

Are resources sufficient?

| Request service denied | | Assigning minimum resources to requests

v
1—‘ Loop through traffic types in order of importance

A

Assigning the maximum possible number of
requests of the current type resources
corresponding to high speeds

Is there any undistributed
resource left?

Allocating additional resources for servicing
requests for elastic traffic transmission

J

h

4
<
A

Changing the parameters of request servicing in
accordance with the new resource allocation

Fig. 2. High-level algorithm for applying the resource allocation rule.

stringent compared to the corresponding constraint in expression (1):

Umin = kf:l (i = i) b+ i ] + (@ = ™) b + M, < . (4)

If the network is servicing data requests, i.e., d > 0, and in expression (4) vyin < v, then at the
third stage of applying the rule f(s) the residual resource in the amount of v — vy, is directed to
service these requests. As a result, the total resource allocated for servicing data requests under
the condition d > 0 is

Ve (s, s(h)> = U — Umin + (d - d(h)) b, + d™b,, (5)
and the total service intensity of such requests is

pet (3,5 = w (©)
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When events occur that change the network state, for the new state s, sth) = f(s) is computed
and resource redistribution between requests is performed, and expression (6) determines the in-
tensity fret(s, s(h)) of leaving state s due to the event of file transmission completion.

3. SYSTEM OF EQUILIBRIUM EQUATIONS AND SERVICE PERFORMANCE MEASURES

Let p(s) denote the probability of the network being in state s € S, and P(s) denote the un-
normalized probability of that state. Unnormalized probabilities are used in iterative methods for
solving systems of equilibrium equations (SEE). The connection between p(s) and P(s), taking into
account the normalization condition, is as follows:

_ Py
p(S) - Zses P(S) (7)
The SEE has the form:
K
P(’il,. .. ,’iK,d) [Z (ﬂk (Nk — ik)I((il,. .. ,iK,d) S S\Uk) +Z‘k,ulk)
k=1
+ Be (N, —d) I ((i1, ... ix,d) € S\Ue) + fiet (S,s(h)) I(d > 0)1
u 8
=S [Ploresin = Lo d) B (N — i+ 1) I (i > 0) (8)
k=1

+ P i,k g d) (i + 1) il (i1, ik, d) € S\UR) |
+I(d>O)P(il,...,iK,d—1),3€(Ne—d+ 1)
+P(iy, ... ik, d+ 1) pe (sd,sgh))f((il,...,iK,d) e S\U.), (i1,...,ix,d) € S.

The system of equations (8) is homogeneous, and the uniqueness of the solution is ensured

by adding the normalization condition (7) to it. Here sq = (i1,...,ix,d + 1) and sgl) = f(sq).

The intensities jiet s,sM) and Let sd,s(h) are computed according to relations (5) and (6). The
d

indicator function I(condition A) is also used, equal to 1 if the condition is satisfied and 0 otherwise.

The system of equations (8) can be solved numerically. The Gauss-Seidel method, described
in [1] and used in a number of works, for example in [16-20], has proven itself well for solving such
SEEs. This method is also used to obtain numerical results in Section 4.

Next, we proceed to obtain relations for calculating the quality of service indicators, interpret-
ing the state probabilities p(s), s € S, as the fractions of time during which the network is in
the corresponding states, i.e., over a sufficiently long time interval 7', the network is in state s
for approximately time T'p(s). The total service time of i, k =1,..., K, requests for provision
of the kth RT service in this state is ixTp(s). At the same time, the vector of the number of

requests serviced at high speeds is determined as s(") = f (s), and the total service time of igﬁh) < i

requests is i,gh)Tp(s). Consequently, the fractions of time during which the traffic of each service is

transmitted at high speed are determined as

(h)
p— s PS) 9)
ZsES /Lkp(s)
Similarly for data requests:
(h)
P, = M (10)
ZSES dp(s)
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Since the input traffic in the considered network depends on its state s, the fraction of requests
for transmission of each type of traffic lost due to lack of free channel resource should be estimated
as the ratio of the intensity of lost requests of the corresponding flow to the intensity of arrived
requests of this flow [1]. For requests for service of RT traffic of the kth type we obtain

= > seu, (p(s) (N _‘ik))
Yses (p(s) (Nk —ir))
and for data transmission requests
e (o(s) (Ne = )
> ves (0(s) (N — d)
The average file delivery time W can be determined using Little’s formula as the ratio of the
average number of simultaneously serviced data requests in the network y. to the intensity A, of

the flow of such requests accepted for service, and is equal to
Ye

k=1,... K, (11)

(12)

W=, (13)
Ye = Z dp(s), (14)
s€S
)\e = /86 Z p(S) (Ne - d) (15)
seS\Ue

4. NUMERICAL ANALYSIS OF MODEL CHARACTERISTICS

As an example for numerical analysis, consider a three-service network of low-power mobile
subscriber terminals based on high-throughput spacecraft [16, 17], serving two types of RT traffic
and elastic data traffic. The traffic characteristics are presented in the table.

Table. System Parameters

Parameter Value
Resource per request for RT service of the first type, b1/ bll 1/1
Resource per request for RT service of the second type, ba/ b,2 8/4
Resource per data request, b, /b, 8/4
Number of users of RT service of the first type, Ny 150
Number of users of RT service of the second type, No 60
Number of data service users, N, 120
Service intensity of requests for RT service of the first type, pq 0.3 min~!
Service intensity of requests for RT service of the second type, us 0.15 min~"
Service intensity of data requests when allocating resource be, fie 1.2 min~—!

Parameter of exponential distribution of time until request arrival of the first | 0.06 min~"
type, f1
Parameter of exponential distribution of time until request arrival of the second | 0.009 min—!
type, 52

Parameter of exponential distribution of time until data request arrival, S, 0.3 min~!
Fraction of time during which RT service traffic is transmitted at the specified 0.9
high speed, Py, k = 1,2, not less than

Fraction of time during which data service traffic is transmitted at a speed not 0.9
lower than the specified threshold, P., not less than

Maximum allowable fractions of lost requests of each type due to insufficient 0.01
resource

Average file delivery time, not more than 0.5 min
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freeresource ¢

Total resource for datatransfer requests

e

datatransfer
requests

Tatalchannel resource (33 quanta of speed)

requestsof 2+
type

requestsof ¥
type

Step1 Step2 Step3 StepL

Fig. 3. Example of applying the resource allocation rule for a three-service network.

The rule f(s) for assigning high speeds is based on the fact that ensuring high speed when
servicing data requests is more important than for RT traffic of the second type, and RT traffic of
the first type does not need speed increase, hence b; = b/l. At the same time, f(s) carries out the
following procedure:

e Determination of whether the resource is sufficient to service all requests when allocating them
resources b/l, b/2 and b;;

e if the resource is sufficient and there is a remainder, allocation of resources b, to as many data

requests as possible;

o if all data requests are allocated resource b, and there is a remainder, allocation of resources by

to as many requests for RT traffic of the second type as possible;

e if there is again a remainder of free resource and there are data requests, allocation of the

specified free resource to increase the service speed of these requests.

The use of the described rule f(s) for v = 33 and s = (2, 2, 2) is illustrated in Fig. 3. At the first
step, it is established that the resource is sufficient to service all requests at minimum speed and
there is some residual resource, i.e., 2b; + 2by + Qb; = 18 and the residual resource is 15 quanta.
The second step involves checking whether a speed increase for data requests is possible, and this
possibility is confirmed. Each data request is allocated resource b.. The residual resource decreases
by 8 and now amounts to 7 quanta. At the third step, it is determined that speed increase is possible
only for one request of the second type, and the residual resource is insufficient to increase the speed
for the second request. Accordingly, the resource of one request of the second type increases to
8 quanta, and the residual resource decreases to 3 quanta. This remaining resource is given for
servicing data requests at the fourth step. As a result, the total resource of data requests will be
2b. + 3 = 19 speed quanta. For distributing the resource among these requests, known approaches
described in [1] can be used, for example, the water-filling algorithm.

It should be noted that the proposed rule is only a particular example. Other rules are considered
in some sources, for example in [24].
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Fig. 4. Dependence of computation time on the number of network states Ngtates-

For the numerical analysis, we developed a MATLAB scenario to form the SEE from a set of
network characteristics, solve it using the Gauss-Seidel method, and calculate the quality indicators.
An assessment of the possibility of solving SEE of large dimension was carried out, illustrated in
Fig. 4.

The dependence of the computation time on the number of states Ngiates 1S monotonically
increasing and nearly linear. For Nggates =~ 9.3 million, the time was about 36 minutes.

As noted in Section 1, the operator may be interested in both the task of determining the required
resource at the network planning stage and the task of assessing the possibility of expanding the
subscriber capacity of the network with the available resource.

When solving the first task, dependencies of traffic service quality indicators on the resource are
constructed, illustrated in Figs. 5, 6, and 7.

Figure 5 shows that a value P» no lower than 0.9 is ensured given a resource of v > 96, while
for P. the required resource is v > 88. For all values of v in the range from 80 to 100, as follows
from Fig. 6, the constraint on the maximum fraction of lost requests is satisfied with a large margin.
According to Fig. 7, to satisfy the constraint on the average file delivery time, a resource v > 87
is required. Thus, all constraints are satisfied when the network resource v > 96. The minimum
required volume of the network resource is 96 speed quanta.
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Fig. 6. Dependencies on resource v of the fraction of lost requests of each type due to insufficient

resource 7, k = 1,2 and 7.

We will assess the possibility of network expansion using the example of increasing the number

of consumers of the second RT service.

Assume that the network has a resource v = 100 and

traffic parameters are according to the table with the difference that the possibility of increasing
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of time P, during which data service traffic is transmitted at a speed not lower than the specified

threshold.
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the parameter N is evaluated and it varies in the range from 60 to 75. The calculation results of
indicators P» and P, are presented in Fig. 8. It can be seen that with an increase in Ny, the values
of indicators P, and P, decrease. At the same time, the value P, remains within the specified
limits, and for P, the constraint is satisfied only for No < 70.

Thus, the network allows an increase in the number of consumers of the second RT service
up to 70 without changing the resource volume. If the number of consumers exceeds 70, then to
meet the specified constraints on the quality indicators, an increase in the network resource will be
required.

5. CONCLUSION

This study builds a model for the joint servicing of real-time and elastic data traffic in a satel-
lite multi-service network access node with a dynamically variable transmission rate. One of the
key quality indicators is the fraction of time each service is provided at high speed. The model
formalizes the network operation process using the apparatus of multidimensional stepwise Markov
processes. Furthermore, relations for calculating QoS indicators have been derived. The software
implementation of the model solves the systems of equilibrium equations for the Markov processes
using the iterative Gauss-Seidel method. This approach enables the estimation of performance
indicators for large-scale networks, a capability confirmed by numerical experiments involving up
to ten million network states. Examples are provided to demonstrate the model’s application in
solving two key problems: 1) determining the required resource during the network planning stage,
and 2) assessing the potential for expanding the network’s subscriber capacity given the available
resources. The model is suitable for integration into software for satellite network management
systems. Furthermore, it can be used in operational contexts to justify the feasibility of measures
aimed at enhancing network characteristics and modernization.
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Abstract—We consider the controlled dynamics of three objects in n-dimensional space: At-
tacker (A), Defender (D), and Target (T). Attacker estimates Target’s relative position using a
Kalman—Bucy filter and constructs a collision trajectory based on this estimate. In response,
the Target deploys the Defender, which disrupts the Attacker’s estimation process by interfer-
ing with its reception channel, thereby preventing interception. This leads to the formulation
of a problem: designing an optimal trajectory for the Defender to maximize the time until
the Attacker intercepts the Target. Numerical simulations of the dynamics of each object are
conducted to evaluate the effectiveness of deploying the Defender.

Keywords: observations control, Kalman-Bucy filter, ADT-game, guidance countermeasures,
trajectory optimisation

DOI: 10.7868/S1608303225110055

1. INTRODUCTION

Multi-player cooperative control problem are of interest to researchers both for practical reasons,
such as the development of unmanned vehicle technologies, and for academic ones, as they provide
an analytical framework for evaluating solutions and algorithms. Applied multi-player problems,
as well as adversarial two-player game-theoretic problems, are divided into two subclasses with
opposing objectives: interception [1] and evasion problems [2, 3] or countering interception [4, 5].

As the number of players on either side increases, so do their opportunities to achieve their goals.
The one and simple expansion of two-player game (Attacker and Target) is achieved by adding the
Defender. It’s called ADT (Attacker—Defender-Target) game [6]. However, before formalizing the
problem statement, it is necessary to select the policy of each player. The closest to practical
applications is the situation when the Attacker bases its decisions on its sensor data. To achieve
this, it must estimate its own state and/or that of the target. This is accomplished using the theory
of observation control [7], specifically the Kalman filtering method [8, 9], which has been actively
developing for a long time [10], including the use of artificial intelligence technologies [11, 12].
Subsequently, in order to successfully intercept a Target, the Attacker needs to choose a guidance
algorithm, the most famous of which is the law of proportional navigation [13].

The Defender’s objective meanwhile can be interception of the Attcker [14] (in this case it’s
called “hard” counteraction) as well as influence on its reception channel [15, 16] (in this case it’s
called “soft” counteraction). Furthermore both the distance between the Target and the Attacker
at the terminal point in time and the time required to intercept the Target can be used as a problem
criteria.

At the moment, there are a lot of works that provide an analytical solution to the problem of
“hard” counteraction in one formalization or another [17]. However, Monte Carlo [18] or artificial
intelligence [19] methods are most often used to solve problems of “soft” counteraction, which does
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not allow to analyze the solution. At the same time, the theory of observational control and the
theory of random processes make it possible to study complex dynamic systems, taking into account
the decision-making methods used by objects.

Current work amis to formulate the problem of countering the simplest guidance algorithm and
its analytical solution using the described mathematical apparatus. The specifics of the setup are
such that, due to the use of the Defender, the equation of the observed process — based on which
the Attacker builds an estimate of the Target’s relative position — does not match the equation
that this observed process actually follows.

The structure of the work is as follows. Section 2 formalizes the ADT-game with incomplete
information, where every player has a linear dynamic, and the Attacker gets information about
the outside world from the linear observation channel, depending on position of the Target and
the Defender in the relative coordinate system associated with the Attacker. Acting in a coalition,
by choosing their own direction of movement, the Target and Defender must delay or prevent the
interseption of the Target, therefore, Section 3 is devoted to the formulation of the optimal control
problem. Sections 4 and 5 provide a solution to this problem and numerical simulations showing
the effectiveness of using a Defender. In conclusion, the directions of development of the considered
task are proposed.

2. THE ADT GAME MODEL WITH INCOMPLETE INFORMATION
2.1. Description of the Studied System

Let’s consider a linear system with 3 types of playes — the Attacker (A), the Defender (D)
and the Target (T). The equations of motion of such a system can be written in the form of Ito
equations

dxA(t) = FxA(t)dt + Bau(t)dt + oadwa(t),
de(t) = FxD(t)dt+BDU(t)dt+O'deD(t), (1)
dxp(t) = Frp(t)dt + opdwr(t)

with some initial conditions at time zero.

Let’s assume that the Attacker receives information about the system through the observation
channel, which is described by the equation

dz(t) = Bee(t)dt + Bee(t)dt + o dw, (1), (2)
where
za,xp, oy €R", FeR™"  BpeR™" oveR™,
ByseR™™ weR", BB €R™
e(t) =xza(t) —xp(t), e(t)==xza(t)—xp(t).
In equations (1), (2) wa, wp, wp,w, — are standart n-dimensional Wiener processes,

oA, Op, o7, 0, € R™™ Thus, the coordinates of all players have dimension n, the control vectors
of the Attacker and Defender have dimensions r and m, respectively, and the measured value z has
dimension c.

With this equation of the measurement channel, it is more convenient to switch from the equa-
tions (1) to the equations of relative coordinates e, ¢ dynamics. They have the form of

{de(t) = Fe(t)dt + Bau(t)dt — Bpu(t)dt + o.dw.(t), 3

de(t) = Fe(t)dt + Bau(t)dt + oedw,(t),
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where
O =0A+0p, Oc=04+o0T.

Let the Attacker estimates the relative position of the Target. It’s assumed that that it does
not know about the existence of the Defender and uses the Kalman filter [9] as an optimal estima-
tion algorithm. The equations of states and observations, based on which the Attacker makes an
estimation, are written as

{de(t) = Fe(t)dt + Bau(t)dt + oedw,(t), @

dy(t) = Bee(t)dt + oydwy(t).

Proposition 1. To simplify the subsequent discussion, we assume that in system (4) pair (F,o.)
is controllable, pair (F, ) is observable, and det o4 # 0, where ¢ — is any of symbols A, D, T, z, y.

Remark 1. The second equation of the (4) system does not match the observation equation (2).
This is due to the fact that the Attacker is unaware of the Defender’s existence when forming the
estimation. It is this circumstance that is associated with the accumulation of errors in estimation
the relative position of the Target and the subsequent miss of the Attacker.

For brevity of notation, time arguments will be omitted.

Let’s assume that the Attacker uses the following control law to approach the Target (it is
obtained when solving some linear-quadratic problems, see, for example, [20]):

=M\, &RV

where é — vector e estimation.

In such case random vector e estimation is described in [7] by solving equations

dé = Fédt + Baudt + B! (oy0)) " (Beedt + Beedt + o.dw, — Beé dt), (5)
dy _
= = Fy+aF ool =B (0y0,) " B (6)

where v — mean square filtering errors.

Then, denoting ¢(vy) = 'yﬁz(ayayT )~! and then substituting the expression for control u into the

filtration equations (5), (6), we obtain the dynamic equation of vector é in the following form

de = F(y)édt + o(v)Bee dt + p(y)Bee dt + Ge(y)dws,

where

F(y) = F + BaA — o(7)Be,
Ge(7) = (7)o

As a result, the dynamics equations of all the players and the Kalman filter make up the system

de = Fedt + BaAédt — Bpvdt 4+ o.dwe,
de = Fedt + BaAédt + o.dw,, (7)
de = F(y)edt + o(v)B-e dt + o(7)Bee dt + Ge(y)dws,

¥ =Fy+~FT 40,07 — ’yﬁg(ayag)*lﬁe'yr
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2.2. Problem Statement

Let’s assume that the mathematical expectations of the variables of the (7) system are known
at the initial moment of time:

E q(0) = 14(0), (8)

where ¢ — is any of symbols €, e, é. The initial value of the covariance matrices of all vectors will,
in turn, be considered unknown.

Remark 2. In fact, setting the initial conditions in this form means that the Target-Defender
coalition knows the initial position of the Attacker with accuracy up to a certain measurement
error for some reason (for example, according to its own measurements). We also assume that the
coalition knows the Attacker’s algorithm for estimating the position of the Target. This leads to
the following formulation of the countermeasures problem.

Problem 1. For a system whose dynamics is described by the equations (7), the mathematical
expectation of random processes at the initial moment of time is described by (8), the travel time is
limited by t., it is necessary to find the control v(t), limited with bounded absolute value |v| < s,
which delivers the maximum to the criterion

Jlel = E (" (t)e(t)) - (9)

Remark 3. At its core, the (9) criterion is a quadratic miss. Let’s also pay attention to the type
of initial conditions (8) — the variance of random vectors is considered unknown. As will be shown
below, due to the type of criterion (9) and the control form, information about the variance will
not be needed to solve the problem.

3. REDUCTION OF THE PROBLEM TO A DETERMINISTIC FORM

It is easy to see that the criterion (9) can be transformed to the form

Je] =B (¢ (t)elt) = tr (Se(te)) + llta () (10)

where ¥, (t) = Vare(t) — is a variance of a random vector e(t).
It is also obvious that the dynamic equations of mathematical expectations have the form

fie = Fue + BaAjie — Bpv,

:ae = F,U'e + BA)‘ﬂev

fre = F(y)fie + 0(7)Be i + () Be e,

A =Fy+~FT + UeJeT — 'yﬁeT(ayayT)_lﬁe'yT.

(11)

If we talk about variance dynamic equations, the following lemma is important, which is given
without proof due to its well-known nature.

Lemma 1. If a random process x(t) follows the Ito equation
dz(t) = A(t)z(t)dt + B(t)v(t)dt + o(t)dw(t)

with deterministic matrices A(t), B(t), o(t) and control v(t), then the dynamics of its covariance
matriz follows the Ricatti equation

S(t) = A)E(t) + D) AT () + o ()T (t).
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Let’s apply Lemma 1 to the first three equations of (7). Then, the variance of the random vector

T
T = (eT el éT) is described by the equation

¥ = &) + BT (7) + Grotal Oiogals (12)
where
F 0 BaA
o(y)=| 0 F Ba\|, 0ua = diag (02, 0, 6(7)).

(B e(7)Be F(7)

Lemma 2. tr(X.(t.)) does not depend on the choice of control v(t).

Proof. It is easy to see that the equations of the (12) system, together with the last equation
of the (7) system, form a closed system in which there is no control, which leads to the statement
of the lemma. Thus, maximizing the criterion (10) by control is equivalent to maximizing only its
second term.

Remark 4. In fact, the criterion (10) contains 2 terms responsible for the observer’s “miss”. The
first of them characterizes the influence of the measurement channel noise of the criterion, which
means the influence of the signal emitted by the Defender.

The second term characterizes the effect on the criterion of the Defender’s own trajectories.
Lemma 2 actually states that the inability to control the signal emitted by the Defender leads to
the inability to influence the first term in the criterion (10). This term would be important if it
were possible to control the emitted signal, namely the coefficient .. However, this is not possible
in the formulation under study, and therefore the criterion will be maximized only using the second
term responsible for the trajectory of the observer and Defender.

On the other hand, this form of criterion makes it possible to compare the contributions of each
component to the overall task criterion at each step or during the evaluation of the entire mission.
At the same time, considering each term separately, it is possible to establish the capabilities of
the Defender to counteract both by maneuvering and by influencing the measuring channels.

Next, note that the Riccati equation in the (11) system is an independent differential equation.
In this case, the remaining three equations of the system, in fact, constitute a linear non-autonomous
system of differential equations. This, in turn, means that instead of the initial dynamic system (7),
we can consider a system of mathematical expectations described by the equations

fre = Fe + BaAjie — Bpo,
fie = Flic + BaAfie,
fle = F(7)fte + ©(7)Bepe + (V) Be e

which we will write down more briefly as

fr=®(y)n + B, (13)
where
e F 0  Ba\ ~Bp
p=|pe|, @)= 0 F Bax|, B=[ 0 [,
fie e(V)Be ©(v)Be F(7) 0

and y(t) — is a solution of a differential equation
¥ =Fy+yF" +ocol =B (0y0y) " By
with an initial condition v(0) = 7p.
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Instead of the (9) criterion, taking into account the 2 Lemma, we write a new integral criterion
for the (13) system

tx tx
1 . 1
T[] = —pg (te)pre(ts) = D) /(u, Qu)dt = —3 /<AM,QM> dt,
0 0
where
0 0 O
Q = 0 ETL 0 )
0 0 O

and formulate the following problem.

Problem 2. For a system whose dynamics is described by the equations (13), the initial con-
ditions are set by the equations (8), the travel time is limited by t,, it is necessary to find the
control v(t), limited modulo |v| < 3, which delivers minimum of the criterion

I = — [ (A, Quy dr. (14)

2
0
Proposition 2. The solution to the Problem 2 is the solution to the Problem 1.

Proof. The proof, in fact, is the reasoning carried out above.

4. SOLVING A DETERMINISTIC OPTIMAL CONTROL PROBLEM

To solve the Problem 2, let’s use the Pontryagin maximum principle [21]. To do this, we will
write down the Pontryagin function

H = (4, ®(y)p + Bv) + %@(v)u, Qu)-

The maximum condition

(1, Bv) = (BT4,v) — max

[v|<se

gives the following form of optimal control almost everywhere:
-1
v (t) = —x ‘B£¢1‘ Bh, (15)

T
where 1; — are components of the vector ¢ = (wlT pd ¢g> .

The equations of the conjugate system are written as
. 1
b=—2"(w - 3 (2" (1Q +Q2()) . (16)

The initial conditions for the (13) system are set as (8). At the same time, for conjugate variables
from the transversality conditions [21], values are known at the right end of the trajectory in the
form of ¢(t,) = 0.

The solution of such two-point problem is found by the sequential approximation method de-
scribed in [22], having previously solved the Ricatti differential equation separately. Its essence is
as follows: any valid control vy (t) is chosen as an initial approximation. Next, at the kth iteration
of the method, it is required:
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(1) to solve the Cauchy problem for the equation (13) with initial conditions (8) and control vy (t).
Thus, we obtain the trajectory ux(t) by [0,¢.];

(2) to solve the conjugate system (16) with terminal conditions ¥(t.) = 0 from ¢, to 0 for v(t) =
vg(t), p(t) = pr(t). Thus, we obtain the conjugate variables ¥ (t) by [0,¢.];

(3) to define the control of vi41(t) on [0,t.], according to the gather (15).

The algorithm stops when the value

tx

Err =) |vps1(t) — vk(?)] (17)

t=0
becomes less than the pre-selected number &: Err < §. The amount in (17) is taken from all points
of the time grid entered by the user on the segment [0, ¢,].

Remark 5. Solving such a boundary value problem can take a considerable amount of time.
Namely, executing a function written in MATLAB to calculate the control in the Section 6 takes
an average of 0.0967 s on an Apple M1 processor. In the case of high object speeds, such a time to
solve the boundary value problem will not allow successful Target protection.

5. LINEARIZED SYSTEM RESEARCH

Note that for linear systems, it is known that in the case of observability and controllability of
the system, the Kalman filter error -, and therefore the feedback coefficient itself () converge
at ¢ — oo for any initial matrix (0) [23]. In this case, given the terminal form of the (10)
functional, it would be reasonable to consider the (13) system starting from some large point in
time ¢ with a constant matrix ~.

According to the Proposition 1, the conditions of Theorem 3.7 [23, p. 237] on the convergence
of the solution of the Riccati differential equation are fulfilled. Therefore, the limiting value of the
covariance matrix satisfies the algebraic Riccati equation

FP+PF' + 0.0l —PBL(oyoy) ' BPT = 0.
The limiting value of the feedback coefficient is found according to the equation
-1
p = PﬁeT (Jydg) .

In this case, for large ¢, instead of a dynamic system (13) with a nonlinear Riccati equation, we
can consider a linear system of mathematical expectations described by the equations
e = Fue + BaAie — Bpv,
ﬂe = Fﬂe + BA)‘/lea
fte = Flie + SOIBENE + 30/86/1/6’

which we will write down more briefly as

fi= Au+ Bv, (18)
where
e F 0 BA)\ _BD
w=1pe!|, A= 0 F Bus\|, B= 0
fle ©Pe pPe  F 0
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The optimal control problem for the (18) system is formulated using the (14) criterion as follows:

Problem 3. For a system whose dynamics is described by the equations (18), the initial con-
ditions are set by the equations (8), the travel time is limited by t,, it is necessary to find the
control v(t), limited by module |v| < s, which delivers minimum to the criterion

tx

Tl = —5 [ (4w Quat.

0

In the Problem 3 the law of optimal control coincides with (15), however, the equations of the
conjugate system, unlike the equations of (16), are written as

. 1
b=—ATy -5 (ATQ+QA) .
6. NUMERICAL SIMULATION

6.1. Simulation Parameters

Let’s consider a system that is represented by a double integrator. The dynamics of such a
system is described in simple movements. We will denote by the symbol Ej a unit matrix of
size k X k, and by the symbol 05 the matrix k£ x k, each element of which is equal to 0. Next, let’s
assume that the matrices of the (1) system have the form

_ 02 FEo o _ 02 _ — o —
F—<02 02>, BA—BD—<E2>, n=4 m=r=2. (19)

Other constants are set as follows:

A=—6 (E2 Eg) . x=6x10"3 B.=pB.=E; t. =50, (20)
O'A:O'D:O'T:O'Z:O'y:1073XE4, (21)
0 0
0 -3 0 0 0
Eza(0) =2} = 0 | Ezp(0) =Exp(0) =a2p = xp = 01 (22)
0 0.2

Remark 6. For the (4) system with matrices selected according to (19)—(22), proposition 1 is
fulfilled.

6.2. Simulation Results for Successful Defender Operation over the Entire Time Period

In the following we will talk about the mathematical expectations of the corresponding random
processes only, since this characteristic fully reflects the essence of the problem.

Let’s consider the case when the Defender has an expected effect on the receiving channel,
affecting the trajectory of the Attacker as a whole. At the same time, up to the terminal moment
of time t,, we believe that the Attacker does not change his targeting tactics, even though the
estimation in his receiving channel may deteriorate over time. The trajectories along which objects
move with control calculated according to the equality (15) and the equations (18) in the plane of
mathematical expectations of their coordinates are shown in Fig. 1 in the case of using a Defender,
as well as in Fig. 2 without using a Defender.
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12 T T T

10

'— Attacker
— Target
|~ Defender

Mzl

Fig. 1. Object movement trajectories when using the Defender.

12 T T T

r 1
—— Attacker

— Target

Mzl

Fig. 2. Object movement trajectories without using a Defender.

In the first case, the criterion value is
J'[pu1] = —53.06,
while in the second, it is
J'[pe] = 0.
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12 T T T T : T
—— Attacker
— Target
10 | | e Defender -
8L .
6L =
Haz2 4+ 7]
2L _
0k 3
9L _
-4 1 1 | 1 1
-6 -4 -2 0 @ 1 G

Mzl

Fig. 3. Object movement trajectories when using the Defender, calculated according to (13).

12 T T T T : T
— Attacker
— Target
10+ - |~ Defender
8L .
6L =
Haz2 4+ 7]
2+ i
0k 2
9L |
-4 1 1 | 1 1
-6 -4 -2 0 2 4 6

Mzl

Fig. 4. Object movement trajectories when using the Defender, calculated according to (18) and (13).

At the same time, the trajectories along which objects move with control calculated according
to the equality (15) and the equations (13) in the plane of mathematical expectations of their
coordinates are shown in Fig. 3 (for vg = 4 x 107* E,). As one can see, after some time, which is
required for the convergence of the solution of the Riccati equation, the mathematical expectations
of the coordinates of the objects practically do not differ. This is especially clearly seen in Fig. 4,
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—

— i

0 10 20 30 40 50
t

Fig. 5. Change of the vectors p. and fi. components over time.

on which solid lines represent the trajectories of objects calculated according to the equations (18),
and dotted lines — according to (13).

We also show in Fig. 5 graphs of changes in the components of mathematical expectations of
the vector of relative coordinates and its estimates.

6.3. Simulation Results for the Successful Operation of the Defender
in a Part of the Time Period

Now let’s assume that at some point in time ¢ = 7 the signal emitted by the Defender stopped
influencing the choice of the Attacker’s direction of movement. In practice, such a situation may be
associated with a failure of the signal-generating element on board the Defender or a correction of
the Attacker’s guidance algorithms. To describe such a scenario, which we will call a scenario with
correction of guidance algorithms, we introduce the concept of the moment (time) of interception
of t* according to the equality

t* = min{t : |pe(t)| < ro}.

Let’s choose 79 = 10~%. The trajectories of all objects in the plane of mathematical expectations
up to the moment of interception, if the Defender is not in use, are shown in Fig. 6. The interception
time is equal to t* = 5.0.

Let’s assume that when using the Defender, the correction of the guidance algorithms occurred
at t =7 = 20. The trajectories of objects moving in the plane of mathematical expectations up
to the moment of interception in this case are shown in Fig. 7. The interception time is equal to
t* = 25.05.

A significant increase in interception time makes the use of even one Defender advisable if
the Attacker’s targeting algorithms involve correcting the work taking into account the use of the
Defender by the Target. In practice, this allows you to provide the Target with a temporary reserve
to perform an evasive maneuver, build a subsequent defense strategy, or release other Defenders.
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| —— Attacker
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Mzl

Fig. 6. Object movement trajectories without using a Defender until the moment of interception.

| T

— Attacker
|=Target

— Defender
|=®=Correction point

Hazxl

o

Fig. 7. Object movement trajectories when using a Defender until the moment of interception. The

moment of correction of the Attacker’s targeting algorithms is indicated by a solid red dot.

Remark 7. The proposed method for constructing the Defender’s trajectory also involves using
it if the known equations are not the equations of motion of objects in the laboratory report system
(i.e., the equations (1)), but the equations of motion of objects in the coordinate system associated

with the Attacker (i.e., the equations (3)).
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6.4. Comparison of Proposed and Alternative Strategies

Let’s compare the value of the criterion on the optimal trajectory obtained in Section 6.2 and
on the trajectories obtained using simpler heuristic strategies:

(1) moving in the direction opposite to the Target;
(2) maximum proximity to the Attacker.

The first strategy is described by the control law

?)
X
(T 3,4

-1

5(t) = —s (;COT)&4 = const, (23)

and the second one, by —
3(t) = =0.02 ((@p()) 15 — (2a(®)y5) - (24)

The trajectories of all objects in the plane of mathematical expectations when using the Defender
of the law of control (23) are shown in Fig. 8. The value of the criterion J' in this case is

J' (3] = —51.6962 > J'[111].

The trajectories of the movement of objects in the case of using the Defender of the law of
control (24) are shown in Fig. 9. The value of the criterion J’ in this case is

J'[pa] = —0.93297 > J'[u1].

Thus, the proposed optimal solution allows you to obtain a trajectory that significantly reduces
the criterion compared to simpler strategies and, as a result, improves the tactical situation for the
Target.

_H\Ilmckcr oY ] I | I —Allmckcr
— Target b — Target
10+ — Defender - 10 —— Defender
i i
i 1 i 1
0 T x 0 \
| |
i 1 2 0 2 1 G i 1 2 0 2 1 G
Hal Hal
Fig. 8. Object movement trajectories when the Fig. 9. Object movement trajectories when the
Law of Control (23) is used by the Defender. Law of Control (24) is used by the Defender.

7. CONCLUSIONS

The work showed the effectiveness of using a Defender in the problem of distracting an Attacker
from intercepting a target. The proposed model of using a Defender when influencing an Attacker’s
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receiving channel makes it possible to qualitatively model and predict changes in the Attacker’s
guidance algorithms, as well as formalize the formulation of problems for optimizing the Target’s
trajectory evasion from interception in a game with incomplete information of three players.

Further work will be aimed at formalizing and researching interception problems with more
complex guidance algorithms, including those that take into account the possibility of using one or
more Defenders and determining how to use them.
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1. INTRODUCTION

Problems of distributed computations on graphs have a long history. The first problem of this
class was the firing squad synchronization problem, proposed by J. Myhill in 1957 and solved by
V. Levenshtein [1] and F. Moore [2]. It considers a chain of identical automata that, after activating
one of them, must pass to the same state in minimal time. Starting from the 1980s, many distributed
algorithms for solving various graph problems emerged. Among them, note the problems of finding
a minimum spanning tree (MST) [3-7] and a breadth-first search (BFS) tree [8-10]. Methods for
solving these and many other problems were reviewed in [11-13].

The general scheme of distributed algorithms is as follows. Processors located at the vertices of
a graph exchange messages in a synchronous or asynchronous mode. The computation process can
be initiated in two possible ways:

1) Processors in all vertices start working simultaneously.

2) The algorithm starts with activating one vertex, called the graph root; the remaining vertices
are activated after receiving messages.

Almost all these algorithms assume that the vertices are either numbered (see the surveys
[11-13]) or have some unique identifiers [10]. A distributed vertex numbering algorithm based on
the well-known Tarry’s algorithm for traversing graph edges [14] was described in [11].

This paper proposes a distributed algorithm for numbering the vertices of an undirected graph;
during the numbering process, the algorithm constructs a spanning tree that is also a BFS tree
and, accordingly, a tree of shortest paths from the root.

2. ALGORITHM DESCRIPTION

Consider a connected undirected graph with n vertices, m edges, and a specified initial vertex
(root), denoted by wy. Exactly such graphs, called rooted, will be studied below. Each vertex
contains a processor that can execute one of the local algorithms, depending on the state of this
vertex. All vertices can be in one of four states, indicated by colors: white, gray, black, and red.
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A particular local algorithm corresponds to each state (color). From this point onwards, the vertex
processor will be identified with the vertex itself: speaking of the actions of a vertex, we mean the
actions of its processor.

Each vertex has an ordered list of incident edges. Edges have an attribute that takes one of the
four values: incoming (upper), black (lower), dotted (chord), and red (see the details below).

Vertices can exchange messages of two types.

Type 1 has the form (i,c), where i is a number, i.e., i € {1,...,n— 1}, and ¢ is a color, i.e.,
¢ € {black, red}. For brevity, messages of this type will be specified as “black (red) i” or “black
(red) number”. By default, we assume that the number is black, and the message is of type 1: the
expression “send 7" means “send message (i, black)”.

Type 2 has the form (i, j), where i and j are black numbers; this type of messages arises when
a vertex, responding to an attempt to assign number ¢ 4 1 to it, reports its number j.

In both types of messages, i is the last number assigned. It will be called the current ¢ or current
number.

A vertex is white if:
— It is not numbered.
— It waits for messages to receive its number.

After that, a vertex becomes either gray (when, in addition to the incoming edge, it has other
incident edges) or red (when it has no such edges, i.e., it is pendant).

A vertex is gray if:
— It is numbered but has unnumbered neighbors.

— It waits for a type 1 message to start numbering the adjacent vertices or for a type 2 message
to label the edge via which this message has arrived as a chord.

A vertex is black if it is numbered, and all its neighbors are also numbered. Upon receiving the
current number, a black vertex transmits it to the next level.

A vertex is red if the vertices reachable from it at the next levels are either absent or numbered.
In both cases, this is reported upward: red i is sent via the incoming edge. The conditions of
transition to the red color will be described in detail below.

The idea of coloring vertices white, gray, and black is borrowed from [15], albeit with the following
modifications due to the distributed nature of computations: a particular algorithm corresponds
to each color; moreover, the red color is added to report the end of the numbering process on a
certain branch.

The vertex numbering algorithm proposed here is based on breadth-first search in a graph [15]
and is sequential: only one vertex is active at any time instant. Sending a message essentially means
transferring control: receiving a message activates the vertex (starts its algorithm, depending on the
current color of the vertex), whereas sending a message terminates activity. Due to the sequential
nature of the algorithm, during each activity period, a vertex can send only one message to one
address.

As will be shown below, the algorithm constructs a spanning tree consisting of incoming edges;
each vertex of this tree is at a minimum distance from the root. Therefore, the algorithm can be
described using two concepts, namely, level and branch. A branch of a vertex is a subtree with
this vertex as the root; the ith level is the set of vertices at distance i from the root of the original
graph. Breadth-first traversal means that the vertices of subsequent levels are not numbered until
the vertices of the current level are all numbered; thus, if ¢ < j, the number of any vertex at the
ith level will be less than the number of any vertex at the jth level.

Recall that a chord is an edge not contained in a spanning tree.
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Fig. 1.

As an example, we will take the graph in Fig. 1 at various stages of the algorithm. The letters
labeling the vertices are introduced for convenient description and reading. The letters of the
vertices are unknown to their neighbors and to the root as well; therefore, they are not the identifiers
of vertices in the conventional sense and are not used in the algorithm’s operation.

In black-and-white graphics, vertex colors will be depicted as follows. White (unnumbered)
vertices are those labeled by letters. Gray vertices have a regular (thin) contour. Black vertices
are shaded. Red vertices and edges have a thicker contour. The root is depicted at the top, so the
expression “send upward” means “send toward the root.”

The scheme of the general vertex numbering algorithm
Initial state:

All vertices, except the root, are white; the root has no color; all edges are black. The set of
black edges (SBE) is ordered, so it makes sense to speak of the first edge of the SBE.

Start:
The root assigns number 0 to itself.
The root forms a queue from the SBE and sends 0 via the first edge of the queue.

Subsequently, it executes the local algorithm of the root, which is to manage the numbering
process of levels. The general process runs as follows.

In the first cycle, the root initiates the numbering process of level 1 vertices by sending 0 via
the first edge of the queue. At the end of this cycle, the queue becomes empty; this means that
the first level is numbered, and its vertices have become gray (and the pendant vertices of the first
level have become red). The kth cycle ends with the following results: all vertices of the kth level
have become gray or red, all vertices of the previous levels have become black or red, and a message
with the current number has arrived at vertex 0 via the last edge of the queue.

In the (k4 1)th cycle, upon receiving this current number, the root re-forms the queue from
the SBE and sends a message with the black number via the first edge of the queue. Upon passing
through k& — 1 black vertices, this message arrives at a gray vertex v of the kth level; upon receiving
this message, the latter vertex numbers its neighbors connected to v by black edges (included
in the SBE); upon finishing the numbering process, vertex v sends the last number upward via
the incoming edge (u,v) and becomes black. If a neighbor vertex w has been already numbered,
edge (v,w) is labeled as a chord. If the SBE of vertex v becomes empty, this vertex becomes red
and sends a red number upward to its black vertex w, which makes edge (u,v) red. As soon as all
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lower edges of a black vertex have become red, this vertex becomes red itself and sends the red
number upward. The algorithm ends when all edges incident to the root become red.

By default, the expression “send message” means the end of the algorithm and waiting for the
next message.
Now we describe particular local algorithms: that of the root and those corresponding to different
vertex states (colors).
The local algorithm of the root
la) Assign number 0 to itself.
1b) Start the algorithm for numbering neighbors with current 7.
1c) Form a queue from the SBE.
1d) Send i via the first edge of the queue; wait for a message.

2) If black i has been received via the current edge of the queue (the next level of this branch
is numbered), then:
2a) remove this edge from the queue;

2b) if the remaining queue is non-empty, send i via the first edge of the queue;
else (the next level of the graph is numbered):
2¢) form a queue from the black edges;
2d) send i via the first edge of the queue.
3) Else (a red number ¢ has been received via the current edge of the queue; this means the
absence of unnumbered vertices on this branch):
3a)
3b)
3c) if the queue is empty and the SBE is non-empty, go to Step 2c);
3d) if the SBE is empty (all edges are red), end of the general algorithm.
At the first level, there are no chords, so the root receives only type 1 messages.

make this edge red and remove it from the queue;
if the queue is non-empty, send 7 via the first edge;

The local algorithm of a white vertex

A white vertex has no number. All its edges are black.

Upon receiving a type 1 message with number ¢ :

1) Assign number i 4 1 to itself.

2) Label the edge via which ¢ has arrived as incoming.

3) If the SBE is non-empty, then:

3a) send black i + 1 upward via the incoming edge;
3b) become gray; end of the algorithm.

4) Else:

4a) send red i + 1 upward via the incoming edge;
4b) become red; end of the algorithm.

Upon receiving its number and becoming gray, a white vertex “does not know” the status of
the numbering process of its level (completed or not); therefore, it does not number its neighbors
at the next level, but only reports its number upward via the incoming edge to its “upper” vertex
so that the latter continues numbering neighbors. But a white vertex may be pendant, i.e., have
only one neighbor connected to it by an incoming edge. In this case (see Step 4) of the algorithm),
it skips the gray and black stages and immediately becomes red.

The local algorithm of a gray vertex

1) If a message (z,y) of type 1 has been received via the incoming edge, then:
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la) Form a queue from the SBE.
1b) Send i via the first edge of the queue.
lc) If black 7 + 1 is returned via this edge, then:
1cl) remove this edge from the queue;
1¢2) if the queue is non-empty, go to Step 1b) with ¢ + 1;
else:
1c3) send ¢ + 1 via the incoming edge;
1c4) become black; end of the local algorithm.
1d) If red i + 1 is returned via this edge, then:
1d1) make this edge red;
1d2) remove it from the queue;
1d3) if the queue is non-empty, go to Step 1b) with i + 1;
else
1d4) if the SBE is non-empty, go to Step 1c3);
else (all edges are red):
1d5) send red i upward;
1d6) become red.
2) Else (a message (z,y) of type 1 has been received via a black edge):
2a) make this edge dashed (this edge is a chord);
2b) send via this edge a type 2 message (i, 7), where j is the number of this

vertex;
2¢) if the SBE is non-empty, end of the algorithm;

2d) else:
2d1) send red i upward;
2d2) become red; end of the algorithm.

Step 2) corresponds to the situation when the vertex is already numbered and is the end of a
chord. As a result of Step 2b), the SBE may become empty, and then 2d) the vertex becomes red.
Case 2d) violates the sequential nature of the algorithm (see Example 4 below). The arrival of
a number via a black edge means that the numbering process runs on another branch ¢, and the
emptying of the SBE causes the parallel transmission of a red number upward via this branch p,
which may stop at any vertex of the branch. When the red number reaches the root (this will
happen when all vertices of branch p become red), the root receives two current numbers: from
branch p, numbered earlier, and from branch ¢, where the last numbering has occurred. In this
case: (a) the incoming edge of branch p becomes red and is removed from the root’s SBE; (b) the
current number remains the one received from branch ¢ since it cannot be less than the number
received from branch p.

Ezample 1 (Fig. 2). Vertex 1 finished numbering its lower neighbors (vertices 5 and 6 became
gray and vertex 4 (pendant) red), sent the last number 6 upward, and became black. Upon receiving
number 6, the root removes edge (0, 1) from the queue and sends number 6 to gray vertex 2.

Ezample 2 (Fig. 3). Vertex 2 (gray) starts numbering neighbors and attempts to number gray
vertex 6, which has already been numbered by vertex 1. Step 2) of the gray algorithm is triggered
for vertex 6: it labels edge (2, 6) as dashed (chord) and sends a type 2 message (6, 6) via this edge
to vertex 2. Vertex 2 also labels edge (2, 6) as dashed and sends 6 to the next vertex, which receives
number 7 and sends it via the incoming edge to vertex 2. The numbering process of neighbors of
vertex 2 is now complete (the queue is empty); it reports this upward and becomes black.
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Fig. 3.

The local algorithm of a black vertex
1) If a black number ¢ is received via the incoming edge, then:
la) form a queue from the SBE;
1b) send i via the first edge of the queue.
2) If a black number 7 is received downward, then:
2a) remove this edge from the queue;
2b) if the queue is non-empty, go to Step 1b) with i.
Else send i via the incoming edge; end of the local algorithm.
3) If a red number i is received downward, then:
3a) make this edge red and remove it from the queue;
3b) if the queue is non-empty, send black i via the first edge;

3c) if the queue is empty, then:

if all edges are red, become red and send red 7 upward; end of the local
algorithm.

Else send black ¢ upward; end of the local algorithm.
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Fig. 4.

Ezxample 3. Figure 4 shows a stage of the general algorithm where the numbering process of
level 3 vertices of branch 2 is completed. Consider this process, which leads to the state demon-
strated in the figure. The root sent the current number 9 to vertex 1. Vertex 1 and edge (1, 4)
became red earlier, during the numbering process of level 2 (see Example 1), so edge (1, 4) is no
longer in the SBE of vertex 1. Vertex 5 numbered vertex 10; the latter detected itself to be red and
sent red number 10 to vertex 5, which also became red and sent red number 10 to vertex 1, making
edge (1, 5) red. Then vertex 1 sends number 10 to vertex 6, which attempts to number vertex 7,
receives a type 2 message from it, labels edge (6, 7) as a chord, becomes red (see Step 2d) of the
gray algorithm), and sends red number 10 to vertex 1. Vertex 1 makes edge (1, 6) red, detects itself
to have no black edges, becomes red, and sends red number 10 to the root. Edge (0,1) becomes
red, i.e., is removed from the root’s SBE, so branch 1 does not participate in further numbering
cycles.

Note the following. The levels of the chord ends may either coincide (such chords will be called
horizontal; see chord (6, 7) as an example) or differ at most by 1 (vertical chords; see chord (2, 6)
as an example). Indeed, let vertex x on an edge (z,y) be numbered and be at level k, and let y be
not numbered yet. Obviously, at this time instant, (z,y) is in the SBE of z. Therefore, during the
numbering process of the (k + 1)th level, vertex x either numbers y or detects that y has already
been numbered; in the latter case, (z,y) is labeled as a chord. In any case, as illustrated by the
example of edge (6, 7), a horizontal chord of level & is detected as a chord only during the numbering
process of the (k + 1)th level. As we will see below, this can affect the total numbering time.

Ezample j (continuation of Example 3). Upon receiving number 10 from vertex 1, the root
starts numbering branch 2, which ends with the arrival of black number 11 at the root, yielding no
new red vertices: Step 3) is triggered in the algorithm of white vertex 11 (the SBE still contains
edge (8, 11)), and it becomes not red but gray. After this, the numbering process of level 3 of
branch 3 begins, during which vertex 8 detects chords (8, 9) and (8, 11). When vertex 8 attempts
to number the already numbered (i.e., gray) vertex 11, Step 2) of the gray algorithm is triggered
for this vertex, it becomes red and sends its red number upward. Thus, for some time, two parallel
processes will run: along branch 2, red number 11 is transmitted to the root, and along branch 3,
numbering continues. In general, two options are possible: a) the processes run along different
branches; b) the processes run along different sub-branches of one branch. In the first case, they
converge at the root; in the second, they arrive at some vertex of one branch, which may either
change its color (if its SBE becomes empty) or not.
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Fig. 5.

Figure 5 shows the time instant when the numbering process is complete. Vertex 12 has just
received its number. At the next time instant, it will become red; and through vertices 9 and 3,
red number 12 will arrive at the root, which ends the numbering process.

Ezample 5. Now suppose that a horizontal chord (11, 12) is added to the graph in Fig. 5. As
noted at the end of Example 3, a horizontal chord of level £ will be detected as a chord only during
the numbering process of the k+ 1th level. Therefore, the process will run not as described in
Example 4: vertices 11 and 12 do not become red; after completing the numbering of level 3, black
number 12 arrives at the root, and the root starts numbering level 4, unaware of its non-existence.
Vertices 11 and 12 become red only in the fourth cycle, and the corresponding messages are sent
in parallel along branches (11, 7, 2, 0) and (12, 9, 3, 0).

3. MAIN RESULTS. ALGORITHM COMPLEXITY ESTIMATION

Theorem 1. The incoming edges of an original graph G, labeled by the algorithm, form a tree
that is (a) spanning and (b) a tree of shortest paths from the root, i.e., a BES tree.

Consider the graph G* formed by the incoming edges. Each vertex has only one incoming edge.
This follows from the fact that an edge is labeled as incoming only when the vertex is white, which
then becomes gray. Moreover, if an edge (u,v) is incoming for v, then the number of u is less than
the number of v: vertex v has received its number via the edge (u,v), and vertex u has already been
numbered by that time. Therefore, on any path from v via incoming edges, the vertex numbers
decrease. Hence, (1) a path of incoming edges from any vertex v cannot be a loop, and (2) it can
end only at the root, because only the root has no incoming edge. Thus, the graph G* is connected
(any two vertices are either on the same path to the root or connected by two paths leading to the
root) and contains no loops, thereby representing a tree. Since each vertex has an incoming edge,
the tree G* contains all vertices of the original graph, i.e., it is spanning.

Now we prove that for any vertex v, its path to the root vy in the graph G* is the shortest one
in the graph G. The proof is by induction on the cycles of the numbering process.

The 1st cycle is to number the root’s neighbors. Obviously, after its completion, all neighbors
of the root become gray, they are numbered, the edges connecting them to the root are incoming,
and their distance to the root is 1. Suppose that they form level 1. Clearly, there are no other
vertices with unit distance to the root.
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Fig. 6.

Next, assume that the kth numbering cycle has been completed, resulting in new gray vertices
whose distance to the root is k, and there are no other vertices with distance k to the root.
These vertices form level k. Then all vertices with distance k£ + 1 to the root are neighbors of
level k vertices; consequently, the former vertices will be numbered by the latter vertices in the
k + 1th cycle, becoming gray and forming level k + 1. The edges via which they have been numbered
will become incoming for them and enter the tree G*. Thus, for any k, a vertex with distance k
to the root will enter level k of the tree G*, proving that the graph G* composed of the incoming
edges of the original graph G is a tree of shortest paths to the root, i.e., a BFS tree.

Thus, the algorithm produces the following results:

(1) All vertices of the graph are numbered, and the total number of vertices is found.

(2) A spanning tree of the graph is constructed from the incoming edges; the chords of the graph
are found, thereby determining its cyclomatic number.

(3) This spanning tree is a BFS tree.

Thus, the algorithm simultaneously solves two problems: distributed vertex numbering and
distributed construction of a BF'S tree. Therefore, this algorithm will be called the NBFS algorithm.

Note that the local parallelism, arising sometimes during the operation of the NBFS algorithm
(see Example 4), does not require synchronization: the final state of the vertex, where two parallel
messages arrive, is independent of the order of their arrival.

The spanning tree constructed is not unique and depends on the order of edges in the queues
formed by the local algorithms.

For the current example, the BFS tree is shown in Fig. 6. If in the second cycle the queue at the
root had the form bac, vertex f would receive number 4, and the edge (b, f) would not be a chord.

Complexity. Henceforth, by the complexity of the NBFS algorithm we mean its communication
complexity, i.e., the number of messages generated during the operation of this algorithm. Let us
introduce the following notation:

Cnprs(n) is the complexity of the NBFS algorithm for rooted graphs with n vertices;
Cnprs(G) is the complexity of the NBFS algorithm for a particular graph G;

e(G) is the eccentricity of the root of the graph G, i.e., the maximum of the distances from vy
to the other vertices;

v(G) is the cyclomatic number (and, accordingly, the number of chords) of the graph G;
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Fig. 7.

Gprs is the spanning tree of the graph G. From this point onwards, we will simply write e
and ~.

Any numbering algorithm for the vertices of a rooted graph must sequentially traverse all vertices
starting from the root. A distributed algorithm must traverse all edges: in the absence of initial
information about global properties of the graph, there is no guarantee of visiting all vertices
until visiting all edges. The well-known Tarry’s algorithm [14] for traversing all edges is based on
splitting each edge into two “half-edges,” resulting in an Euler graph where each half-edge can be
traversed once; this is equivalent to traversing the original edge twice in different directions, with
the traversal necessarily ending at the root. Therefore, for the distributed Tarry algorithm [11],
the communication complexity equals the number of visits to each edge, i.e., 2m. Obviously, due
to the sequential nature of any numbering algorithm, the estimate O(m) cannot be lowered.

Note that there are e levels in G and Gppg; hence, they have e numbering cycles as well.
Obviously, among all rooted undirected graphs with n vertices, the chain C'h, has the greatest
eccentricity, i.e., a connected graph with n vertices where two end vertices have degree 1, one
representing the root, and all other vertices have degree 2. In this case,

e(Chy) =n—1. (1)

Let us estimate the complexity of the chain Ch,,.
Lemma 1.

Cnars(Chy) = (n — 1)n. 2)

Due to (1), the chain Ch,, has n — 1 levels; therefore, its numbering requires n — 1 cycles. The
kth cycle (k =1,...,n — 1) involves k+1 vertices (including the root). The messages they generate
can be represented as a chain of length k 4+ 1 of the form 12...21, where the ith element of the
chain (i < k+ 1) corresponds to the number of messages generated by the level (i — 1) vertex.
Indeed, the root and the last vertex of the chain generate one message each, and the remaining
vertices generate two each: one to number the next vertex, and the other to report the current
number towards the root. The total number of messages in one such chain is 2k; accordingly, the
total number of messages generated by the numbering process of a chain of length n is the sum
of messages over all n — 1 cycles, i.e., twice the sum of the corresponding arithmetic progression:
2301k =(n—1)n.

Since the kth numbering cycle involves all black edges of the first k£ levels in message exchange,
obviously, eccentricity significantly affects the value of Cyprs. A more precise assertion is as follows.

Lemma 2. Among all rooted trees with n wvertices, the tree with the greatest eccentricity—the
chain Ch,,—has the highest NBFS complexity.

We prove this result by induction.
The minimum n for which this statement makes sense is 3. For n = 3, two trees are possible
(Fig. 7).
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Tree 7a has one level and therefore requires one numbering cycle, which corresponds to the
chain 211 (two messages from the root and one message from each of the other vertices), i.e.,
4 messages. Tree 7b is a chain with two levels and two numbering cycles: the first cycle corresponds
to chain 11 and the second cycle to chain 121; in total, 2 +4 = 6 messages. Thus, the value of
Cnprg is greater for tree 7b than for tree 7a, so the lemma is valid for n = 3.

Assume now that the desired assertion is true for all trees with a number of vertices not ex-
ceeding k, i.e., the complexity Cnprs(Chg) = (k — 1)k is maximum for all trees with k vertices.
Based on this inductive hypothesis, we will establish the lemma’s validity for k4 1: the chain’s
complexity Cyprs(Chit1) = (k + 1)k is maximum for all trees with k + 1 vertices.

Any tree with k + 1 vertices can be obtained from some tree G with k vertices by attaching an
edge (x,y) so that vertex x is identified with some vertex of Gy and vertex y becomes pendant in
the new tree Gi41. Two options are possible here.

(a) Gi is a chain. Attaching an edge (z,y) to the chain’s end yields the chain Chyy; with
complexity (k+ 1)k. If an edge (z,y) is attached to any other level i vertex of Gy (i < k), the level
of the resulting tree G171 will not change; hence, the (k + 1)th numbering cycle will be absent,
and during the numbering of the (i + 1)th level, two new messages will appear, from vertex y
and back; and y will become red and will not generate further messages. Thus, Cnprs(Gri1) =
Cnprs(Chg)+2 < Cnprs(Chy41) and, consequently, the chain C'hy 1 has the maximum complexity
in the class of all trees with k + 1 vertices obtained by attaching an edge to the chain Chy.

(b) Gk is not a chain. Then e(Gg) < k — 1 and, by the inductive hypothesis,
Cnprs(Gr) < (k — 1)k. (3)

Let an edge (z,y) be attached to a pendant vertex v at level i < k — 1. Any pendant vertex is the
end of some chain attached at the other end to a vertex with a degree above 2, and its length does not
exceed k — 1. During the numbering process of the tree Gy, vertex v (and the entire chain) becomes
red at the ith numbering cycle and does not participate in further cycles. In the new tree Gg1,
this chain is lengthened by one edge, and its former end v is replaced by vertex y at level i +1 < k.
Hence, this chain will participate in the (¢ + 1)th numbering cycle, where at most 2(i 4+ 1) < 2k mes-
sages will be added to the complexity Cnprs(Gy). Therefore, Cnprs(Gri1) < Cnprs(Gr) + 2k, and,
using (3), we have Cnprs(Giy1) < (K — 1)k + 2k = (k + 1)k = Cnprs(Chy41). Thus, in case (b) as
well, the chain’s complexity turns out to be maximum, which finally proves Lemma 2.

Consider now the NBFS complexity of an arbitrary rooted undirected graph G with n vertices
and m edges. The cyclomatic number (equivalently, the number of chords) of such a graph is
calculated by the well-known formula vy =m —n + 1.

Theorem 2.
Cnprs(n) = O(n? —n). (4)
The complexity Cyprs(G) of a particular graph G can be represented as the sum of two terms:
Cnprs(G) = Cnprs(Gers) + Cy(G). (5)

The first term is the complexity of the spanning tree of the graph G. It is determined by messages
related to the numbering itself (assigning a number and reporting the current number back); they
are transmitted only via incoming edges, i.e., through the future spanning tree. According to
Lemmas 1 and 2, Cnprs(Gprs) < n? —n.

The second term is the number of messages generated when detecting chords. In general,
detecting a chord (z,y) is associated with two messages: vertex z attempts to number vertex y;
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Fig. 8.

vertex y reports that it is already numbered. After this, the edge (x,y) is removed from the SBE of
vertices x and y; no subsequent messages are transmitted via it. However, a more complex situation
is possible, see Example 4. We study it in detail.

Figure 8 shows a fragment of some graph where vertices p, ¢ are at the ith level and the (i+1)th
numbering cycle is in progress. Along branch dkpr it has already been completed, vertex r has
received its number and sent it back to vertex p; meanwhile, the edge (r,¢) remains in the SBE of
vertex r. After its activation, vertex ¢ attempts to number vertex r and receives a message from this
vertex that the latter has already been numbered. Then, both vertices remove the edge (7, ¢) from
their SBE. If the resulting SBE of vertex r is empty (possible only if this vertex is pendant in the
future spanning tree), then it becomes red and sends another message to vertex p. Upon receiving
this message, vertex p may also become red, which will generate a message from it to vertex k, etc.
Thus, simultaneously with the numbering process in branch dlg, an additional chain of messages
will arise in branch dkpr, contributing to the term C,(G). All these messages make some edges red,
causing their removal from the SBE; therefore, only one such message can be transmitted via each
edge. Hence, their total number does not exceed m (the total number of edges in the graph); as is

’I’L27’I’L

5
Another option in this situation has been described in Example 5, where a horizontal chord
connects two pendant vertices of the tree Gprg. In this case, an additional numbering cycle arises.
The messages of this cycle will be transmitted, at most twice, via all incoming edges of the graph.

In this case, the chord’s contribution to C.,(G) does not exceed 2m < n? — n.

well known, m <

Thus, both terms are smaller than or equal to n? — n, which completes the proof of Theorem 2.

For different classes of graphs, the ratio between the two terms in (5) can vary significantly.
In particular, in sparse graphs (graphs with a small number of chords), the main contribution
to Cnprs is made by the complexity of the spanning tree, which, in turn, is determined by the
root’s eccentricity. Therefore, even within the same graph, the complexity will change appreciably
depending on the choice of the root; as naturally expected, it takes the minimum value when the
root is the graph’s center and the maximum value when the root is the end of one of the diameters.
According to Lemmas 1 and 2, the upper bound is achieved when the graph is a chain with the
root at one of its ends.

The other extreme case is the complete graph K,,, in which e = 1 for any choice of root and there

are m = "2; % edges; of these, n — 1 are incoming edges, and the rest are chords: v = "25 L —n+1.

From e = 1 it follows that all chords are horizontal. Due to these formulas, the main contribution
to Cnprs(K,) is made by the value of C,(G), and the upper bound is reached by the number of
chords.

The operation of the NBFS algorithm on the graph K, consists of two numbering cycles.
In the first cycle, all vertices receive their numbers, but owing to the horizontality of all chords,
no vertex becomes red; therefore, the root does not know that the numbering is complete and starts
the second cycle, in which all chords are detected.
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4. CONCLUSIONS

The numbering problem has universal significance for distributed algorithms. Almost all dis-
tributed algorithms on graphs assume that vertex numbering has already been performed. More-
over, with the uniform numbering for all vertices, the root can request from each vertex the lists
of incident edges and thus reconstruct a complete description of the graph.

The efficiency of the NBFS algorithm can be judged by comparing it with Tarry’s algorithm. For
“dense” graphs, close in the number of edges to K,,, the complexity estimates of both algorithms
are of the same order, and consequently, the NBFS algorithm is preferable since it simultaneously
constructs a BFS tree. Conversely, for sparse graphs, close to trees, the NBFS algorithm should
not be used: firstly, for such graphs, it is much inferior to Tarry’s algorithm in terms of complexity
(obviously, a chain can be numbered in one traversal); and secondly, the main advantage of the
NBFS algorithm (the simultaneous construction of a BFS tree during numbering) does not work
here since any tree is itself a BFS tree.

Among potential applications of the NBFS algorithm, in addition to communication networks
as a usual application of distributed algorithms, we mention swarm robotics. One possible scenario
is as follows: a group of robots starts a patrolling mission in an area, having a complete graph
of connections within the group. By the end of the mission, some connections are disrupted, and
the leader needs to reconstruct the graph of remaining connections. The percentage of disrupted
connections is small, and the graph of remaining connections is close to complete; therefore, the
NBEFS algorithm will be effective.

Another algorithm that constructs a BFS tree and numbers the vertices was described in [16].
It first constructs a BF'S tree and then performs vertex numbering on this tree using a tree traversal
similar to Tarry’s algorithm, with the significant difference that m = n — 1 for trees. Combined
with the use of parallelism (in [16], vertices send messages to all their neighbors simultaneously),
this gives a time complexity estimate of O(n), which is better than the complexity of the NBFS
algorithm. However, this improvement comes at the cost of introducing synchronization, which may
either require additional hardware or simply be difficult to implement in real applications, e.g., the
above swarm robotics scenario. Moreover, the numbering described in [16] appears irregular: the
vertex number value says nothing about the vertex’s proximity to the root (i.e., the numbers are
merely unique identifiers). In contrast, the numbers in the NBFS algorithm possess the following
property (see the beginning of Section 2): if ¢ < j, any level i vertex will have a number smaller
than any level j vertex. This property has been utilized in the proof of Theorem 1 and may be
valuable in applications.
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