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NCCJIEJOBAHUE JMUHAMNYECKHNX CBOMCTB
PACIIPEJEJIEHHON TEPMOMEXAHNYECKOM CUCTEMBI
C YUYETOM BHYTPEHHEM OBPATHOI CBS3MN. II

Uccneayiorcs aunaMudecKue CBOMCTBA PEAKITMH OJHOMEPHOI yIIPyToi Me-
XaHUYIeCKON CHCTEMBI Ha BHEIHEe MeXaHMYecKoe Bo3jeiicTue. Boraucisior-
cs 1epeaTovYHble OYHKIINE KAHAJIOB OT CHJIOBOI'O BO3JEHCTBUSA HA OIHON U3
IPAHUIL K TEPEMEICHUIO CeYeHUl Cpebl U K TeMIepaTrype. YCTaHaABIUBAECT-
Csl ACUMIITOTHKA IMOBEJIEHUsI IIePeIaTOYHON (DYHKIUK 110 KaXKJIOMY U3 ITUX
KAHAJIOB B OKPECTHOCTHU HYJIsl KOMILJIEKCHOH TmockocTr. OT/e/IbHO paccMar-
pUBaeTcs CJIydail OTCYyTCTBUS TEIJIOOOMEHa CUCTEMbI C BHEIITHEN CPeJIOii.

Karuesvie caosa: pacipeie/leHHbII TePMOMEXaHUIECKUN O0bEKT, [IMHAMUIe-
CKUe CBOWCTBA, IepeiaTouHble (DYHKIUHT, ACUMIITOTHKA.
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1. BBenenue

TepMoMexaHndecKre CHCTEMBI, B KOTOPBIX ITPOUCXOIAT IPOIECChI MEXaHUIe-
CKUX KOJIEOAHHWII M IIPOIECCH TEILIONEPEeIatn, IMMHPOKO MCIIOJIb3YIOTCA B COBPE-
MEHHOI TeXHUKe, B CBA3W C €M BOSHUKAET HEOOXOINMOCTH MAaTEeMATUIECKOrO UC-
CJIETOBAHUST IMTHAMUYIECKNX CBONCTB TaKWX CUCTEM W OTBICKAHWSI METOJIOB YIIPaB-
JICHUST UMU.

Jlureparypa 10 U3Y4YEHUIO SIBJIECHUS TEPMOYIPYTOCTH JOCTATOYHO OBIIMPHA.
[Tocste parHux pabor [1-3| 110 U3yUeHUIO STOrO sIBJICHUS HOABUIACH [4], rie uccie-
JIOBAJIaCh TEPMOYIIPYTOCTh KAK YaCTh OOIIEro sIBJICHUsS YIPYrocTH. B coBpemen-
HOM JIuTeparype MOsBUINCH PABOTHI [5—7], TOCBSIIEHHBIE N3y UEHUIO PA3INIHBIX
cBoiicTB TepMoynpyrux cpej. B [8] passura coBpeMeHHAsT TEOPHs TEPMOMEXAHUKH
yupyromiactudeckoro jgedopmuposanust. B [9] ussioxkeHa mocraHOBKa CBI3aHHON
JIMHAMUYECKOl 33141 TePMOYIIPYTOCTH B OJTHOMEPHOIT cpe/ie.

B nacrosmeit pabore mccaeayoTCs TUHAMIYIECKHTEe CBOMCTBA OJHOMEPHON pac-
IpeJIe/IeHHOl yIPYToii TepMOMEXaHUIeCKoil cucTeMbl. B KauecTBe MCXOIHON OCHO-
BBl JIJIsl COCTABJICHUS] MATEMATHIECKON MOJIE/IH [IPOIECCOB B TaKOi crcTeMe Oblia
HpHHSATa Kjaccudeckast pabora [4], Ho B ormune or [10] uccienyemast cucrema
CYMTAETCS MOJIBEPKEHHON HE TEIJIOBOMY, & MEXaHUIeCKOMY (CHIIOBOMY) BO3jieili-
CTBUIO Ha OJIHOW W3 TPaHUIl. YPaBHEHHs JUHAMUIKY CHCTEMBl B JAHHOI pabore
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IIPUHATBI B BUJIC
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e t >0, 0<x<I a,c[f,B — NOJIOKATEIbHBIC KOHCTAHTHI (CM., HAIpUMED,
[4])-

Baech ¢(x)(t) — mepemernenne cedeHns, HAXOAMNETOCS Ha PACCTOSHNN [ — X
0T MecTa MPUJIOKEHUsI CUJIOBOTO BozjelicTsus, 0(x)(t) — remmeparypa cpejbl B
CEYEHUN .

[TpuHUMAatOTCS HyJIeBble HAYATbHBIE YCIOBHUS [0 BPEMEHU U I'DAHUYIHBIE YCJIO-
BUSI:

a) Ha (DYHKIUIO ¢

0 =0,
oz

(1.2)
0%
=

e 4 — yIpaBJIsiolee Bo3AeicTBIe, nMeromee (GPU3HIeCKUN CMBICT MEXAHIIECKO-
ro (CHJIOBOTO) BO3JICHCTBHS HA CUCTEMY,

<—)\% + a9> (0) =0,
(2 ) -0

riae o, A\ — IOJIOXKUATEJIbHBIE KOHCTAHTEI.

6) na dyuknuo 0

(1.3)

2. Beruncisienne BeKTOpHOI nepefarounoin dyukmuu u — (p(x),0(x))

Beimosnnus npeobpasosanue Jlamaca ypasaennii (1.1) n rpaHuIHBIX yCIOBHI
((1.2), (1.3)) mo Bpememnwu, moJIydIaeM CHCTEMY OOBIKHOBEHHBIX anddepeHnaib-
HBIX ypaBHeHHil oTHOCHTeTbHO Taphl dyrkmmil (B(xr),0(z)) — nsobparxenns 1o
Jammacy napsr dyuxmuit (¢(x)(t),0(x)(t)),

" ]
. 292 (@)(p) ~ p*pla)p) — B9 (2)(p) = 0,
2.1
- ’
a%(m)(p) — p(x)(p) ﬁTpg—i(w)(p) =0,

0% ) _
(2.2) a0

pe(l) =1,
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(2.3)

e K = 5.

Uccnenosanme Kpaepoii 3agadu (2.1)—(2.3) IpuBOAUT K CJICAYIONIIM BbIPAYKe-
HUAM 7151 IepeJaTOYHbIX (bYHKIHIT 10 Kanamam u — ¢(x) u u — 0(z):

Teopema 1. Ilepedamounasn dynruus cucmemv, no Kanaiy u — () umeem
6ud

(24)  Wiysp@ = Z—Qi lac? D (z) — bipD: ()] — ,BZ—Q; [kaD(z) + pDo(z)],

a nepedamounan Gyrkyus no karnary u — 6(x) umeem eud

a2 3
2.5 Wy oe) = 228,03 Do(x) +
+ A_A [—ac®Ds(x) — kac? Dy(z) + bapD1 () + kap® Do(z)] .

3decv obosHaueno: A g = a11a99 — A12097,

a1 = p* (ac*Ds(l) — bipD1 (1)),

a1z = Bp? (kaD1 (1) + pDo(1)) ,

az1 = Bep” (D1(1) + kDo (1)

as = ac®Dy(l) + 2kac® Ds(1) + (k2ac? — bap) Do(1)—

— #p (2ap + BBr) D1(1) — »sQapQDo(l),

9

)
)

D, (x) = 11% (o0 2sinh (/1) — p§ ™/ sinh (2y/72)) (5 = 0:2;)
| (-1
D) =% (p ( U=D72cosh (24/p1) — p§ 2 cosh (g;\/—)) (j = 1;3),
b))+ R L — 2
P12 = %, R=ap\/(p+p)?+y% n= MTC Y= 22\/5&7

b1 = Bz + ¢*, by = BB + ap.

3. AcuMIITOTUKA IIOBEJIEHUH IIepPeJaTOYHbIX (DYyHKIUA
cuctembl ipu p — 0

NsyveHne IuHAMIYIECKAX CBOHCTB HCCIELYEMON CHCTEMBI HATHEM C HCCJIEI0-
BaHMs [TOBEJICHUS €€ IePeJaTOuYHbIX (DYHKIUNA B OKPECTHOCTU HYJIsE KOMILICKCHOM
mrockoctu C.
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Teopema 2. B oxpecmuocmu wyas naockocmu C nepedamovnas dynruus
Wussp(x) Motcem Ovumo npedcmasaena 6 6ude

1
a nepedamovnan gynkyus Wy_,g () Mmodtcem bvimo npedcmasaena 6 6ude
B 3 93+ Kl 1
(3:2) Wauso@) = g P |*° 1 CEpwl b Iy O(p)| -

3decv nod O (p) nonumaemesa gynryus f(p) (p € C), daa komopot ommowe-

H ocmaemcsa 02PaAHUYEHHBIM NPU P —r 0.

Tarxum obpazom, no kanary u — p(x) uccaedyemasn cucmema obaadaem 06ol-
HOLM UHMEZPUPYIOULUM CE0TCMEoM, 6 no kanaay u — 0(x) — duddepernyupyro-
UWUM C80TUCMEBOM.

Bameuanune. Kak Bugno u3 (3.2), B BbIpaykeHUe Jjisi aCHMITOTUKH IEPe-
narounoit dbyuxkumm Wy, o) npu p — 0 BXoquT OTHOMIEHHE % = é [TosTomy
ciaydait £k = 0, T.e. cydail OTCYTCTBUS Yy UCCJEIYyeMOU CHUCTEMBI TEILJIOOOMEHA C
BHEIHEl cpeioif, TpebyeT oTaebHOT0 paccMoTperus. OHO MPOBOIUTCSI B CJIEJLY O

IIeM pasere.

4. Cayuait Kk = 0

a a

(4'1) Wu—ﬂp(a:) = Aij; (ac2D3(x) - blle(w)) - 5529170(33)7
a a

(4.2) Wyso@) = AijﬁTp:gDo(l’) + Ai; (—ac®D3(x) + bapDi () -

Oynxnun ajy, (j, k = 1,2) B JaHHOM Cilydyae NMEIOT BUJL
(4.3)  an =p* (ac®D3(l) — bipD1 (1)), a1z = Bp°Do(l), az = Bep® Di(1),
(4.4) agy = ac’Dy(l) — bapDy(1).

Teopema 3. B cayuae k = 0 nepedamovnan dymryus Wy, ) 6 oxpecmo-
cmu Hyaa kKomnaexchotl naockoemu C moorcem 6oimo npedcmasaena 6 mom dHce

sude (3.1), wmo u 6 obwem cayuae (cm. meopemy 2); nepedamounan sce GynKuUA
Wy so(z) 6 2moti oxpecmmocmu modxcem 6vims npedcmasaena 6 cude

l
(4.5) W) = ~Prgz (1+0(p)) -

Taxum obpaszom, 6 cayuae k = 0 nepedamoyunan Gynkuus uccaedyemot cucme-
Mot 10 Kanaay u — 0(x) umeem npup — 0 KoHeUHbIT OMAUUHBLT OM HYAA NPeEden.
Taxoe c60GUCMBO MOAHCHO HAZBAMD CIMAMUYECKUM.

HoxazareabcrBa Teopem 1-3 cm. B Ilpmmoxkennax I1.1-11.3.
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5. 3akJiroyeHnue

[IpoBeierHOE B paboTe MCCaeIOBAHNE JUHAMUIECKUX CBONCTB TEPMOMEXAH-
9EeCKOro 00'beKTa yIPaBJIEHHs IPH MEXaHUIECKOM (CHJIOBOM) BHEIHEM BO3Jeii-
CTBUM ITOKA3bIBAET HAJMUNE Y O0bEKTa CBOICTBa IBOMHOTO MHTEIPUPOBAHUS II0
KaHaJIy BO3JeficTBUEe — TIepeMeleHne CeIeHnit OTHOMEPHON cpeJibl U (HO TOJIBKO
Py HAJMYIUH TEIIooOMeHa ¢ BHemrHeil cpemoit) coiictBa auddepenimpoBanmust
10 KaHaJIy BO3JeiiCTBHE — TeMIepaTypa.

[Tosty4yeHHbBIE BBIBOJIBI JIOJIZKHBI YUUTHIBATHCA TPHU MPOCKTUPOBAHUN CHCTEMbI
YIPaBJICHUSA TEPMOMEXAHUIECKUMHU O0bEKTAMU, JIJIsT KOTOPBIX TPUEMJIEMO TTPUHST-
Toe 3/1ech MaTeMarndeckoe onucanne (1.1)—(1.3) ux AUHAMITIECKHX CBOMCTB.

[Tposesiennoe B [10]| u B manHON pabore HCCIeIOBAHUE OKA3BIBAET, YTO yIET
BHYTpEHHel 00paTHOl CBs3W B OOBEKTE — OT MEPEMEIIECHUs CEYEHUH K TeMIIe-
paType — BecbMa OCJIOXKHSIET 3aJady OIMUCAHUS JTUHAMIIECKUX CBOWCTB 00bEKTa
10 CPABHEHUIO C UCCJIEJIOBAHHBIM paHee CJlydaeM Heydera 9TOi 0OpaTHOW CBSI3U

(em. [11]).
INPUJIO?KEHHUE 1

llokazarenbcTBO TEeopeMbl 1.

1. Bormosinum nipeobpasosanue Jlammaca ypasrenuii (2.1) mo npocrpaHcTBeH-
HOit kKoopyuuare x (cm. [12, 1. 80, bopmysibt 6 u 7]) ¢ yueroMm mepBoro u3 rpaHud-
HBIX ycsioBuit (2.2):

(IL.1.1) { (4> ~ ) Bla) — Babla) = z1(a).
_|_

—B2a53(q) + (ag? — p) 8(q) = 22(q),

v 21(q) = €4p(0) ~ F0(0), 22() = aqf(0) + aF2(0) ~ Bpp(0).
Pemmenne cucrempr (I1.1.1) orHOCHTEBHO (E(q),@(q)) C YYETOM BBIDAYKEHUI

s z;(q) mMeer B

_ ac?¢®p(0) + Big + Bpd(0)

(11.1.2) 2(q) = NG 7
(T1.1.3) 30) = ac®®0(0) + ac*¢? gi (((;)) + Bop? — baqpf(0) |
TJIe

plap+b1) £ R

Alq) =ac® (¢* —p1) (= p2), p12= oo

By — C
R:ap (p+u)2+y27 b= ——— y:2a /BIBT?

a
b1 = BB: + ¢, by = B+ ap,
00

06
By = 50%(0) —b1pp(0), B = Bpp(0) — a%(O).
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Omnmpasich Ha COOTHOIIEHUE

1 1 1 1
11.14 - - = _ 7
( ) Alg) R <q2—P1 q2—P2)

T (I1.1.2) u (I1.1.3) mepexoaum K opurnHazaMm 1o KoopaumHare x (em. [12; m. 80,
dbopmyia 4]):

(I1.1.5) @(x) = ac® D3(2)p(0) + Di(a) By + BpDo()8(0),

(I1.1.6)  B(x) = ac’D3(x)0(0) 4 ac® Dy (x) o0

a_gg(o) — bopD1 (2)0(0) + p* Do (z) By,

TJIe
1 - . )
1 - . )
Dj(a) = (o™ Pcosh (ey/pr) — o Peosh (w/p2)) (5 = 139).

Bropoe n3 rpammunbix yciosuit (2.2) cormacuo (I1.1.5) u mepBomy u3 yciaoBmit
(2.3) mpuHEMaeT BH/L

(ILL7)  p? [(ac*Ds(l) — bipD1(1)) $(0) + B (pDo(1) + arxD1 (1)) (0)] = u:
Bropoe u3 yesosuii (2.3) cornacro (I1.1.6) npramvaer Bus
(I1.1.8) ac® (Dy(1) + kD3(1)) 0(0) + ac’x (D3(1) + kDa(1)) 6(0) —
— bop (Da2(1) + &D1(1)) 8(0) + p* (D1(1) + kDo (1)) (B:pP(0) — Kaf(0)) = 0,
re

Dy(1) = (1 2sinh (/1) — p2sinh (/7))

Yenosus (I1.1.7) n (I1.1.8) obpasytor cucremy ypaBHEHHI OTHOCHTEIHLHO BEK-

TOPA E(O) :
P80 )

()~ )

rne A = (aji; j.k =1,2), a11 = p? (ac® D3 (1) — bipDi (1)) ;
aiy = Bp° (kaDy (1) + pDo(l)),  ag1 = Bep” (D1 (1) + £Do(1)) ;
agy = ac’Dy(l) + 2kac® Ds(1) + (,%2(102 — bap) Do(1) —
— kp (2ap + BBr) D1(1) — K2ap®Dy(1).
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Pemenue cucremsr (I1.1.9):

50 B
(I1.1.10) P00 _ ( 422 > -

6(0) —a21) Ay
rae Ay = aj1az — a12a921.

[Mogcrasss (I11.1.10) B (I1.1.5) u (I1.1.6) ¢ yuerom BbIpakenuii jist B; u nep-
BOTO U3 ycsoBnii (2.3) mosytuaeM OKOHUATeIbHbIE BhIpaskeHns it p(z) u 0(x):

(I1.1.11) P(x) = {a22 lac®D3(x) — bipDy(z)] — Bag [kaDs (z) —l—pDo(az)]}

5‘_:'

(I1.1.12)  O(x) = {amﬁTp?’Do(x) +

+ ag [—ac2D3(;1:) — kac® Do(x) + bop Dy (z) + /ﬁap2D0(a:)] }ALA

HHPUJIO?2KEHUE 2

JlokazaTeqlbCcTBO TEOpEMBI 2.

1. ®yuknun R u p; (j =1,2; cm. noscuennst k (2.4) u (2.5)) B OKpecTHOCTH
Hy/1s1 110cKOCTH C MOTyT OBITH IIPEJCTABJICHBI B BUJIE

(I1.2.1) R=bip(1+0(p); p = bﬁ; (1+0(p): p2=0(p").

ac

2. Oynkimn Dj(x) (j = 0+ 4) B okpecTHOCTH HyIs m0cKocTH C MOTyT GBITH
[IPEJICTABICHbI B BUJIE

3

(11.2.2) Do(z) = %Bpl ]_%m +0 (") = o5 +0(");
M23) D)= TE2 06 = 2104
(I1.2.4) Da(a) =222 40 (57) = 25+ 0 (57)
(I1.2.5) Ds(z) = LRM +0(p?) = % +0();

2 2
prL—p p1+p b
(I1.2.6) Dy(z) == lR 2 +O(p2) =z 1a02 & +O(p2) :xa2—lc4p+0(p2).

3. Oyukuun aj, (j,k =1,2; cm. noscuenns x (I1.1.9)) B okpecTHOCTH HyJIst
nockoctu C MOryT GBITH IPEICTABIEHBI B BH/IE

2 112 2 2
(I1.2.7) an =p <1—Wp+0(p )) =p (1+0(p);
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l3 l2 2
2 )
(I1.2.8) are = Bp <Wp+n@+0( )> ﬂfﬁ2 0% (1+ 0 (p));
l2 l3
_ 3 s 2y ) _
(11.2.9) as = Bup (2%2 +hez+0(p )>
b (146L) (140 ()
2ac? 3 ’
byl b
(H.Q.lO) a9 = %p—i— 2Kk + 1 </€2 - —p) — kp— 2 <p+ BBy >
ac 2a

— K2p? 6l—2+0( )_H(Q—i-/il)(l—i-O(p)).

4. Oynknns Ay (em. mosgcuenns x (I1.1.10)) n oTHOMEHNS A—% (1=1,2; em.
(2.4) u (2.5)) B okpecrHOCTH HYJIs1 I0CKOCTH C MOTYT OBITH IIPE/ICTABICHBI B
BH/JIC

4act 3
=p’k(24+ kD) (1+0(p));

(2.01) Ay = (24 wl) (140(p) — Pl (1+ l)<1+0<p>>=

a o 2 K T 2 R
(I1.2.12) Ai; Zp%(l‘FO(M) :p%mmp»,
(I1.2.13) 2 - % (1+0(»).

Ay p

5. Ilepenarounsie dbynxmmm W, ) 1 Wy _g(z) B OKPECTHOCTH HyJIS TLIOCKO-
ctu C MOryT OBITH MPEJICTABIICHBI B BUJIE

1 b
(H'2'14) Wu%go(z) = E <1 - pﬁﬁ) (1 + O (p2)) —
B0 (L+nl/3) (a* 4P 2) 1
P 2ac%k (2 + Kl) (“@ +p6a7+0(p )> ?(14-0( p)),
3
(I12.15) Wi o(z) = pBs [6a02 _

L Sy 2 2B B v op) =
6ac’k (2 + Kl) ( R 2z~ P62 (1+0(p))

_ Be | 3 23+l 1
= Poac [a: l2—|—/€l< —|—H>}(1+O(p)).
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HHPUJIO?2KEHUE 3

JlokazareabcTBO TeopeMbl 3.
1. Kak caenyer u3 (3.5) u (3.6), upu k = 0 dyuknun aji, (j,k = 1,2) B okpecr-
HOCTH HYJIs TI0CKOCTH C MOTYT OBITH IIPEICTABIEHBI B BUJIE

(11.3.1) a1 =p* (14+0(p)) (cosmamaer ¢ (11.2.7)),

M32) = (g + 00 ) = 8oy (140 (7).
(1133) o1 = 5 (5o + O 7)) = B oz (140 (7).
(I1.3.4) as = pé (b1 —b2) + O (p*) =

= (= ap) +0 () = p= (1 +0 ().

2. Orcrona BBITEKACT:

5

(I13.5) Ay = p3é (140 (p)) - BB:p° (1+0(p?) = p‘”’é (1+0(p)),

12a2c4
az1 l a2 i
(I1.3.6) Al /BTQCQ (1+0(p)), As P2 (1+0(p)

3. Orcroa moJrydaeM:

(M37)  Wasu(s) = LOQ(Z’) [1 +0 (p?) — bip (% +0 (p2)>} _

p
31'3
=0 (g + 0 (7) ) = 1+ 00,
31'3
(1133 Wisn(x) = pba g (140 () +

1.2
+ gy (140(0) [pbzw ~1+0 (pz)} — Bz (1+0 ().
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