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1. INTRODUCTION

Consider a system of ordinary differential equations of the form

A(t)
d

dt
x(t) +B(t)x(t) + U(t)u(t) = 0, (1.1)

y(t) = c(t)⊤x(t), t ∈ T = [0,+∞), (1.2)

where A(t) and B(t) are known matrices of dimensions (n× n); U(t) is a given matrix of dimen-
sions (n× l); x(t) and c(t) are the desired and given n-dimensional vector functions, respectively;
u(t) denotes the l-dimensional controlled input, and y(t) is the scalar observable output; finally,
⊤ indicates transpose. By assumption, the elements of the matrices A(t), B(t), and U(t), as well as
the components of the vectors u(t) and c(t), are continuously differentiable on T sufficiently many
times. The case

detA(t) ≡ 0, t ∈ T,

is allowed.

In particular, such systems are called differential-algebraic equations (DAEs) or descriptor sys-
tems.

The classes of DAEs studied in this paper include applied problems from various fields of sci-
ence and technology: the theory of electrical circuits [1], biology [2], mechanics [3], chemistry [4],
economics [5], information security [6], etc.

Since the 1990s, there has been a significantly growing interest of researchers in the design
of observers for differential-algebraic equations, in both linear [1, 3, 4, 7, 8] and nonlinear [9–20]
settings.

Most works on linear systems analyze the time-invariant case. There exist relatively few results
on nonlinear systems. Moreover, as a rule, a quasilinear formulation of the problem is considered

613



614 SHCHEGLOVA

under assumptions ensuring a special structure of the system or other rather rigid constraints. Here
are some examples of such requirements: the linear part does not depend on time [9–11]; the system
has a linear dominant [12, 13] or a triangular form [14]; the nonlinearity of the system satisfies a
strict global Lipschitz condition [10, 12, 13].

A literature review on the design of state observers for nonlinear descriptor systems was provided
in [11], including a discussion of the types of nonlinearities. The local stability of an observer
for a semi-explicit system with a simple structure was considered in [9]. DAEs with rectangular
descriptors were studied in [6, 15]. Observer design using linearization and methods for simplifying
the internal structure of the system was described in [16]. The most common approach is to establish
the existence of observers via the solvability of certain linear matrix inequalities (LMIs) [17–20].

Currently, the issue of obtaining detectability conditions and constructing state observers for
time-varying DAEs in the general case remains open. This paper is devoted to linear and nonlinear
systems satisfying fairly general requirements on the internal structure. In Sections 2–4, we deal
with linear systems. The structural form from Section 2 is employed to derive detectability con-
ditions and design a state observer in Section 3. This observer is used in Section 4 to propose a
stabilization procedure for systems with a special controlled input. Section 5 considers the internal
structure of nonlinear DAEs of the form

f

(

t, x(t),
d

dt
x(t)

)

= 0,

where det ∂f(t,α,β)
∂β

= 0 in the domain of definition. Based on these results, in Section 6, we establish
sufficient detectability conditions under the linear approximation and also the form of the state
observer in the nonlinear case.

2. AUXILIARY RESULTS ON THE STRUCTURE OF LINEAR DAES

For some r : 0 ≤ r ≤ n, let us associate with the matrix coefficients of system (1.1) the following
objects: the matrices

Br(t) = col
(

B(t), B′(t), . . . , B(r)(t)
)

, (2.1)

Ar(t) = col
(

C0
0A(t), C

0
1A

′(t) + C1
1B(t), . . . , C0

rA
(r)(t) + C1

rB
(r−1)(t)

)

(2.2)

of dimensions (n(r + 1)× n), the matrix

Λr(t) =

















O O . . . O

C1
1A(t) O . . . O

C1
2A

′(t) + C2
2B(t) C2

2A(t) . . . O
...

... . . .
...

C1
rA

(r−1)(t) + C2
rB

(r−2)(t) C2
rA

(r−2)(t) + C3
rB

(r−3)(t) . . . Cr
rA(t)

















(2.3)

of dimensions n(r + 1)× nr, and the matrix

Dr(t) =
(

Br(t) Ar(t) Λr(t)
)

(2.4)

of dimensions n(r + 1)× n(r + 2). Throughout this paper, Cj
i = i!

j!(i−j)! are the binomial coeffi-
cients, and

φ′(t) =
d

dt
φ(t), φ(j)(t) =

(

d

dt

)j

φ(t).
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THE DETECTABILITY OF TIME-VARYING DIFFERENTIAL-ALGEBRAIC EQUATIONS 615

We make the following assumptions:
A1) rankΛr(t) = λ = const ∀t ∈ T.

A2) For all t ∈ T , the matrix Dr(t) has an invertible submatrix Mr(t) of order n(r + 1) containing
λ columns of the matrix Λr(t) and all n columns of the matrix Ar(t).

Let Q denote a column permutation matrix such that

Br(t)Q =
(

B̄1(t) B̄2(t)
)

, (2.5)

where the block B̄2(t) (B̄1(t)) is included (not included, respectively) in the matrix Mr(t). Let d
denote the number of columns in B̄2(t). Accordingly,

B(t)Q =
(

B1(t) B2(t)
)

, A(t)Q =
(

A1(t) A2(t)
)

, (2.6)

where the blocks B1(t), A1(t) and B2(t), A2(t) have pairwise dimensions n× (n− d) and n× d,

respectively.

Under Assumptions A1 and A2, there exists an operator of the form

R =
r
∑

j=0

Rj(t)

(

d

dt

)r

, (2.7)

with the coefficients given by

(

R0(t) R1(t) . . . Rr(t)
)

=
(

En O . . . O
)

M−1
r (t), (2.8)

where En stands for an identity matrix of order n; for details, see [21].

Operator (2.7) transforms system (1.1) to

(

O O

En−d O

)(

x′1(t)
x′2(t)

)

+

(

J1(t) Ed

J2(t) O

)(

x1(t)
x2(t)

)

+R[U(t)u(t)] = 0, t ∈ T, (2.9)

where x1(t) ∈ R
n−d, x2(t) ∈ R

d,

col (x1(t), x2(t)) = Q−1x(t), (2.10)

col (J1(t), J2(t)) =
r
∑

j=0

Rj(t)B
(j)
1 (t), (2.11)

R[U(t)u(t)] =
r
∑

j=0

Rj(t) (U(t)u(t))(j) =
(

R0(t) R1(t) . . . Rr(t)
)

Ur(t)ūr(t), (2.12)

ūr(t) = col
(

u(t), u′(t), . . . , u(r)(t)
)

, (2.13)

Ur(t) =



















C0
0U(t) O O . . . O

C0
1U

′(t) C1
1U(t) O . . . O

C0
2U

(2)(t) C1
2U

′(t) C2
2U(t) . . . O

...
...

...
. . .

...

C0
rU

(r)(t) C1
rU

(r−1)(t) C2
rU

(r−2)(t) . . . Cr
rU(t)



















. (2.14)

Definition 1. By a solution of system (1.1) we mean an n-dimensional vector function
x(t) ∈ C

1(T ) turning (1.1) into an identity upon substitution.
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Obviously, for sufficiently smooth input data, any solution of system (1.1) is a solution of sys-
tem (2.9). To prove the converse, additional requirements should be imposed.

Let us supplement A1 and A2 with the following assumptions:
A3) rankΛr+1(t) = rankΛr(t) + n ∀t ∈ T.

A4) For all t ∈ T, the matrix Dr+1(t) has an invertible submatrix Mr+1(t) of order n(r + 2)
containing all columns of the matrix Mr(t) and also n columns of the matrix Λr+1(t).

Then the operator R has the left inverse [21]

L = L0(t) + L1(t)
d

dt
,

where L0(t) and L1(t) are matrices of dimensions (n× n). This means that the operator L, together
with a permutation of rows of the desired vector (2.10), transforms system (2.9) to (1.1). In this
case, any solution of system (2.9) is a solution of system (1.1).

Thus, Assumptions A1–A4 ensure the equivalence of systems (1.1) and (2.9) in the sense of solu-
tions (up to permutations of components). Obviously, to extract a unique solution of system (2.9)
or (1.1), it is necessary to specify initial data in the form

x1(0) = x0, (2.15)

where x0 ∈ R
n−d.

Under certain conditions, the operator R (2.7) may have a right inverse.

Lemma 1. Let:

1) A(t), B(t) ∈ C
r+1(T ).

2) Assumptions A1 and A2 be valid.

3) For all t ∈ T,

(

R1(t) R2(t) . . . Rr(t)
)













C1
1B1(t) O . . . O

C1
2B

′
1(t) C2

2B1(t) . . . O
...

...
. . .

...

C1
rB

(r−1)
1 (t) C2

rB
(r−2)
1 (t) . . . Cr

rB1(t)













=O. (2.16)

Then the operator (2.7) has the right inverse

P = P0(t) + P1(t)
d

dt
, (2.17)

where

P0(t) =
(

B2(t) A1(t)
)

, P1(t) =
(

A2(t) O
)

,

and the matrices B1(t), B2(t), A1(t), and A2(t) are given by (2.6).

The proof is postponed to the Appendix.

3. STATE OBSERVER DESIGN FOR THE LINEAR SYSTEM

Let Assumptions A1–A4 be valid. In the output representation (1.2), we make the change of
variables

x(t) = Qcol (x1(t), x2(t)) ,

where Q is the permutation matrix from (2.5). Then

y(t) = c⊤1 (t)x1(t) + c⊤2 x2(t), (3.1)

c1(t) ∈ R
n−d, and c2(t) ∈ R

d ∀t ∈ T.
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THE DETECTABILITY OF TIME-VARYING DIFFERENTIAL-ALGEBRAIC EQUATIONS 617

Definition 2. A system of the form

(

O O

En−d O

)(

x̂′1(t)
x̂′2(t)

)

+

(

Ĵ1(t) Ed

Ĵ2(t) O

)(

x̂1(t)
x̂2(t)

)

+ Û(t)ūr(t)

+ g(t)
(

y(t)− c⊤1 (t)x̂1(t)− c⊤2 x̂2(t)
)

= 0,

ŷ(t) = H(t)col (x̂1(t), x̂2(t)) + ν(t)y(t) + F (t)ūr(t), t ∈ T,

where the matrices Ĵ1(t), Ĵ2(t), Û(t), H(t), and F (t) and the vectors g(t) and ν(t) have the
corresponding dimensions, is called a state observer for (2.9), (3.1), if

lim
t→∞

(

ŷ(t)−

(

x1(t)
x2(t)

))

= 0.

We will seek a state observer for system (2.9), (3.1) in the form

x̂2(t) + J1(t)x̂1(t) + Vr,1(t)ūr(t) = 0, (3.2)

x̂′1(t) + J2(t)x̂1(t) + Vr,2(t)ūr(t) + g(t)
(

y(t)− c⊤1 x̂1(t)− c⊤2 x̂2(t)
)

= 0, (3.3)

ŷ1(t) = x̂1(t), ŷ2(t) = x̂2(t), (3.4)

where g(t) : T → R
n−d;

col (Vr,1(t), Vr,2(t)) =
(

R0(t) R1(t) . . . Rr(t)
)

Ur(t),

with Ur(t) defined by (2.14) and the matrices Vr,1(t) and Vr,2(t) having dimensions d× l(r+1) and
(n − d) × l(r + 1), respectively; finally, J1(t) and J2(t) are the matrix coefficients from (2.9) that
are calculated using formulas (2.6), (2.8), and (2.11).

Then the residuals

e1(t) = x̂1(t)− x1(t), e2(t) = x̂2(t)− x2(t) (3.5)

satisfy the system

e2(t) + J1(t)e1(t) = 0, (3.6)

e′1(t) + J2(t)e1(t)− g(t)
(

c⊤1 (t)e1(t) + c⊤2 (t)e2(t)
)

= 0. (3.7)

From (3.6) it follows that

e2(t) = −J1(t)e1(t). (3.8)

Substituting (3.8) into (3.7) yields the equation for e1(t) :

e′1(t) +
(

J2(t)− g(t)
(

c⊤1 (t)− c⊤2 (t)J1(t)
))

e1(t) = 0. (3.9)

Suppose the existence of a vector function g(t) such that lim
t→∞

e1(t) = 0 for any solution of

system (3.9). In this case, the nonsingular system

x′1(t) + J2(t)x1(t) = 0, (3.10)

y(t) =
(

c⊤1 (t)− c⊤2 (t)J1(t)
)

x1(t) (3.11)
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is said to be detectable [22, p. 313], and there exists its observer of the form

x̂′1(t) + J2(t)x̂1(t) + g(t)
(

y(t)−
(

c⊤1 (t)− c⊤2 (t)J1(t)
)

x̂1(t)
)

= 0, (3.12)

ŷ(t) = x̂1(t). (3.13)

Under an additional assumption that the matrix J1(t) has a nonpositive characteristic (Lya-
punov) exponent, i.e.,

χ[J1(t)] = lim
t→∞

1

t
ln ‖J1(t)‖ ≤ 0, (3.14)

equality (3.8) implies the limit relation lim
t→∞

e2(t) = 0. Thus, system (3.2)–(3.4) is a state observer

for system (2.9), (3.1) as well.

Under Assumptions A1–A4, systems (1.1) and (2.9) have the same solutions. This means that
system (3.2)–(3.4) is a state observer also for system (1.1), (1.2). Thus, the following result is true.

Proposition 1. Under Assumptions A1–A4 and (3.14), there exists a state observer of the

form (3.2)–(3.4) for the DAE (1.1), (1.2) iff system (3.10), (3.11) has an observer of the

form (3.12), (3.13).

Definition 3. The observation system (1.1), (1.2) is said to be detectable if there exists a vector
function g(t) such that system (3.9) is asymptotically stable.

Proposition 2. Under Assumptions A1–A4 and (3.14), system (1.1), (1.2) is detectable iff sys-

tem (3.10), (3.11) is detectable.

To proceed, we formulate a detectability condition for system (3.10), (3.11) [22, p. 314]. To this
end, it is necessary to define the observability matrix

S(t) = col (s0(t), s1(t), . . . , sn−d−1(t)) , (3.15)

where s0(t) = c⊤1 (t)− c⊤2 (t)J1(t) and si(t) = s′i−1(t)− si−1(t)J2(t), i = 1, n − d.

For an invertible matrix S(t), we introduce the functions

(ω1(t), ω2(t), . . . , ωn−d(t)) = sn−d(t)S
−1(t). (3.16)

Lemma 2. Let:

1) J2(t) ∈ C
n−d−1(T ) and c⊤1 (t)− c⊤2 (t)J1(t) ∈ C

n−d(T ).
2) S(t) be a Lyapunov matrix.

3) Each function ωi(t) ∈ C
i−1(T ) (i = 1, n − d) be bounded on T together with its derivatives up to

order i− 1 inclusive.

Then system (3.10), (3.11) is detectable.

Remark 1. According to the proof of the detectability theorem for a linear system [22, p. 314],
the vector function g(t) in (3.12) can be chosen so that it is bounded on T, and system (3.12) is
reducible in the Lyapunov sense.

Based on Propositions 1 and 2 and Lemma 2, we obtain sufficient conditions for the detectability
of the DAE (1.1), (1.2).

Theorem 1. Let:

1) A(t), B(t) ∈ C
n+r−d(T ) (n − d ≥ 1), c(t) ∈ C

n−d(T ), and U(t), u(t) ∈ C
r(T ).

2) Assumptions A1–A4 and (3.14) be valid.

3) Conditions 2 and 3 of Lemma 2 hold.

Then system (1.1), (1.2) is detectable and has an observer of the form (3.2)–(3.4).
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4. STABILIZABILITY OF THE LINEAR SYSTEM USING A STATE OBSERVER

Within the hypotheses of Lemma 1, consider the DAE

A(t)x′(t) +B(t)x(t) + P0(t)b(t)u(t) + P1(t) (b(t)u(t))
′ = 0, (4.1)

where P0(t) and P1(t) are the coefficients of the operator (2.17), which is right inverse to the
operator (2.7); b(t) is a given n-dimensional vector function; finally, u(t) is a scalar controlled
input.

Under definite conditions, the system

A(t)x′(t) +B(t)x(t) + β1(t)u(t) + β2(t)u(t)
′ = 0 (4.2)

with sufficiently smooth n-dimensional vector functions β1(t) and β2(t) can be represented in the
form (4.1).

Lemma 3. Let:

1) A(t), B(t) ∈ C
r+1(T ).

2) Assumptions 2 and 3 of Lemma 1 be valid.

3) β1(t) ∈ C
r(T ).

4) For all t ∈ T,

β2(t) = P1(t)R [β1(t)] . (4.3)

Then system (4.2) can be written in the form (4.1), where b(t) ∈ C
1(T ) is given by

b(t) = R [β1(t)] , (4.4)

and the operator R is defined in (2.7) and (2.8).

The proof is provided in the Appendix.

Let us introduce the observable output (1.2) for system (4.1) and design a stabilizing control
for (4.1).

By applying the operator (2.7) to both sides of equation (4.1), we obtain the system

x2(t) + J1(t)x1(t) + b1(t)u(t) = 0, (4.5)

x′1(t) + J2(t)x1(t) + b2(t)u(t) = 0 (4.6)

with the output (3.1), where col (b1(t), b2(t)) = b(t), b1(t) ∈ R
d, and b2(t) ∈ R

n−d.

A state observer for (4.5), (4.6) will be constructed in the form (3.2)–(3.4), where

Vr,1(t)ūr(t) = b1(t)u(t), Vr,2(t)ūr(t) = b2(t)u(t).

A stabilizing control for the DAE (4.5), (4.6) will be found in the class of dynamic output
feedback

u(t) = k⊤(t)x̂1(t); (4.7)

consequently,

x2(t) + J1(t)x1(t) + b1(t)k
⊤(t)x̂1(t) = 0,

x′1(t) + J2(t)x1(t) + b2(t)k
⊤(t)x̂1(t) = 0.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 7 2026



620 SHCHEGLOVA

By introducing the residuals (3.5), we arrive at the system

x2(t) = −
(

J1(t) + b1(t)k
⊤(t)

)

x1(t)− b1(t)k
⊤(t)e1(t), (4.8)

x′1(t) +
(

J2(t) + b2(t)k
⊤(t)

)

x1(t) + b2(t)k
⊤(t)e1(t) = 0. (4.9)

e2(t) = −J1(t)e1(t), (4.10)

e′1(t) +
(

J2(t)− g(t)
(

c⊤1 (t)− c⊤2 (t)J1(t)
))

e1(t) = 0. (4.11)

The control (4.7) will be stabilizing if system (4.8)–(4.11) is asymptotically stable. The lat-
ter condition particularly implies the stabilizability of system (4.6) and the detectability of sys-
tem (3.10), (3.11).

Definition 4. System (4.6) is said to be stabilizable if there exists a feedback control

u(t) = k⊤(t)x1(t) (4.12)

such that the closed-loop system

x′1(t) +
(

J2(t) + b2(t)k
⊤(t)

)

x1(t) = 0 (4.13)

is asymptotically stable.

To formulate stabilizability conditions for system (4.6), we introduce the vectors

ϕ0(t) = b2(t), ϕi = J2(t)ϕi−1(t)− ϕ′
i−1(t), i = 1, n − d,

and the controllability matrix

Φ(t) =
(

ϕ0(t) ϕ1(t) . . . ϕn−d−1(t)
)

.

If Φ(t) is invertible, it is possible to define the function

ψ(t) = Φ−1(t)ϕn−d(t) = col (ψ1(t), ψ2(t), . . . , ψn−d(t)) .

Lemma 4 [22, p. 302]. Let:
1) J2(t) ∈ C

n−d−1(T ) and b2(t) ∈ C
n−d(T ).

2) Φ(t) be a Lyapunov matrix.

3) Each function ψi(t) ∈ C
i(T ) (i = 1, n − d) be bounded on T together with its derivatives up to

order i− 1 inclusive.

Then there exists a row

k⊤(t) = (k1(t), . . . , kn−d(t))K(t) (4.14)

such that the closed-loop system (4.13) is asymptotically stable. In (4.14), K(t) is a Lyapunov

matrix, and each function ki(t) ∈ C
i−1(T ) is bounded on T together with its derivatives up to order

i− 1 inclusive.

Remark 2. According to Lemma 4, the vector function k(t) in the feedback control (4.12) is
bounded, hence

χ[k(t)] = 0. (4.15)

Remark 3. If J2(t) ∈ C
n−d(T ) and b2(t) ∈ C

n−d+1(T ) in system (4.6), then the stabilizing con-
trol (4.12) can be designed so that k(t) ∈ C

1(T ) [22, pp. 166, 248, 299].
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Theorem 2. Let:

1) A(t), B(t) ∈ C
n+r−d(T ) (n − d ≥ 1), c(t) ∈ C

n−d(T ), b2(t) ∈ C
n−d+1(T ), and b1(t) ∈ C

1(T ).
2) Assumptions A1–A4 and (3.14) be valid.

3) Conditions 1 and 3 of Lemma 1, as well as conditions 2 and 3 of Lemma 2, hold.

4) Conditions 2 and 3 of Lemma 4 hold.

5) χ [b1(t)] ≤ 0.

Then system (4.1) is stabilizable by the feedback control (4.7).

The proof can be found in the Appendix.

5. NECESSARY INFORMATION ON THE STRUCTURE OF NONLINEAR DAES

In this section, we consider the nonlinear system with a scalar observable output of the form

f(t, x(t), x′(t)) = 0, (5.1)

y(t) = c⊤(t)x(t) + ρ(t, x(t)) t ∈ T, (5.2)

where the components of the function f(t, α, β) : W → R
n are continuously differentiable with

respect to each argument sufficiently many times in the domain W = {(t, α, β) ∈ R
2n+1 : t ∈ T,

‖α‖ < K0, ‖β‖ < K1}; ρ(t, α) : Ŵ→R, Ŵ = {(t, α) ∈ R
n+1 : t ∈ T, ‖α‖ < K0}, and c(t) : T→R

n.

By assumption,

f(t, 0, 0) = 0, (5.3)

ρ(t, 0) = 0 ∀t ∈ T,

det
∂f(t, α, β)

∂β
= 0 ∀(t, α, β) ∈ W.

In the nonlinear case, a nonsingular system equivalent to (5.1) in the sense of solutions has to be
sought as part of the components of an implicit function satisfying the so-called r-derivative array
equations. They consist of system (5.1) and its r total derivatives with respect to t :

Fr (t, x̄r+1) =



















f(t, x(t), x′(t))

d

dt
f(t, x(t), x′(t))

. . .
(

d

dt

)r

f(t, x(t), x′(t))



















= 0, (5.4)

where

x̄r+1 =
(

x, x′, . . . , x(r+1)
)

. (5.5)

In (5.4), t, x, x′, . . . , x(r+1) should be treated as independent variables.

The situation is complicated by the fact that the classical theorem [23, p. 68] ensures the existence
of an implicit function only in some neighborhood of the initial point, whereas detectability analysis
requires the definition of this function at least for all t ∈ T. To satisfy this requirement, we employ
a global version of the implicit function theorem [24].

Let us introduce the matrices

B̄r (t, x̄r+1) =

(

∂Fr (t, x̄r+1)

∂x

)

, Ār (t, x̄r+1) =

(

∂Fr (t, x̄r+1)

∂x′

)
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of dimensions (n(r + 1)× n), the matrix

Λ̄r (t, x̄r+1) =

(

∂Fr (t, x̄r+1)

∂x′′
. . .

∂Fr (t, x̄r+1)

∂x(r+1)

)

of dimensions (n(r + 1)× nr)-matrix, and the matrix

D̄r (t, x̄r+1) =
(

B̄r (t, x̄r+1) Ār (t, x̄r+1) Λ̄r (t, x̄r+1)
)

of dimensions (n(r + 1)× n(r + 2)).

Condition (5.3) implies

Fr(0, 0) = 0.

We assume the following conditions:
B1) rank Λ̄r (t, x̄r+1) = λ = const everywhere in the domain of definition.
B2) At the point (t, x̄r+1) = 0, the matrix D̄r (t, x̄r+1) has an invertible submatrix M̄r (t, x̄r+1) of
order n(r + 1) containing λ columns of the matrix Λ̄r (t, x̄r+1) and all n columns of the matrix
Ār (t, x̄r+1) . Moreover,

M̄r (t, x̄r+1) =

(

∂Fr

∂x2

∂Fr

∂x′
∂Fr

∂X1

)

,

where

x = Qcol (x1, x2) , (5.6)

col
(

x′′, . . . , x(r+1)
)

= Qrcol (X1,X2) , (5.7)

Q and Qr are the corresponding row permutation matrices, x1 ∈ W1 ⊆ R
n−d, x2 ∈ W2 ⊆ R

d,

X1 ∈ X1 ⊆ R
λ, X2 ∈ X2 ⊆ R

d, d = nr − λ, Q is constructed by analogy with the linear case
(see (2.5)), and W1, W2, X1, and X2 denote neighborhoods of zero in the corresponding spaces.

Under conditions B1 and B2 with some additional assumptions [25], an implicit function of the
form

x2 = f1(t, x1), (5.8)

x′1 = f2(t, x1), (5.9)

x′2 = f3(t, x1), (5.10)

X1 = f4(t, x1,X2) (5.11)

defined in the domain T ×W1 × X2 turns system (5.4) into an identity upon substitution.

The (r + 1)-derivative array equations for (5.1) have the form

Fr+1(t, x̄r+2) = 0.

Let us supplement B1 and B2 with the following conditions:
B3) rank Λ̄r+1 (t, x̄r+2(t)) = λ+ n = const everywhere on the domain of definition of this matrix.

B4) At the point (t, x̄r+2) = 0, the matrix D̄r+1 (t, x̄r+2(t)) has an invertible submatrix
M̄r+1 (t, x̄r+2) of order n(r + 2) containing all columns with M̄r (t, x̄r+1) and n columns of the
matrix Λ̄r+1 (t, x̄r+2) .
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Then

M̄r+1 (t, x̄r+2) =

(

∂Fr+1

∂x2

∂Fr+1

∂x′
∂Fr+1

∂X̂1

)

,

D̄r+1 (t, x̄r+2)







Q O O

O Q O

O O Q̂r






=

(

∂Fr+1

∂x1

∂Fr+1

∂x2

∂Fr+1

∂x′1

∂Fr+1

∂x′2

∂Fr+1

∂X̂1

∂Fr+1

∂X̂2

)

,

col
(

x′′, . . . , x(r+2)
)

= Q̂rcol
(

X̂1, X̂2

)

,

Q̂r is the corresponding row permutation matrix, X̂1(t) ∈ X̂1 ⊆ R
λ+n, and X̂2(t) ∈ X̂2 ⊆ R

d.

For a matrix H of dimensions (p× q) and a q-dimensional vector h, we introduce

Ω(H) = max
‖h‖Rq=1

‖Hh‖Rp , ω(H) = min
‖h‖Rq=1

‖Hh‖Rp .

Hereinafter, the norm of a vector is understood as its Euclidean norm, and the norm of a matrix
as its spectral norm.

Theorem 3 [25]. Let:
1) The function f(t, α, β) have continuous partial derivatives with respect to its arguments up to

order r + 2 inclusive in the domain W : f(t, α, β) ∈ C
r+2(W).

2) Conditions B1–B4 hold.

3) There exist a continuous function v(s) : T → T such that

v(s) > 0, s ∈ (0,∞),

∞
∫

1

ds

v(s)
= ∞,

and for all (t, x, x′, X̂1, X̂2) ∈ W × X̂1 × X̂2,

ω
(

M̄r+1
)

> 0,

Ω

(

∂Fr+1

∂t

∂Fr+1

∂x1

∂Fr+1

∂X̂2

)

/

ω
(

M̄r+1
)

≤ v
(∥

∥

∥

(

x2, x
′, X̂1

)∥

∥

∥

)

.

Then any solution of system (5.1) defined in a sufficiently small neighborhood of zero is a solution

of the system

x2(t) = f1 (t, x1(t)) , (5.12)

x′1(t) = f2 (t, x1(t)) , t ∈ T, (5.13)

and vice versa.

The functions f1 (t, x1(t)) and f2 (t, x1(t)) are found as some components of the implicit func-
tion (5.8)–(5.11) satisfying system (5.4). Moreover,

fi(t, x1) ∈ C
1(T ×W1), (5.14)

fi(t, 0) = 0, t ∈ T, i = 1, 2. (5.15)

Obviously, to extract a unique solution of system (5.12), (5.13) or (5.1), one should specify the
initial data (2.15).
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6. THE DETECTABILITY OF NONLINEAR DAES

First, consider a nonlinear system of the form (5.12), (5.13) with the properties (5.14), (5.15)
and the observable output

y(t) = c⊤1 (t)x1(t) + c⊤2 (t)x2(t) + ρ̃(t, x1(t), x2(t)), (6.1)

where c1(t) : T → R
n−d, c2(t) : T → R

d, and

ρ̃(t, 0, 0) ≡ 0 t ∈ T.

We linearize system (5.12), (5.13) to

x2(t) = G1(t)x1(t) + r1(t, x1(t)), (6.2)

x′1(t) = G2(t)x1(t) + r2(t, x1(t)), (6.3)

where G1(t) =
∂f1
∂x1

(t, 0) and G2(t) =
∂f2
∂x1

(t, 0).

Substituting (6.2) into (6.1) yields the output representation

y(t) =
(

c⊤1 (t) + c⊤2 (t)G1(t)
)

x1(t) + c⊤2 (t)r1(t, x1(t)) + ρ̃
(

t, x1(t), G1(t) + r1(t, x1(t))
)

. (6.4)

For system (6.2)–(6.4), we construct a state observer of the form

x̂2(t) = G1(t)x̂1(t) + r1(t, x̂1(t)), (6.5)

x̂′1(t) = G2(t)x̂1(t) + r2(t, x̂1(t)) + g(t)
(

y(t)− (c⊤1 (t) + c⊤2 G1(t))x̂1(t)

− c⊤2 (t)r1(t, x̂1(t))− ρ̃
(

t, x̂1(t), G1(t)x̂1(t) + r1(t, x̂1(t))
)

, (6.6)

ŷ1(t) = x̂1(t), ŷ2(t) = x̂2(t). (6.7)

Then the residuals e1(t) = x̂1(t)− x1(t) and e2(t) = x̂2(t)− x2(t) satisfy the equations

e2(t) = G1(t)e1(t) + r1(t, x̂1(t))− r1(t, x1(t)), (6.8)

e′1(t) =
(

G2(t)− g(t)(c⊤1 (t) + c⊤2 G1(t))
)

e1(t) + r2(t, x̂1(t))− r2(t, x1(t))

− c⊤2 (t) (r1(t, x̂1(t))− r1(t, x1(t))) + ρ̃
(

t, x1(t), G1(t)x1(t) + r1(t, x1(t))
)

− ρ̃
(

t, x̂1(t), G1(t)x̂1(t) + r1(t, x̂1(t))
)

. (6.9)

Definition 5. System (6.2)–(6.4) is said to have a state observer of the form (6.5)–(6.7) if

lim
t→∞

(ŷi(t)− xi(t)) = 0, i = 1, 2.

Definition 6. System (6.2)–(6.4) is said to be detectable if there exists a vector function
g(t) : T → R

n−d such that system (6.8)–(6.9) is asymptotically stable.

Obviously, the system

e2(t) = G1(t)e1(t), (6.10)

e′1(t) =
(

G2(t)− g(t)(c⊤1 (t) + c⊤2 G1(t))
)

e1(t), t ∈ T, (6.11)

is the first approximation system for (6.8), (6.9). The following stability conditions for (6.10),
(6.11) are straightforward from Lemma 2.
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Proposition 3. Let:

1) G1(t) ∈ C(T ), G2(t) ∈ C
n−d−1(t), and c⊤1 (t) + c⊤2 (t)G1(t) ∈ C

n−d(T ) (n− d ≥ 1).
2) ‖G1(t)‖ ≤ κ ∀t ∈ T, κ = const > 0.
3) Assumptions 2 and 3 of Lemma 2 hold, with

s0(t) = c⊤1 + c⊤2 (t)G1(t), si = s′i−1(t) + si−1(t)G2(t), i = 1, n − d, (6.12)

in (3.15) and (3.16).

Then there exists an (n − d)-dimensional vector function g(t) such that system (6.10), (6.11) is

asymptotically stable.

Using Proposition 3, we derive sufficient conditions for the detectability of system (5.12), (5.13),
(6.1).

Theorem 4. Let:

1) The properties (5.14), (5.15), and ρ̃(t, x1, x2) ∈ C(Ŵ) hold.
2) The assumptions of Proposition 3 be valid.

3) |ρ̃(t, x̂1, x̂2)− ρ̃(t, x1, x2)| ≤ ηρ (‖x̂1 − x1‖+ ‖x̂2 − x2‖), where ηρ > 0 is a sufficiently small con-

stant for xi and x̂i − xi sufficiently close to zero (i = 1, 2).
4) ‖c2(t)‖ ≤ c, t ∈ T, c = const > 0.
5) ‖ri(t, x̂1)− ri(t, x1)‖ ≤ ηi‖x̂1 − x1‖ (i = 1, 2), where ηi > 0 are sufficiently small constants for

‖x1‖ and ‖x̂1 − x1‖ sufficiently close to zero.

Then system (5.12), (5.13), (6.1) is detectable and has a state observer of the form (6.5)–(6.7).

The proof is postponed to the Appendix.

Addressing system (5.1), (5.2), we linearize (5.1) in a neighborhood of the point (x, x′) = (0, 0) :

A(t)x′(t) +B(t)x(t) + h(t, x(t), x′(t)) = 0, (6.13)

where

A(t) =
∂f(t, x, x′)

x′
(t, 0, 0), B(t) =

∂f(t, x, x′)

x
(t, 0, 0).

Under Assumptions A1 and A2, there exists the operator (2.7) transforming system (1.1)
to (2.9)–(2.14). Applying this operator to equation (6.13) gives

x2(t) + J1(t)x1(t) + h1(t, x̄r+1(t)) = 0, (6.14)

x′1(t) + J2(t)x1(t) + h2(t, x̄r+1(t)) = 0, (6.15)

where the designations (2.10), (5.5) are used and
(

h1(t, x̄r+1(t))
h2(t, x̄r+1(t))

)

= R
[

h(t, x(t), x′(t))
]

.

Under the conditions of Theorem 3, any solution of system (5.1) defined in a sufficiently small
neighborhood of zero is a solution of system (5.12), (5.13), and vice versa. Equations (6.2), (6.3)
linearize system (5.12), (5.13) in a neighborhood of the point x1 = 0.

Lemma 5. Let all conditions of Theorem 3 hold. Then in systems (6.14), (6.15) and (6.2), (6.3),

J1(t) = −G1(t), J2(t) = −G2(t) ∀t ∈ T,

and the functions −r1(t, x1(t)) and −r2(t, x1(t)) are obtained from h1(t, x̄r+1(t)) and h2(t, x̄r+1(t)),
respectively, by substituting the implicit function (5.8)–(5.11) that satisfies the r-derivative array

equations (5.4).

A similar result was proved in [26].
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Theorem 5. Let all conditions of Theorem 3, as well as conditions 2–4 of Theorem 4, hold.

Moreover, let

lim
x̂2→x2, x̂′→x′, X̂1→X1, X̂2→X2

‖hi(t, ˆ̄xr+1)− hi(t, x̄r+1)‖ ≤ µi‖x̂1 − x1‖, i = 1, 2, (6.16)

where µi = const > 0 are sufficiently small for ‖x̂1 − x1‖ and ‖x̄r+1‖ from the corresponding small

neighborhoods of zero. Let the variables x̄r+1, x1, x2, X1, and X2 be given by (5.5)–(5.7).

Then system (5.1), (5.2) is detectable and has an observer of the form (6.5)–(6.7).

The proof is provided in the Appendix.

7. AN ILLUSTRATIVE EXAMPLE

Based on Theorem 5, we analyze the detectability of the nonlinear system

2x(1)(t) + x(3)(t) + e−tx(1)(t)x(2)(t) = 0, (7.1)
(

1 + x(1)(t)
)

x′(1)(t) = 0, (7.2)

x′(2)(t) + x′(3)(t) + 4x(2)(t) + 2x(2)(t)x(3)(t) = 0, (7.3)

y(t) =

(

1 +
1

4
cos t

)

x(2)(t) + 2x(3)(t) + e−2tx(1)(t)x(3)(t), t ∈ T, (7.4)

where

x(t) = col
(

x(1)(t), x(2)(t), x(3)(t)
)

.

To verify Assumptions B1–B4, we compile the matrix

D2(t, x, x
′, x′′, x′′′) =









































v1 v2 1 0 0 0

x′(1) 0 0 1 + x(1) 0 0

0 v3 v4 0 1 1

v′1 v′2 0 v1 v2 1 0 0 0

x′′(1) 0 0 2x′(1) 0 0 1 + x(1) 0 0

0 v′3 v′4 0 v3 v4 0 1 1

v′′1 v′′2 0 2v′1 2v′2 0 v1 v2 1 0 0 0

x′′′(1) 0 0 3x′′(1) 0 0 3x′(1) 0 0 1 + x(1) 0 0

0 v′′3 v′′4 0 2v′3 2v′4 0 v3 v4 0 1 1









































,

where v1(t) = 2 + e−tx(2)(t), v2(t) = e−tx(1)(t), v3(t) = 4 + 2x(3)(t), and v4(t) = 2x(2)(t).

Clearly, Assumption B1 is valid for r = 1, i.e.,

rankΛ1(t, x, x
′) = rank

(

1 + x(1) 0 0

0 1 1

)

= λ = 2,

when x(1) satisfies the inequality |x(1)| < 1.

The matrix D1(t, x, x
′, x′′) of dimensions (6× 9), located above the horizontal and to the left of

the vertical double lines, has an invertible submatrix M1(t, x, x
′, x′′) of order 6, whose columns are

marked by boxed elements. Therefore, Assumption B2 is valid as well.

The matrix Λ2(t, x, x
′, x′′) consists of the last six columns of the matrix D2. Obviously,

rankΛ2(t, x, x
′, x′′) = λ+ n = 5 for |x(1)| < 1, so Assumption B3 is valid.
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The matrix D2(t, x, x
′, x′′, x′′′) also has a submatrix M2(t, x, x

′, x′′, x′′′) of order 9 with the
properties formulated in Assumption B4; this submatrix consists of the columns containing the
boxed elements. Thus, for r = 1, Assumptions B1–B4 are valid.

For the first approximation system







0 0 0
1 0 0
0 1 1






x′(t) +







2 0 1
0 0 0
0 4 0






x(t) = 0,

the operator

R = R0(t) +R1(t)
d

dt
=







1 0 0
0 1 0
0 2 1






+







0 0 0
0 0 0
−1 0 0







d

dt

is defined; it has the left inverse operator L = L0(t) + L1(t), where L0(t) = R−1
0 (t) and

L1(t) = −R1(t).

The operator R transforms system (7.1)–(7.3) to

(

O O

E2 O

)(

x′1(t)
x′2(t)

)

+

(

J1(t) 1
J2(t) O

)(

x1(t)
x2(t)

)

+

(

h1(t, x, x
′, x′′)

h2(t, x, x
′, x′′)

)

= 0,

where d = 1, Q = E3,

x2(t) = x(3)(t), x1(t) =

(

x(1)(t)

x(2)(t)

)

, (7.5)

J1(t) =
(

2 0
)

, J2(t) =

(

0 0
0 4

)

,

h1(t, x, x
′, x′′) = e−tx(1)(t)x(2)(t), (7.6)

h2(t, x, x
′, x′′) =









x(1)(t)x
′
(1)(t)

e−t
(

x(1)(t)x(2)(t)− x′(1)(t)x(2)(t)− x(1)(t)x
′
(2)(t)

)

+ 2x(1)(t)x
′
(1)(t) + 2x(2)(t)x(3)(t)









. (7.7)

Next, we verify the conditions of Proposition 3. According to Lemma 5, G1(t) =
(

−2 0
)

and

G2(t) =

(

0 0
0 −4

)

. Obviously, Condition 2 holds.

In view of (7.5), from (7.4) we obtain c⊤1 (t) =
(

0 1 + 1
4 cos t

)

, c⊤2 (t) = 2. According to formu-

las (6.12) and (3.15),

S(t) =









−4 1 +
1

4
cos t

0 −

(

4 +
1

4
sin t+ cos t

)









.

Since detS(t) = 16 + sin t+ 4cos t 6= 0 ∀t ∈ T , it is possible to find the inverse matrix

S−1(t) = −
1

16 + sin t+ 4cos t





4 +
1

4
sin t+ cos t 1 +

1

4
cos t

0 4




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and the functions (3.16)

ω1(t) = 0, ω2(t) = −
64 + 8 sin t+ 15 cos t

16 + sin t+ 4cos t
.

Clearly, conditions 2 and 3 of Lemma 2, as well as condition 3 of Proposition 3, hold.

Let us verify conditions 3 and 4 of Theorem 4, taking the relations (7.5) into account. Obviously,
‖c2(t)‖ = 2. Since ρ̃(t, x1, x2) = e−2tx(1)x(3),

|ρ̃(t, x̂1, x̂2)− ρ̃(t, x1, x2)| ≤ |x(3)| ‖x̂1 − x1‖+
(

|x̂(1) − x(1)|+ |x(1)|
)

‖x̂2 − x2‖,

with yields the estimate from condition 3 of Theorem 4 with ηρ = max{δ2, δ1 + δ3}, where |x(1)| ≤
δ1 < 1, |x(3)| ≤ δ2, and |x̂(1) − x(1)| ≤ δ3, δi = const > 0, i = 1, 2, 3.

Now we address Theorem 5, in particular, condition (6.16). Due to (7.6) and (7.7),

lim
x̂2→x2, x̂′→x′, X̂1→X1, X̂2→X2

‖h1(t, ˆ̄xr+1)− h1(t, x̄r+1)‖ = e−t |x̂(1)x̂(2) − x(1)x(2)|

≤
(

|x̂(1) − x(1)|+ |x(1)|+ |x(2)|
)

‖x̂1 − x1‖ ≤ η1‖x̂1 − x1‖,

where η1 = δ1 + δ3 + δ4, |x(2)| ≤ δ4, and δ4 = const > 0.

In turn,

lim
x̂2→x2, x̂′→x′, X̂1→X1, X̂2→X2

‖h2(t, ˆ̄xr+1)− h2(t, x̄r+1)‖

≤
(

|x(1)|+ |x(2)|+2|x(3)|+ |x̂(1)−x(1)|+4|x′(1)|+ |x′(2)|
)

‖x̂1−x1‖≤ η2‖x̂1−x1‖,

where η2 = δ1 + 2δ2 + δ3 + δ4 + 4δ5 + δ6, |x
′
(1)| ≤ δ5, and |x′(2)| ≤ δ6 with positive constants and δ5

and δ6.

Thus, all conditions of Theorem 5 are satisfied, so system (7.1)–(7.4) is detectable.

For the example under consideration, the first four equations of the 2-derivative array ones can
be used to find the functions (5.12), (5.13):

x(3)(t) = −x(1)(t)
(

2 + e−tx(2)(t)
)

,

x′(1)(t) = 0, x′(2)(t) =
x(2)(t)

(

e−tx(1)(t)(2x(2)(t)− 1) + 4(x(1)(t)− 1)
)

1− e−tx(1)(t)
.

Therefore, it is possible to design the following state observer with the output (6.7) for sys-
tem (7.1)–(7.4):

x̂(3)(t) = −x̂(1)(t)
(

2 + e−tx̂(2)(t)
)

,

(

x̂′(1)(t)

x̂′(2)(t)

)

=









0

−4x̂(2)(t) +
x̂(1)(t)x̂(2)(t)

(

2e−tx̂(2)(t)− 5e−t − 4
)

1− e−tx̂(1)(t)









+ g(t)

(

y(t) + 4x̂(1)(t)−

(

1 +
1

4

)

x̂(2)(t) + 2e−tx̂(1)(t)x̂(2)(t) + e−2tx̂2(1)(t)
(

2 + e−tx̂(2)(t)
)

)

.

The vector function g(t) is intended to ensure the detectability of system (3.10), (3.11) or,
equivalently, the asymptotic stability of system (3.9). According to the book [22, pp. 255–257,
283–284, 312–314], one such function is given by

g(t) = Γ(t)

(

g1(t)− γ1
g2(t)− γ2

)

,
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where γ1 = −ξ1ξ2, γ2 = −(ξ1 + ξ2), ξ1 and ξ2 are specified negative numbers,

g1(t) =
sin t+ 4cos t

q(t)
+

(

cos t− 4 sin t

q(t)

)2

, g2(t) = 4 +
4 sin t− cos t

q(t)
,

Γ(t) =
1

q(t)





1 +
1

4
cos t g2(t)

(

1 +
1

4
cos t

)

− 4− cos t−
1

4
sin t

4 4g2(t)



 ,

q(t) = 16 + 4 cos t+ sin t.

To verify the asymptotic stability of system (3.9), we make the change of variables e1(t) =

Γ(t)ẽ1(t) in (3.9). Then direct substitution yields the system ẽ′1(t) =

(

0 −γ1
−1 −γ2

)

ẽ1(t), whose

matrix has negative eigenvalues ξ1 and ξ2. Since Γ(t) is a Lyapunov matrix, system (3.9) will also
be asymptotically stable.

8. CONCLUSIONS

This paper has been devoted to linear and nonlinear time-varying DAEs of observation under
general assumptions imposed on their internal structure.

For the linear system (1.1), we have established existence conditions for the structural form (2.9)
obtained by applying the linear differential operator (2.7) to (1.1). This operator has a left inverse,
so systems (1.1) and (2.9) share the same set of solutions. Moreover, in (2.9), the differential
and algebraic components are already separated, and each component mentioned is nonsingular.
Conditions ensuring the existence of the right inverse operator (2.17) for (2.7) have been derived
(Lemma 1).

For the structural form (2.9) with a scalar output, a state observer of the form (3.2)–(3.4) has
been designed. It can be used to estimate the state of system (1.1), (1.2) as well (Theorem 1). In
fact, it suffices to construct an observer for the differential component of the DAE (1.1).

In addition, we have considered system (4.1) with scalar control, which also includes the deriva-
tive of the control. What is essential, the right inverse operator (2.17) is employed to construct
such a system. Conditions have been justified under which system (4.2) can be represented in
the form (4.1) (Lemma 3). For the DAE (4.1), stabilizability conditions based on the state ob-
server (3.2)–(3.4) have been established (Theorem 2). Moreover, the stabilizing feedback con-
trol (4.7) includes only the solution of the differential subsystem of the observer.

The nonlinear system (5.1) with the scalar output (5.2) has been analyzed using the structural
form (5.12), (5.13): any of its solutions starting in a sufficiently small neighborhood of zero is also
a solution of system (5.1), and vice versa. Being already a nonsingular system, this structural form
consists of some components of an implicit function satisfying the r-derivative array equations (5.4)
(Theorem 3). For the DAE (5.1), (5.2), we have utilized the linear approximation system to obtain
sufficient detectability conditions and design a state observer of the form (6.5)–(6.7) (Theorem 5).
Note that to construct the observer, it is necessary to find the above implicit function. At the same
time, verifying the detectability conditions does not require this procedure: only the properties of
the linear approximation are used here. Important auxiliary results are the detectability conditions
and the method for designing a state observer for the quasilinear system of the form (5.12), (5.13),
(6.1) (Theorem 4).

The above approach can be applied to analyze detectability and construct observers for linear
and nonlinear discrete descriptor systems, as well as singular systems with continuous and discrete
time.
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APPENDIX

Proof of Lemma 1. We rearrange the columns of the matrix Dr(t) (2.1)–(2.4) by multiplying it
on the right by the permutation matrix diag{Q, . . . , Q}, where Q is given by (2.5). In doing so,
it is necessary to consider the partition structure (2.6). By deleting the columns included in the
block B1(t) from Dr(t), we obtain the matrix D̄r(t) (omitted here due to cumbersomeness).

Note that condition 1 of the lemma ensures P0(t), P1(t) ∈ C
r(T ).

By the construction procedure, the coefficients of the operator R satisfy the equation

(

R0(t) R1(t) . . . Rr(t)
)

D̄r(t) =
(

En O . . . O
)

(A.1)

for all t ∈ T. On the other hand, by definition, the coefficients of the operators (2.7) and (2.17) are
related through the identity

(

R0 R1 . . . Rr

)













P0 C0
0P1 O . . . O

P ′

0 C0
1P

′

1 + C1
1P0 C1

1P1 . . . O
...

...
... . . .

...

P
(r)
0 C0

r
P

(r)
1 + C1

r
P

(r−1)
0 C1

r
P

(r−1)
1 + C2

r
P

(r−2)
0 . . . Cr

r
P1













=
(

En O . . . O
)

. (A.2)

Letting P0(t) =
(

B2(t) A1(t)
)

, P1(t) =
(

A2(t) O
)

in (A.2) makes equalities (A.1) and (A.2)

coincident under identity (2.16).

Proof of Lemma 3. Obviously, for the desired result, the vectors b(t), β1(t), and β2(t) shall
satisfy the relations

β1(t) = P0(t)b(t) + P1(t)b
′(t), (A.3)

β2(t) = P1(t)b(t), t ∈ T. (A.4)

According to Lemma 1, the operator P0(t) + P1(t)
d
dt

has the left inverse R. By applying this
operator to both sides of identity (A.3), we arrive at the representation (4.4). Condition (4.3) is
finally obtained by substituting (4.4) into equality (A.4).

Proof of Theorem 2. First, we show that under the conditions of this theorem, there exists a
feedback control (4.7) stabilizing system (4.5), (4.6).

Consider equations (4.10), (4.11). Due to assumptions 1 and 3, all conditions of Lemma 2 are
satisfied, and there exists a function g(t) ∈ C(T ) such that

lim
t→∞

e1(t) = 0. (A.5)

In this case, in view of the estimate (3.14), equation (4.10) implies the limit relation lim
t→∞

e2(t) = 0.

Thus, for an appropriate choice of g(t), subsystem (4.10), (4.11) is asymptotically stable.
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Now we turn to equations (4.8), (4.9). Under assumptions 1 and 4, Lemma 4 is valid: there exists
a vector function k(t) ∈ C(T ) such that system (4.9) is asymptotically stable. This means that for
any continuous function b2(t)k

⊤(t)e1(t), each solution x1(t) of system (4.9) has the property

lim
t→∞

x1(t) = 0. (A.6)

In turn, assumption 5 together with conditions (3.14), (4.15) lead to the estimates

χ
[

J1(t) + b1(t)k
⊤(t)

]

≤ 0, χ
[

b1(t)k
⊤(t)

]

≤ 0;

in view of (A.5) and (A.6), it follows that in (4.8), x2(t) → 0 as t→ +∞.

Based on the above considerations, we conclude that the control (4.7) is stabilizing for sys-
tem (4.5), (4.6).

The supposed smoothness of the input data of system (4.1) ensures the inclusions
J2(t) ∈ C

n−d(T ) and b2(t) ∈ C
n−d+1(T ). According to Remark 3, for the control (4.7), the func-

tion k(t) can be constructed in the class C
1(T ). Under Assumptions A1–A4, the DAEs (4.1) and

(A.5), (4.5) are equivalent in the sense of their solutions; therefore, the feedback control (4.7) will
also stabilize system (4.1).

Proof of Theorem 4. According to Proposition 3, there exists a function g(t) : T → R
n−d such

that system (6.11) is asymptotically stable. Moreover, by Remark 1, g(t) can be assumed bounded
and system (6.11) reducible in the Lyapunov sense.

Under the above assumptions, in equation (6.9),
∥

∥

∥r2(t, x̂1(t))− r2(t, x1(t))− c⊤2 (t)
(

r1(t, x̂1(t))− r1(t, x1(t))
)

+ ρ̃
(

t, x1(t), G1(t)x1(t) + r1(t, x1(t))
)

− ρ̃
(

t, x̂1(t), G1(t)x̂1(t) + r1(t, x̂1(t))
)∥

∥

∥

≤ (η2 + η1(1 + c) + ηρ(1 + κ)) ‖e1‖.

According to the stability theorem by the first approximation [22, p. 340] (also known as Lya-
punov’s indirect method in the literature), the trivial solution of system (6.9) is asymptotically
stable for sufficiently small constants η1, η2, and ηρ under which e1(t) varies in a small neighbor-
hood of zero.

In turn, due to the bounded matrix G1(t) and the estimate ‖r1(t, x̂1) − r1(t, x1)‖ ≤ η1‖e1(t)‖,
the vector function e2(t), as a solution of equation (6.8), vanishes as e1(t) → 0.

Thus, the trivial solution of system (6.8), (6.9) is asymptotically stable for an appropriate choice
of g(t). This means that system (6.2)–(6.4), and hence system (5.12), (5.13), (6.1), is detectable
and has an observer of the form (6.5)–(6.7).

Proof of Theorem 5. According to Theorem 3, for sufficiently small initial data (2.15), sys-
tem (5.1) has a nontrivial solution satisfying equations (5.12) and (5.13). In turn, any solution of
system (5.12), (5.13) lying in a sufficiently small neighborhood of zero is a solution of system (5.1).
Consequently, systems (5.1), (5.2) and (5.12), (5.13), (6.1) are detectable simultaneously. Recall
that (6.1) is another representation for the output (5.2).

Under the conditions of Theorem 3, there exists an implicit function (5.8)–(5.11) satisfying the
r-derivative array equations (5.4). Due to assumption 1 of Theorem 3 and condition (5.3), this
implicit function has continuous partial derivatives with respect to each argument on its domain of
definition and fj(t, 0) ≡ 0, f4(t, 0, 0) ≡ 0, t ∈ T, j = 1, 2, 3.

We substitute the functions (5.8)–(5.11) into condition (6.16). Unlike the constants ηi from
assumption 5 of Theorem 4, the constants µi may depend on the sizes of the corresponding neigh-
borhoods of zero covering the variables x2, x

′
1, x

′
2, and X1. As a result of the substitution, these
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variables are replaced by the functions on the right-hand side of equalities (5.8)–(5.11). According
to the aforementioned properties of these functions, one can choose ‖x1‖ and ‖X2‖ sufficiently close
to zero so that the values |fj(t, x1)| and |f4(t, x1,X2)| will belong to given small neighborhoods of
zero for all t ∈ T . In view of Lemma 5, the estimates of assumption 5 of Theorem 4 hold.

Thus, all assumptions of Theorem 4 are satisfied. According to this theorem, system (5.12),
(5.13), (5.2) is detectable and has a state observer of the form (6.5)–(6.7). The same property
holds for system (5.1), (5.2).
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