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Abstract—This paper considers the problem of transforming a fuzzy signal by a linear dynamic
system described by a linear differential equation of high order with variable real coefficients,
a fuzzy-valued inhomogeneity, and fuzzy initial conditions. By assumption, certain numerical
average characteristics of the fuzzy-valued input signal (fuzzy means and fuzzy half-ranges) are
known. Based on these characteristics and system parameters, the corresponding numerical
average characteristics of the fuzzy signal at the output are established. Methods of fuzzy
mathematics and the theory of ordinary differential equations are used. As an application, the
model of a series resonant radio circuit with a fuzzy-valued input signal is considered.
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1. INTRODUCTION

The problem of estimating the output signal of dynamic systems with incomplete or weakly
formalized information on the input signal is of significant theoretical and applied importance,
particularly for the subsequent mitigation of external disturbances (measurement noise, faults,
etc.). The use of fuzzy differential equations is an important modern approach to modeling dynamic
systems under possible uncertainties.

This paper addresses the problem of transforming a fuzzy signal by a linear dynamic system.
The linear dynamic system is described by a linear fuzzy differential equation of high order with
variable real coefficients, a fuzzy-valued inhomogeneity, and fuzzy initial conditions.

The foundations of the theory of fuzzy differential equations were laid in [1-5] and other works.
This research area has been actively developing in recent decades. A method for transforming fuzzy
linear differential equations to integral fuzzy equations (followed by their solution) was proposed
in [6, 7]. Several authors considered an approach involving a reduction of original fuzzy differential
equations to differential inclusions [8, 9] and an analysis of the latter.

In recent years, the fuzzy Laplace transform has become a widespread method for solving linear
fuzzy differential equations of high order [10, 11]. Many researchers study numerical methods for
solving fuzzy differential equations [12-14].

As a rule [15, 16], when dealing with linear fuzzy differential equations, a system of equations
for the corresponding a-indices is compiled and solved. Then, it is necessary to verify that the
derivatives of the resulting a-indices define the derivative of a fuzzy-valued function. According to
demonstrative examples [6, 16], this is not always the case.
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ON THE RELATIONSHIP BETWEEN THE AVERAGE CHARACTERISTICS 597

This paper utilizes the concept of an ultraweak fuzzy solution [17, 18] as a fuzzy-valued Hausdorft-
continuous function whose a-indices satisfy the equations for the a-indices arising from a given fuzzy
differential equation.

Various definitions of differentiability of fuzzy-valued functions are considered in the literature;
for example, see [2-5]. In Section 3 of this paper, we use the Seikkala derivative [3]; in Section 4,
generalized Hukuhara derivatives [5-7] and others.

Note that, in particular, the issue of smoothness of ultraweak Seikkala solutions was discussed
in [17, 18].

The standard situation in applications is incomplete information on an input fuzzy signal. More
precisely put, the exact membership functions of the corresponding fuzzy numbers are unknown, but
some estimates can be provided. Here, we adopt an analogy with the theory of random processes:
within a conventional approach, the average characteristics (mean and correlation function) of the
output random signal of a linear dynamic system are determined based on those of its input random
signal and system parameters [19, Ch. 7]. This approach is motivated by the fact that the random
variables corresponding to an input random signal (and even more so, those corresponding to the
output one) often have unknown distributions.

In this paper, the numerical average characteristics of an input fuzzy signal, i.e., the means of
fuzzy numbers (fuzzy means) and the half-ranges of fuzzy numbers (fuzzy half-ranges), are supposed
to be known; in particular, they can be obtained using expert appraisals. Then the following
practically important problem naturally arises: taking into account the system parameters, it is
required to determine the corresponding numerical average characteristics of a fuzzy signal at the
output of a linear dynamic system.

Below, we consider the initial value problem for a fuzzy differential equation and actually deter-
mine the above numerical characteristics of its solution from the system parameters, fuzzy initial
conditions, and the corresponding characteristics of the input data, without finding the fuzzy-
valued solution itself. Note that such an approach for fuzzy differential equations has not been
presented before. Fuzzy means commonly serve to defuzzify fuzzy numbers, and fuzzy half-ranges
are introduced here and have proved fruitful in both theoretical and applied aspects.

Fuzzy linear differential equations are widely used in various applications. (Among contemporary
works, we mention [20-22].) In Section 5, as an application, we describe the model of the response
of a radio circuit with constant parameters to a fuzzy input signal.

This paper continues the author’s research initiated in [23], where a linear dynamic system with
constant real parameters was considered, and the relationship between the means and covariance
functions of its input and output bounded fuzzy signals was established.

2. FUZZY NUMBERS AND FUZZY-VALUED FUNCTIONS

A fuzzy number is understood as a fuzzy subset of the universal set of real numbers R that
has a compact support and a normal, convex, and upper semicontinuous membership function; for
example, see [24, Ch. 5; 25, Chs. 2, 3].

Here, the support of a fuzzy number Z is defined as Supp Z = {z|uz(x) > 0}. A fuzzy number Z is
normal if max, pz(x) = 1 and convex if pz(t) > min (puz(r), pz(s)) for any real numbers r < ¢t < s.

Let J denote the set of such fuzzy numbers.

Below we will use the interval representation of fuzzy numbers.

As is known, the a-level intervals (a-intervals) of a fuzzy number Z € J with a membership
function pz(z) are defined as [Z], = {z|uz(x) > a} (a € (0,1]), [Z]lo = cl{z|uz(x) > 0}, where cl
indicates the closure of an appropriate set. According to the accepted assumptions, all a-levels of
a fuzzy number are closed and bounded intervals of the real axis.
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998 KHATSKEVICH

Let z;, and zI denote the left and right bounds of an a-interval: [Z], = [z, 22]. The values z,

and 2] are called the left and right a-indices of a fuzzy number, respectively.
The a-indices of a fuzzy number Z € J has the following properties:
1) z; <zt Vael0,1].
2) The function z,, is bounded, nondecreasing, left-continuous on (0, 1] and right-continuous at 0.
3) The function 2 is bounded, nonincreasing, left-continuous on (0, 1] and right-continuous at 0.

Conversely, a pair of functions on the interval [0, 1] with properties 1-3 defines a fuzzy number

whose a-interval has the form [z, z1].

The sum of fuzzy numbers with indices 2z, 2z} and u,, u} is understood as a fuzzy number ¢

with the a-level intervals [z, +u,, 2z} +ul]. Multiplication by a positive number c is characterized

by the a-level intervals [cz, , cz]]; multiplication by a negative number ¢, by the a-level intervals
[cz}, cz; . Equality for fuzzy numbers is understood as equality for all the corresponding a-indices

Vo € [0,1]. A real number r is treated as a fuzzy number whose a-indices coincide with r Vo € [0, 1].
According to [26], the mean value (fuzzy mean) of a fuzzy number # with a-indices 2z is the

real number )
1 / N
=3 z 2g
0

As is known [24], the modal value (mode) of a fuzzy number Z is a value zps,q for which
1(2a104) = 1. For unimodal fuzzy numbers Z, i.e., those having a unique modal value, the right and
left widths are sometimes considered (for example, see [27, p. 11]):

1 1

(rz)i :/(2’;r _ZMod) do, (rz)r :/(ZMod —Z;)d&.

0 0

We define the half-range of a fuzzy number Z(¢) (fuzzy half-range) as the real number
1
0/

This definition does not require knowledge of the modal value of a fuzzy number and is natural,
as a generalization of the concept of radius in interval analysis. Note that r; = % ((rz);+ (rz)y) .

N)lH

Ezample 1. Consider a fuzzy triangular number Z characterized by a real-valued triple (a, b, c)
with a < b < ¢ defining the membership function

r—a

— if x € [a, b
pz(x) = "Z_c if x € [b, ]
—c

0 otherwise.

In this case, the left and right bounds of the a-interval have the form z; = (b —a)+ a and
zt = —(c —b) + ¢, respectively.

As is easily verified, the mean m;: of this triangular number is mz = 2(2b+a + ¢), and its
half-range 7z is 7z = (c — a).

Below, we will use the Hausdorff distance (metric), deﬁned for fuzzy numbers Z and 4 as [28]
d(Z,1) = supgcaeg max{|zy —ug|, |25 —ul|}. Here, 2= and ul are the a-indices of the fuzzy
numbers Z and u, respectively.
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ON THE RELATIONSHIP BETWEEN THE AVERAGE CHARACTERISTICS 599

Consider a fixed interval [0,7] on the real axis. A mapping z : [0,7] — J will be called a fuzzy-
valued function.

Let a fuzzy-valued function Z(t), ¢t € [0,T], be characterized by a membership function pz(x,t).
For a fixed number « € (0, 1], consider the a-interval [Z],(t) = {x € R : pz(x,t) > a} and zp(a) =
c{x € R: pz(z,t) > 0}. We denote by 2, (t) and z (¢) the left and right bounds of the a-interval,
respectively: [Z]o(t) = [z (), 23 (2)].

The continuity of a function Z(¢) in ¢ will be understood in the Hausdorff metric, and its bounded-
ness as the existence of a constant C' > 0 such that d((t), ) = SUpg<a<1 Mmax{|zy (), |zd (¢)]} < C
(Vt € [0,T)), where 0 is a fuzzy number with the a-indices 6 = 0 Y € [0,1], and d means the
Hausdorff metric.

Remark 1. The sum of Hausdorff-continuous fuzzy-valued functions and the product of a fuzzy-
valued function by a real number are continuous in the Hausdorff metric.

Remark 2. The indices 2z, (t) and z (¢) of a continuous fuzzy-valued function Z(t) are continuous
in ¢ for any o € [0, 1]. Moreover, if Z(¢) is bounded for ¢ € [0, T, then 2 (¢) is bounded in ¢ € [0, T]
for any « € [0,1].

The (Riemann) integral of a continuous fuzzy-valued function Z(¢) over an interval [0,7] is
defined [29] as the fuzzy number § with the a-level intervals g, = fOT 2o(t) dt for any « € [0, 1]. The
integral is denoted by f(;[ Z(t)dt.

In view of Remark 2, for a continuous function 2 : [0,7] — J, we have the interval representa-
tiom [ f; z(t)dt]a = [ 22 @yt J = (1)t [29].

Recall the definition of the Seikkala derivative of a fuzzy-valued function.

A fuzzy-valued function Z : [0,T] — J is said to be Seikkala-differentiable (or S-differentiable) at
a point t € (0,T) [3] if its a-indices 2, (t) and 2] (t) are differentiable and their derivatives (2 ) (t)
and (z})(t) Va € [0,1] induce a fuzzy number with the a-interval [Z/(t)]o = [(25,) (1), (z3) (t)].

For example, a fuzzy-valued function Z(t) = g(t)7, where g(t) is a scalar differentiable func-
tion and 7 € J is a given fuzzy number, will be S-differentiable at a point ¢t under the condition
g(t)g'(t) = 0 [5].

Remark 3. By definition, the fuzzy S-derivative is additive and positively homogeneous. That
is, for fuzzy-valued S-differentiable functions Z(t) and w(t), we have (2(t) + w(t)) = 2'(t) + @' (¢)
and (cz(t))" = cZ'(t) for any real constant ¢ > 0. Moreover, [(2(t) +@w(t))]Z = (2)'(t) + (wk)'(t)
and [(c2(t))']3 = c(=a)'(1)-

The second S-derivative Z”(t) at a point ¢t € (0,7) is defined as the S-derivative of the first
one, i.e., as the fuzzy number z”(t) having the left a-index (2, )”(¢) and the right a-index (z})”(t)
Vo e [0,1].

The definitions of higher-order S-derivatives are introduced by analogy.

Generalized derivatives of fuzzy-valued functions will be defined and used in Section 4.

3. THE INITIAL VALUE PROBLEM FOR LINEAR DIFFERENTIAL EQUATIONS
WITH A FUZZY-VALUED INHOMOGENEITY AND FUZZY INITIAL CONDITIONS

For a linear inhomogeneous fuzzy differential equation on an interval [0, 7], consider the initial
value problem

G +pr@F V@) + -+ pa(W)F) = (1) (t € (0,T)), (1)
g0y =a; (j=0,...,n—1) (2)
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600 KHATSKEVICH

with variable real continuous coefficients p;(t) (i = 1,...,n), a Hausdorff-continuous fuzzy-valued
function f : [0,T] — J, and fuzzy initial conditions a; (7=0,...,n—1).

We call an n-times continuously S-differentiable fuzzy-valued function g(¢) satisfying (1) and (2)
a strong solution of problem (1), (2).

Let yX(t), ff(t) Vt € [0,T] and (a;)Z (j = 0,...,n—1) denote the a-indices of j(t), f(t), and aj,
respectively. Then, according to the definition and properties of S-derivatives, problem (1), (2)
Va € [0, 1] has the interval representation

W)™, @™+ 01 [ ™D, @) "D+ pa ) [y v = e O, fF ()] (k€ (0, 7)), (3)
(W) (0), wHPO)] = [(a))a (a)3] (G =0,...,n=1). (4)

Note that fF(t) (the a-indices of the continuous fuzzy-valued function f(t)) are, continuous
real-valued functions of t Va € [0, 1] (see Remark 2).

We call a Hausdorff-continuous fuzzy-valued function ¢ : [0,7] — J with the a-indices satisfy-
ing (3), (4) an ultraweak solution of problem (1), (2) [17, 18].

The following result is immediate from the above definitions.

Lemma 1. Let the coefficients p;(t) (t € [0,T]; i =1,...,n) of equation (1) be continuous real-
valued functions, and let the fuzzy-valued function f:[0,T] — J be continuous in the Hausdorff
metric. Then a strong solution of problem (1), (2) is an ultraweak solution.

An ultraweak solution is strong only under the additional assumption of the existence and
continuity of all its fuzzy derivatives appearing in equation (1).

According to demonstrative examples [6, 16], the solutions yZ (¢) of problem (3), (4) may fail to
define fuzzy numbers for some (or all) values of ¢, i.e., at least one of conditions 1-3 of Section 2
is violated for them. On the other hand, even if yZ () define a fuzzy-valued function, it may be
non-differentiable. In this connection, the fuzzy-valued solutions of problem (1), (2) were classified
by the author into strong, weak, and ultraweak [17, 18]. Here, a weak solution is understood as an
ultraweak one that additionally satisfies the integral equation corresponding to problem (1), (2).
Weak solutions are not considered in this paper.

Lemma 2. Under the hypotheses of Lemma 1, let Vit € [0,T] p;(t) >0 (i =1,...,n). Then the
following problems hold for the a-indices yZ(t) of the strong solution §(t) Vo € [0,1] :

—for the right indices,
W™ ®) +prO W)@ + - + oWyt (1) = L) (€ (0,T]), (5)
W 90) = ()5, j=0,....n—1; (6)
—for the left indices,
W)™ (@) + 1) (wa) "V (@) + -+ pa(t)ya () = £ (£) (¢t € (0,T)), (7)
()Y(0) = (aj)a, §=0,...,n—1. (8)

This fact follows from the linearity of equation (1), the properties of arithmetic operations
on fuzzy numbers in interval form, and the additivity and positive homogeneity of derivatives
(Remark 3).

Thus, in the case of nonnegative coefficients p;(t) (i = 1,...,n) of equation (1), for all ¢t € [0, T]
the a-indices of an ultraweak solution g : [0, 7] — J of problem (1), (2) satisfy the relations (5), (6)
and (7), (8), respectively. That is, the system for the a-indices splits into two independent problems
for the right and left indices, respectively.
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my(t) + ry(t)

m(1)

m;(t) - r;(t)

Fig. 1. The geometric interpretation of the mean and half-range of solutions.

Note that according to [30, Ch. 3], under the hypotheses of Lemma 2, for all « € [0, 1] there
exist unique solutions of the linear problems (5), (6) and (7), (8).

We denote by

L\’)I»—l

mg(t) = 5 [0+ v @)da, 730 = 5 [WEO) - 5 (0)da o)
0 0

the mean and half-range of an ultraweak solution g(t) of problem (3), (4) for all ¢ € (0,7]. By
definition, for any ¢ € (0,7] and « € [0,1], an ultraweak solution of problem (1), (2) is associated
with the a-interval [§(t)]o = [y, (t),yZ (t)]. Consider the interval [fol ya (t)da, [y y;f(t)da} . Any
element y(t),t € (0,7}, of this interval lies in a band (Fig. 1).

Let us investigate the relationship between the numerical average characteristics of a fuzzy-
valued inhomogeneity at the input of a linear fuzzy system and those of the fuzzy-valued function
at its output, i.e., the corresponding characteristics of an ultraweak fuzzy-valued solution of prob-
lem (1), (2).

Also, we introduce

wl»—t
l\DlH

1 1
=5 GO+ fow)das rp0) = 5 [ (G0 = f7(0) da (10)
0 0

representing the mean and half-range, respectively, of the inhomogeneity f (t) of equation (1) for
all t € (0,T].

Theorem 1. Under the hypotheses of Lemma 1, the mean my(t) (9) of an ultraweak solution (t)
of problem (1), (2) satisfies the equation

(mg)™ (&) +p1()(mg) "V () + - + pu(tymy(t) = ms(t) (¢ € (0,T]), (11)

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 7 2026



602 KHATSKEVICH

where m};(t) is given by formula (10). Moreover, the following initial conditions hold:

(1) (0) = mz, = 5 ( [ (@it + (a)a) da) (G=0,.n—1) (12
0

Proof. First, assume that all coefficients of equation (1) are p;(t) >0 (i =1,...,n), YVt € [0,T].
Consider the arithmetic average Ag(a,t) = 3(yd (t) + y (t)). We sum the left and right-hand sides
of equalities (5), (7) and divide the resulting relation by 2. Due to the linearity of equations (5), (7),
the real-valued function Aj;(a,t) Vo € [0,1],t € (0,T] satisfies the real differential equation

(A" (0,) + pr (A" (a0 1) -+ pal®) gl t) = S () + fa (1),

In view of the interchangeability of integration with respect to a and differentiation with respect
to ¢ for mg(t), we integrate both sides of this equation with respect to o from 0 to 1 to obtain the
differential equation (11).

Concerning the initial conditions, note that according to (6), (8),
: 1 B .
(Aglast)V|_ = S(a)d +(a)a) (G=0,..n—1);
consequently, conditions (12) are valid.

Now we analyze the case where some (or all) coefficients of equation (1) are negative. For exam-
ple, suppose that p;(t) < 0 for some i at some point ¢ € (0,T]. For the sake of definiteness, let the
other coefficients be nonnegative. With p;(t) = —¢;(t), based on the relation (3), the corresponding
expression can be written as

pil®) [wa) ", )] = @) (=5 ", ) (—p) "] = @) [~y (—ua) 7]
Therefore, the equations for the right and left a-indices become

)™ + o1 )Y 4+ i (—y) T+ pa(tyd = () (13)

and

W)™ + P Oa) " @y D) e pa(Dyn = fa (8), (14)
respectively, where ¢ € (0,7].

We sum both sides of equalities (13) and (14) and divide by 2. By integrating the resulting
relation with respect to « from 0 to 1 and using the designation p;(t) = —g;(t), we arrive at
equation (11) for the mean my(t).

Next, it is necessary to study the relationship between the half-range r z(¢) (10) of the inhomo-
geneity and the half-range (9) of an ultraweak solution () of equation (1), (2).

Theorem 2. Under the hypotheses of Lemma 1, the half-range r3(t) (9) of an ultraweak solu-
tion §(t) of problem (1), (2) satisfies the equation

2 () + 1 ()" V(@) + -+ ()| (E) 4 -+ [pa (D)2 (t) = 7 (), (15)

where t € (0,T], and the right-hand side r};(t) is given by (10). Moreover, the following initial
conditions hold:

1
(rg)(j)(()) =7 =3 (/ ((aj);t —(a5)a) da) (j=0,....,n—1). (16)

0
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Proof. First, consider the case of nonnegative coefficients p;(t) (i =1,...,n). By subtract-
ing equality (7) from equality (5), due to the linear equations for the half-difference Rj(c,t) =
2(yd (t) — y4 (1)), we obtain for all & € [0,1] and ¢ € (0,7 the real equation

()™ (0,0) + pr(0)(Re)" e t) +- + puld)Rylat) = (750~ fa (1) (17)
with the initial conditions
(Rylo, 1P| _ = 3 (@) —(a)z)  (G=0.....n 1), (18)

Integrating both sides of equation (17) with respect to a from 0 to 1 yields the following real
equation for the half-range ry(t) :

(rg) ™ (&) + pr()(rg) "V (1) + -+ pa(B)r(8) = r4(8), ¢ € (0, T]. (19)
In the case of nonnegative coefficients p;(¢), equation (19) coincides with (13).

Moreover, the initial conditions (16) are valid by virtue of (18).

Considering the case of half-ranges, let p;(t) < 0 for some ¢ at some point ¢ € (0,7, provided
that the other coefficients are nonnegative. By subtracting equality (14) from equality (13) and
integrating both sides of the resulting relation with respect to « from 0 to 1, we establish the
relation

2OE) + pr(Oa V() + o+ (pi(0)2 ) + o+ pa(0)2(t) = (1)
for the half-ranges (10), where ¢ € (0, 7).

Consequently, in the equation for the half-range, there is a minus sign at the negative coefficient

of the original equation. Hence, this coefficient becomes positive. Since p;(t) can take both positive

and negative values at different points ¢ € (0,7], equation (15) generally holds with the initial
conditions (16).

Note that if an ultraweak solution 7(t) of problem (1), (2) exists, its a-indices y(t) for any
t € (0,T] will satisfy conditions 1-3 of fuzzy numbers (see Section 2), in particular, y, (¢) < yt (¢).
Consequently, the half-range (9) of the fuzzy-valued function g(¢) is nonnegative. If the solution of
problem (15), (16) is a function with negative values at some points, then §(¢) is not an ultraweak
solution at such points. (In other words, an ultraweak solution does not exist.)

4. THE CASE OF GENERALIZED DERIVATIVES

In recent decades, researchers have actively been using generalized derivatives of fuzzy-valued
functions [5-8, 14-16]. Let us formulate the corresponding definition [5].

A set C = A © B is called the Hukuhara difference of sets A and Bif A =B+ C.

Definition [5]. Let f : (0,7) — J and to € (0,T). A fuzzy-valued function f is said to be strongly
generalized differentiable at a point to if there exists an element f'(ty) € J such that either

1) for all sufficiently small 2 > 0, there exist f(to 4+ h) & f(to), f(to) © f(to — h), and the limits
(in the Hausdorff metric d)

lim flto+h) S f(to) _ lim

h—0t h—0t

or

2) for all sufficiently small h > 0, there exist f(tg) © f(to+ h), f(to —h) © f(to), and the limits
(in the metric d)

flto—h)e flto) _ -

f(to) © f(to + h) — lte).

I — i
hso+ (—h) B0+ (—h)
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604 KHATSKEVICH

In case (1), one speaks of the generalized (1)-differentiability of f at tg, denoting the derivative
by Dil) f (to). In case (2), one speaks of the generalized (2)-differentiability of f at to, denoting the
derivative by Dél) f (to). As usual, generalized differentiability on an interval is understood as the
same property at each point of the interval.

Let a function f: (0,7)— J Y a € [0, 1] be associated with the a-intervals [f]q(t) = [f (¢), £ (2)]-
Note that by the definition of a Hukuhara difference, the expression f(to+ h) & f(ty) is asso-
ciated with the a-interval [f(to:i— h) & f(toj]a = [fy (to +h) — f (to), f(to+h) — f(to)]. The
assumption of the existence of f(tg + h) © f(t9) means that these a-intervals induce a fuzzy num-
ber, i.e., conditions 1-3 of the a-indices are valid (see Section 2).

Lemma 3 [15]. Let a fuzzy-valued function f : (0,T) — J be generalized (1)-differentiable. Then
its derivative D%l)f(t) Va € [0, 1] is associated with the a-interval [D%l)f(t)]a =[(f5) @), (f) ()]
Let a fuzzy-valued function f:(0,T) — J be generalized (2)-differentiable. Then its derivative
Dél)f(t) Va € [0,1] is associated with the a-interval [D;l)f(t)]a = [(f)'@®), (f;) @)

According to Lemma 3, we arrive at the following.

Corollary 1. The generalized (1)-differentiability of a fuzzy-valued function f: (0, T) — J im-
plies its Seikkala differentiability on (0,T).

A fuzzy-valued function f:(0,T) — J is said to be twice generalized (n,m)-differentiable
(for n,m =1,2) at a point ty if the first generalized derivative of type n, DS) f (t), exists in a
neighborhood of ¢y as a fuzzy-valued function, and it is generalized m-differentiable at ty. This fact
will be denoted by Dq(fzn f (to). Higher-order generalized derivatives are defined by analogy.

Due to Lemma 3, we have another result.

Corollary 2. Let a fuzzy-valued function f:(0,T)—.J be characterized by a-intervals [f5 (t), £ (t)].
y fuzzy f f:(0,T) y [fa (), fa

1. If f(t) is a twice generalized (1,1)-differentiable fuzzy-valued function on (0,T), then
[Dﬁ f(t)]a = [(f)" @), (f)"(t)] for its second derivative Dﬂf(t)

2. If f(t is a twice generalized (1,2)-differentiable fuzzy-valued function on (0,T), then
DX (e = [(F) (1), (f2)" ()] for its second derivative D\ f(t).

3. If f(t) is a twice generalized (2,1)-differentiable fuzzy-valued function on (0,T), then
[DS) F()a = [(F) (1), (f2)" ()] for its second derivative DS f(2).

4. If f(t) is a twice generalized (2,2)-differentiable fuzzy-valued function on (0,T), then
[DS) F(O]a = [(f2)"(t), (F1)" ()] for its second derivative D53 f(t).

Now consider the situation where the derivatives of a fuzzy-valued solution of problem (1), (2)

are generalized derivatives of the first or second type. Further analysis deals with a second-order
fuzzy differential equation of the form

7'(t) + (DT (1) + p2(8)3(t) = f(£) (¢ € (0,T)) (20)

with continuous real coefficients p1,ps : [0,7] — R, a Hausdorff-continuous fuzzy-valued function
f(t) :[0,T] — J, and the initial conditions

goy=a, jyt)=>b (a,beJ). (21)

Note that in this context, four types of equations for the a-indices are possible, corresponding
to the types of first and second generalized derivatives.

The following result is immediate from Lemma 3 and Corollary 2.
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Lemma 4. Let the coefficients p1,p2:[0,T] — R be continuous real functions nonnegative
on [0,T), and let the fuzzy-valued function f(t):[0,T] — J be continuous in the Hausdorff met-
ric. Then, depending on the type of the generalized differentiability of a fuzzy-valued solution g(t)
of equation (20), the a-indices satisfy the following equations:

—in the case of generalized (1, 1)-differentiability, the equations

(Wa)"(t) + p1(yd) () + p2ya () = [ () (t € (0,T]), (22)
(¥a)"(t) +p1(ya ) (t) + p2ya (t) = fo (t) (¢ € (0,T7]); (23)

—in the case of the generalized (1,2)-differentiability, the equations

(¥a)" () + p1()(a) (t) + p2(t)ya (t) = fa (t) (¢ € (0,T]), (24)
(¥a)" (&) +p1()(ya) (8) + p2()ya () = fo (1) (t € (0, T)); (25)

—in the case of the generalized (2,1)-differentiability, the equations

(¥a)" (&) +p1()(ya) (8) + P2y () = fa (1) (t € (0, T1), (26)
(Wa)" () + p1(®)(ya) (8) + p2(t)ya (t) = fo (1) (t € (0,T]); (27)

—finally, in the case of the generalized (2,2)-differentiability, the equations

(Wa)" (1) + p1(t) (e ) (&) +p2(B)ya (t) = fa (t) (¢ € (0, TY)), (28)
Wa)" (1) + 1) (ya ) (8) +p2()ya (t) = fo (1) (¢ € (0, TY)). (29)

Moreover, the following initial conditions corresponding to (21) are valid:
—in the case of the (1)-differentiability of §(t),

Yar (0) = ag, (y2)'(0) = bg; (30)

—in the case of the (2)-differentiability of y(t),
va (0) = ag. (y2)'(0) = b (31)
A fuzzy-valued function whose a-indices satisfy equations (22), (23), and (30) will be called
a (1,1)-ultraweak solution of problem (20), (21); one satisfying equations (24), (25), and (30),
a (1,2)-ultraweak solution of problem (20), (21); one satisfying equations (26), (27), and (31),
a (2,1)-ultraweak solution of problem (20), (21); finally, one satisfying equations (28), (29), and (31),

a (2,2)-ultraweak solution of problem (20), (21).
The following result is true.

Theorem 3. Under the hypotheses of Lemma 4, regardless of the types of ultraweak solutions of
problem (20), (21), the mean (9) satisfies the same equation

mg(t) + pr(£)my () + p2(t)my(t) = ms(t) (¢ € (0,T1) (32)

with the initial conditions

(bF + b, )da. (33)
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Indeed, in each case of (n, m)-ultraweak solutions of problem (20), (21) for n,m = 1,2, we sum
the corresponding equalities for the right and left a-indices and divide the resulting relation by 2.
By integrating both sides of the latter with respect to « from 0 to 1, we obtain equation (32) for
the mean my(t).

Concerning the initial conditions, note that:

1. In the case of the (1)-differentiability of y(¢), formulas (12) and (30) imply (33).

2. In the case of the (2)-differentiability of §(¢), formulas (12) and (31) imply (33).

Remark 4. Theorem 3 remains valid if the coefficients p;(t) of equation (20) have arbitrary signs.
For half-ranges, the following result is true.

Proposition 1. Under the hypotheses of Lemma 4, depending on the type of a generalized ultra-
weak solution §(t) of equation (20), its half-ranges (9) satisfy the following equations:

—in the case of a generalized (1,1)-ultraweak solution, the equation r(t)+ p1(t)ry(t) +
pa(t)ryg(t) = r(t) (¢t € (0,T));

—in the case of a generalized (1,2)-ultraweak solution, the equation —ry(t)+ p1(t)r(t) +
pa(t)ryg(t) = r(t) (¢t € (0,T));

—in the case of a generalized (2,1)-ultraweak solution, the equation —rj(t) — p1(t)ry(t)+
p2(t)rg(t) = r(t) (t € (0,T]);

—finally, in the case of a generalized (2,2)-ultraweak solution, the equation 73 (t) — p1(t)r5(t) +
p2(t)ry(t) = r(t) (¢ € (0,T7).

This proposition is obtained by subtracting the corresponding equations for the right and left
indices.

In this case, the initial conditions have the form r3(0) = rz = % fol(a,;r — ag )da and r5(0) =
r; = % Jo (0 — by)da in the case of the generalized (1)-differentiability of the solution, or the
second condition is replaced by r;(0) = —rj in the case of the generalized (2)-differentiability of the
solution.

5. TRANSFORMATION OF A FUZZY SIGNAL BY A SERIES RESONANT CIRCUIT

Let us pose the following problem: find the response of a radio circuit (Fig. 2) to an input fuzzy
signal g(t).

Here, L is the inductance, C' is the capacitance, and R is the resistance; g(t) is treated as
a voltage source; finally, Z(¢) is the voltage taken across the resistance. This circuit is called a
series resonant circuit. With §(t) = %Z(t), the circuit is described (e.g.,see [31]) by a second-order

g(1) R 2D

Cc

Fig. 2. Series resonant circuit.
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differential equation with constant coefficients for the currents g(t) of the form
aoy (t) + a1/ (t) + a2g(t) = §'(t),
ap=L>0, ai =R >0, a2:é>0 (t € (0,77),

where g : [0,7] — J is a continuously differentiable (in the Seikkala sense) fuzzy-valued input signal.

(34)

Assume that at the initial instant, the system has the state

g0y =a, F(0)=b, (35)
where a,b € J are fuzzy numbers.

By dividing (34) by ag > 0, we obtain the equation

J'(t) + prdl (1) + p2ii(t) = f(t) (¢t € (0,T]),
R 1 1, (36)
za P2 ‘= ﬁ’ f(t) = Zg (t)

Proposition 2. Let the real coefficients p1 and py be positive, and let the fuzzy-valued function
f: [0,T] — J be continuous in the Hausdorff metric. Let the roots of the characteristic equation
A2+ A+ pa = 0 be real, distinct, and negative, equal to —X\1 and —\a, where A\ > Ay > 0. Then
there exists a unique (1,1)-ultraweak solution of problem (35), (36) of the form

p1 =

t

(0) = @a(t) + b (0) + [ K (¢ 5)f(s)ds. (37)
0

where the functions v;(t) and 7;(t) are given by

1
RS EDY

1
Va(t) (Aae™ = doe™), () = (7 — e, (38)

_)\2

and

1
K(t—s) = ———(e 279 — = ll=9)y (39)
AL — Ao
is the Cauchy function.
Indeed, under the hypotheses of Proposition 2, the a-indices of an (1,1)-ultraweak solution of
problem (35), (36) satisfy the equations

(ya)"(t) +p1(ya)' (8) + paya () = fa (1) (¢ € (0, 7)) (40)

with the initial conditions
yE(0) =aZ, (y2)'(0) =0b:. (41)

The solution of problem (40), (41) for all & € [0,1] can be represented as the sum yZ(t) =
xE(t) + 25 (t), where x£(t) is the solution of the corresponding homogeneous differential equation
()" (t) 4+ pr () (t) + pexE (t) = 0 with the initial conditions £ (0) = a and (zX)(0) = bE, and

«

zE (t) is the solution of the inhomogeneous differential equation (z2)”(t) 4+ p1(22) (t) + pezt(t) =

«

fE(t) with the zero initial conditions zZ(0) = 0 and (2F)(0) = 0. Obviously, z£(t) = aZ~z(t) +
bE~;(t), and zE(t) can be expressed via the Cauchy function [30, Ch. 3] as

) = [ Kt -9 fE)ds
0

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 7 2026



608 KHATSKEVICH

By definition, the Cauchy function K (¢ — s) here is the solution of the real problem z”(t)+pi 2’ (t)+
pox(t) = 0 with x(s) = 0 and z'(s) = 1. This function is given by equality (39). Then we have the
formula
t
VE(D) = () + b (0) + [ Kt~ )£ (s)ds. (42

0

Note that the real functions v;(t) and 7;(¢) (28) in the representation (42) are continuous
and positive for ¢ > 0. Furthermore, the Cauchy function (39) is continuous and nonnegative for
t > s. Therefore, the functions y=(t) (42) satisfy conditions 1-3 on the a-indices of fuzzy numbers
(Section 2) for all t € [0,7T]. Hence, they define the fuzzy-valued function (37). According to the
hypotheses of Proposition 2, based on formula (42) and the definition of the Hausdorff metric, the
fuzzy-valued function (37) is continuous. And we conclude that (37) is a (1, 1)-ultraweak solution
of problem (35), (36).

The uniqueness of the (1, 1)-ultraweak solution of problem (35), (36) follows from the uniqueness
of the solutions of problems (40), (41) for all a € [0, 1].

Suppose that only the average characteristics are known for the inhomogeneity f (t) of equa-
tion (36) and the initial conditions @ and b in (35). The following result is true.

Proposition 3. Under the hypotheses of Proposition 2, the average characteristics mg(t)
and r5(t) of a fuzzy-valued solution of problem (35), (36) are expressed through the average char-
acteristics mg, my, my and rg, T3, T respectively, by the formulas

¢
mg(t) = mava(t) +myy;(t) + /K (t = s)mg(s)ds, (43)
0
t
r5(t) = rava(t) + ryv;(t) + /K (t — s)rz(s)ds, (44)
0

where v5(t) and v;(t) are given by (38), and K(t — s) is given by (39).

Indeed, let us take the mean mg(t). Due to (40), (41), similar to Theorem 3, the mean my(t) is
the solution of the equation

mg () + prmy(t) + pamy(t) = ms(t) (¢ € (0,T]) (45)

with the initial conditions

N —

/ (bf + b, (46)
0

1

_1 / —

mg(0 :5/0, + a, mg =
0

By analogy with the considerations of Proposition 2, we arrive at formula (43).
According to Proposition 1, the half-range 75(t) satisfies the equation

ry(8) + prrg(t) + parg(t) = rp(t) (¢ € (0,7]) (47)

with the initial conditions
1
/ a (48)
0
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And formula (44) is immediate.
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Note that by definition, the function r;(t) is nonnegative. In fact, this follows from formula (44)
due to the nonnegativity of, first, the numbers r5 and r;, second, the functions 5 (t) and ~;(¢)Vt > 0,
and, third, the functions r#(s)vs > 0 and K(t — s)Vt > s > 0.

Consider the case of an infinite interval [0, c0) of the real axis.

Proposition 4. Under the hypotheses of Proposition 2, assume also that the right-hand side

of equation (36), f :[0,00) = J, is continuous and bounded in the Hausdorff metric. Then the
means (43) and (44) are bounded for t € [0, 00).

Indeed, let us estimate, e.g., the absolute value |mg(t)| based on formula (33). Tak-
ing into account (28), the first term on the right-hand side of (43) can be estimated as
?1/\2[|ma|()\1 — X2) +2|m;|]. To estimate the second term, we make the change of variables
t — s = o in the integral; then [j K (¢ — s)m(s)ds = I K(o)m(t — o)do. By assumption and Re-
mark 2, there exists a constant ¢ such that [m(s)| < ¢;Vs > 0. Then, due to formula (39),

t

¢

s

(s B f
go/\K(a)Hmf(t J)\dagcfo/]K(U)]dag N

/K(J)mf(t —o)do

And the desired statement for mg(t) follows immediately. The considerations for rj(t) are
analogous.

Remark 5. Under the hypotheses of Proposition 4, the solution (43) of equation (45), as well
as the solution (44) of equation (47), are Lyapunov stable (with respect to the initial conditions)
according to [32, Ch. II]. Moreover, they are asymptotically stable, and stability holds under
persistent excitation [32, Ch. IIJ.

Physically, stability is conditioned by the fact that the series resonant circuit with the positive
coefficients p; and po induces a passive (causal) dynamic system [31].

It should be emphasized that Propositions 2-4 and Remark 5 actually deal with the case of a
(1,1)-generalized ultraweak solution of problem (35), (36).

Let us turn to the case of generalized ultraweak solutions of other types in problem (35), (36). For
the sake of definiteness, we take a (1,2)-ultraweak twice-generalized solution of problem (35), (36).
In this case, the mean mg(t) is a solution of problem (32), (33) (Theorem 3). Consequently, it has
the form (43). The other types of ultraweak generalized solutions are considered by analogy.

Concerning the half-range 75(t), note that in the case of a (1,1)-ultraweak solution of prob-
lem (47), (48), the function (44) yields a bounded solution as ¢ — 400, which is Lyapunov stable.

For example, in the case of a (1,2)-ultraweak solution of problem (35), (36), the equation for r4(t)
has the form rj(t) — p1rj(t) — parg(t) = r;(t) (Proposition 1). For the corresponding characteristic
equation A> — py A — po = 0, by Vieta’s theorem, the roots are real and of opposite signs. This means
instability (i.e., physical unrealizability) of the corresponding solution. Other cases are analyzed
by analogy. The situation would differ if the original system were replaced, e.g., by a system with
feedback or a signal amplification system.

Consider now an important special case of equation (36), i.e., the harmonic oscillator equation
(no resistance in the oscillatory circuit, see Fig. 2). We have the following fuzzy differential equation:

7' (1) +wy(t) = f(2). (49)

Here, w > 0 is a constant determining the oscillation frequency of the solutions of the homogeneous
equation

Yy (t) + wy(t) = 0. (50)
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As is known, the general solution of the homogeneous equation (50) has the form ¢; coswt +
cosinwt, where c1, co are arbitrary constants. In this case, the Cauchy function is given by
K(t —s) = Lsinw(t — s). Then, similar to Proposition 3, the average characteristics mg(t) and ry(t)
of problem (49), (35) have the form

1
mg(t) = mg cos wt + mj sin wt + " /sinw(t — s)mz(s) ds,

S

0

¢
rg(t) = rg coswt + 1y sinwt + /sin w(t — s)rp(s)ds
0

(with the same designations as in Proposition 3).

6. CONCLUSIONS

In the theory of fuzzy numbers, a widespread method is to estimate fuzzy numbers by real
numbers (defuzzification) or by real intervals. In this paper, we have solved the following problem:
from an estimate of a fuzzy signal at the input of a linear dynamic system, find the corresponding
estimate of the fuzzy signal at its output.

The main estimation parameters have been the fuzzy mean and the fuzzy half-range. We em-
phasize a fundamental fact established above, i.e., the universal role of the fuzzy mean my (9)
(Theorem 3), which is the same for various types of generalized derivatives of the differential prob-
lem describing a given dynamic system. This holds despite the various equations for the a-indices
for various differentiability types.

The results of this work can be further developed in the following directions: consideration of the
relationship between the modal values of fuzzy signals at the input and output of a linear dynamic
system, and elaboration of an interval approach to estimating input and output fuzzy signals.
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