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Abstract—The concept of basic systems as systems with a transfer function in the form of an in-
verse characteristic polynomial of the system is introduced. For these basic systems, we obtain
spectral decompositions of energy-based stability metrics from their state-space representations
in canonical forms, including Jordan, modal, controllability, and observability. We present ex-
plicit formulas for the spectral decomposition of the squared Hs-norm, specifically for the case
where the transfer function possesses repeated poles. Furthermore, we develop efficient recur-
sive algorithms to compute the spectral decompositions of the inverse matrices of gramians of
continuous dynamical systems based on the repeated spectra of the original dynamics matri-
ces. Spectral decompositions of energy stability metrics are obtained in the form of spectral
decomposition of the square Hs-norm of the transfer function of the base system for the case
of its simple and multiple roots. A new approach to analyzing the stability of linear systems
based on an enhanced Routh-Hurwitz stability criterion is proposed, which includes forming
Routh tables and Xiao matrices, computing the spectrum of the dynamics matrix, comput-
ing spectral decompositions of energy-based metrics, and jointly applying the Routh—-Hurwitz
stability criterion and the criterion of boundedness of energy-based stability metrics of basic
systems. Finally, we conclude with practical recommendations for applying these theoretical
and algorithmic results in systems analysis and design.
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1. INTRODUCTION

It is well known that gramians are solutions to Sylvester and Lyapunov equations, which are
the subject of a vast number of scientific publications [1-4]. These algebraic and differential ma-
trix equations also play a fundamental role in control theory. In recent years, interest has grown
in developing methods for computing various energy-related metrics to analyze the stability and
degree of controllability, reachability, and observability of such systems. The initial spectral decom-
positions of gramians for linear continuous and discrete systems with simple spectra were derived
in [1]. This work employed the spectral decomposition of the integral representation of solutions
to Lyapunov or Sylvester equations to achieve this result. Furthermore, it pioneered the analysis
of the temporal characteristics of gramians in controllability canonical forms, examining the role
of eigenvectors and the kernels of Cauchy matrices in synthesizing optimal low-order dynamical
models. Subsequently, a series of studies [5-12] proposed energy-based metrics for assessing the
stability and reachability of both stable and unstable linear systems. In control theory practice,
the gramian method as an approach to solving Lyapunov and Sylvester differential equations is
applied to a range of practical problems, including:

e Optimal placement of sensors and actuators [7, 10-13];
e Simplification of linear and bilinear control system models using energy metrics [1-3];
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ENERGY STABILITY METRICS OF LINEAR CONTINUOUS SYSTEMS 315

e Analysis and synthesis of modal control systems [13-15, 17];

e Analysis of the accuracy of control systems under random disturbances [2, 4];

e Condition monitoring and technical diagnostics based on the identification of energy balance

anomalies [13, 16, 18].

The gramian method provides both qualitative and quantitative evaluation of the energy local-
ized in weakly damped oscillatory modes. Furthermore, the resonant interaction between closely
spaced vibrational modes within a dynamical system can be significantly enhanced. By transform-
ing the system’s state equations into controllability and observability canonical forms, it becomes
possible to extract invariant energy metrics that independent of coordinate transformations. The
structural aspects of controllability and observability in relation to gramian computation and analy-
sis are explored in studies [19, 20]. An important problem of optimal sensor and actuator placement
based on various energy functionals, including invariant ellipsoids, is considered in [4, 7].

2. PROBLEM STATEMENT
Consider a stationary MIMO LTI dynamic system of the form

z(t) = Az(t) + Bu(t),z(0) = 0,y(t) = Cx(t), (1)

where z(t) €R™ u(t) € R™, y(t) € R™. In case of SISO LTI systems u (t) € R,y (t) € R!. The Lya-
punov and Sylvester equations play an important role in control theory and the design of control
systems based on integral performance indicators, as well as in the synthesis of optimal systems
using state observers. Two types of Lyapunov equations are used to solve these problems

AP+ PAT = —,. (2)
AP+ PAT = =Y eje]. (3)
Jm

Equations of the first type arise in MIMO LTT systems defined by equations of state of the
general form (1). Equations of the second type arise in SISO LTI systems defined by equations of
state in modal canonical form and in canonical forms of controllability and observability. In modal
canonical form, we have the following expressions for the matrix Ay and vectors b, ¢

Ad:diag{sl sn},b:[l 1 ... 1}T,c:{r1 ro ... rn}T, (4)

7

where r; is residue of the transfer function at the pole “i.” For the base system we have
T
c:[1 1 ... 1} . (5)

In the canonical forms of controllability in this case the equations of state have the form

do(t) = APz (1) + bFu (1), 20 (0) = 0, (6)
ye (1) = e (1),
0 1 0 0
0 0 1 0 .
AF=10 0 o0 0 =00 ...01], (7)
0 0 0 1
—ap —aip —az ... —Qp-1

CF:[&) &1 ... &2 571—1}7
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316 YADYKIN

where &; is coefficient of the numerator polynomial of the transfer function

Cno1s" 1+ Fls+ &
"+ ap_18" T+ Fars+ag

W(s) =
For the base system we have

=110 00]. (8)
The classical criterion for the stability of continuous linear systems is based on solving equations
of the form (2), (3) with a modified right-hand side of the form —bb’. These matrices depend
on the similarity transformation matrices, so the controllability gramians and the expressions for
the squares of the Hy-norm of the transfer function obtained using the gramians are not invariant
under various transformations of the state space. This drawback can be avoided by using right-
hand sides of the form (2) or (3). We call these equations of the second type the basic Lyapunov

equations, and the corresponding state equations, in which the vector ¢! is chosen in the form
T

=10 .. 00 11

state correspond to a transfer function (TF)

} or ¢ = { , the basic equations of state. These equations of

1 1
s+ an 15" 14+ ... +as+ag  N(s)’

Whase (8) = (9)

where N (s) is characteristic polynomial of the system.

Definition 1 [5, 6]. Let us call a Xiao matrix a square matrix that has a zero-plaid structure of
the form

1 0 -y 0 u3
0 v 0 —-y3 O
| —y2 0 y3 O , .
Y = 0 —ys 0 yi€Ci=1,n. (10)
Y3 0 ... 0
L 0 yn |

The elements of this matrix are calculated using the formulas

0, if j+n=2k+1, k=1,...,n,
_ 1
y]n: yn - 2Yn,1’ o .
oy = 2=t ittt e g = 2k, k=1,...,n,0=1,....n — 1,

It is known that basic equations play an important role in studying the stability of linear systems.
Let us consider a differential equation of state of the form

y " (0) + apoay™ D () + . Faoy (1) = 5 (1),
y" ) =1, y"D0)=0, ..., y(0)=0,

where § (t) — ¢ is Dirac function. This equation corresponds to the transfer function of the base
system. It is proved that the controllability gramian for the system (11) has the form of a Xiao
matrix (10), in which the elements y; are calculated using the measured quantities y® (¢) [6]

yi = /OOO )] "t

These estimates have the physical meaning of measured energies of the states of the system, and
they can be calculated in various ways, including using state observers [19].

(11)

(12)
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Definition 2. The energy metric of the stability of the system (1) is the square of the Hy-norm
of its transfer function [10-12].

We will show that basic systems can be completely controllable if additional conditions are met.
The controllability matrix for the modal base system (4), (5) is a Vandermonde matrix, which is
a full rank matrix only if all eigenvalues of the dynamics matrix are distinct. The controllability
matrix for the base system (7), (8) is not singular. Therefore, the basic system (7), (8) is completely
controllable. The gramian controllability matrix for the base system (7), (8) in Xiao form has the
form [5]

3

—1 n—1

- sp. (—=s1)" }
z:: z:: z:: [Tz aozr (56— sx) [Tazy, (=sk — s2) Lttt (13)

n n—1ln—1

S el (14

k=1n=0 j=0
It follows that the matrices of the gramians P are positive definite.

Remark 1. Tt follows from (14) that the Xiao matrix depends on the quadratic forms si(—sk)"
formed by the eigenvalues of the original base and antistable base systems, on the residues of the
transfer function of the base system, and on the values of the characteristic polynomial of the
antistable system in its eigenvalues. Quadratic forms define the property of the zero blanket of
Xiao matrices. The denominator of the expression (14), which depends on the characteristic poly-
nomial N(s), determines the value of the square of the Hy-norm of the transfer function, which
is the energy metric of the system (1). The important role of the base system in the formation
of energy sustainability metrics is obvious. Complete controllability of basic systems is one of the
conditions for the positive definiteness of their controllability gramians. This simplifies the cal-
culation of controllability gramians for the base system (7), (8), simplifies the transformation of
gramians into Hadamard form and the calculation of the squared Ho-norm of the transfer func-
tion (9). Moreover, this guarantees the normality of the gramian matrix, which implies that the
diagonal elements and traces of the corresponding gramians are positive. Their elements depend
only on the eigenvalues of the dynamics matrix and its characteristic polynomial, which do not
depend on similarity transformations and, therefore, are invariants under these transformations.
As for the basic system (4), (5), the controllability gramian in it takes the simple form of Cauchy
matrices [1, 21]

P. = Yin=1,n,Vs; Cc. 15
c Sj+8;k7’ 2,1 y M, VSj, 8y € ( )

The symmetric Cauchy matrix is defined as

1 -
C=——Vjin=1nVr;,x,eR". 16
v+ o, BN 3T (16)

Theorem 1 [21]. A symmetric Cauchy matriz of the form (16) is positive definite if and only if
the numbers x;,x, are positive and mutually distinct

O<z1 <9< ... <Zp, O<py<zp_1<... <1I1.

Corollary 1. Let us consider the Cauchy matriz of the form (16), of the stable base system
(4), (5), or for the system (7), (8). Let us assume that the systems are stable and the eigenvalues
of their dynamics matrices are real and mutually distinct. Then a symmetric Cauchy matriz of the
form (16) is positive definite if and only if the conditions are satisfied

0<—851<—859< ... <=8, O0< =5, < =81 <+ < —57.
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318 YADYKIN

In this case, the role of positive numbers x;, z,, is played by the real parts of the eigenvalues of the
dynamics matrix —s;, —s;, which may turn out to be complex-valued. This requires representing
gramians as stable Hermitian matrices

1 -1 -1 -1
P — [P . —— =R .
[ C]Herm [ O]Herm’ DPjnHerm 2 (8]' + 8;; + S;ff + 8777) € <3j + S;;)

In [1, Lemma 9.4] it is proved that the Cauchy matrix (15) of a stable diagonalized base system
is positive definite. Note that for basic systems their controllability and observability gramians
coincide

P.=P,

In this case, we obtain an important property of the basic system

or = (—2Re(s)) L k=1, n,

where o, are Hankel singular values of gramian matrices. In this case, we obtain a simple formula
for the square of the Ho-norm of the transfer function of the base system

n n 1
W)z =trPo=) or=1 —m—-
k=1 o1 —2Re(sk)

An important role in the study of spectral decompositions of solutions of equations of the form (2),
(3), including the gramians of the basic systems, is played by multiple eigenvalues of the dynamics
matrices, which is associated with the consideration of equations of state in Jordan form.

The objectives of this study are as follows. The first goal of the paper is to obtain spectral
decompositions of the gramian matrices of the underlying continuous dynamical systems from
the multiple spectra of their dynamics matrices. Another objective of the paper is to develop
recurrent algorithms for calculating the controllability gramian and its inverse gramian for MIMO
LTT continuous systems. The third objective is to analyze the energy metrics of stability of linear
stationary systems using the algebraic Routh—-Hurwitz stability criterion.

3. MAIN RESULTS

Let us consider the problem of calculating spectral decompositions of MIMO LTI and SISO LTI
systems using solutions of differential and algebraic Lyapunov equations in the frequency domain.
As is well known, if a linear system is stable, its transfer function is strictly proper, but all poles are
distinct, then the following formulas are valid for calculating the square of the Hy-norm W (s)[1]

W ()13 = 3 rkW (=) i = Res [N (s) ] - (17)
k=1

In the case of the base system (4), (5) energy stability metric is separable across the poles of the
transfer function, with each spectral component being a positive number. The energy metrics of
stability Jj, J2 have the form [19]

n

M= L NN G %)

1

n n _1
B T RN Gy 19)
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(18) can be represented in an equivalent form

h=> 2. 5

i=1 k=1 HS\L:L)qék(Sk —8)) HK:l,(_Sk —8)) .

Since the matrix of a stable diagonalized base system is positive definite, (19) can be represented
as the trace of the Cauchy matrix

JQ_tTZZRe(Sk"—SZ) exe, -

k=1 p=1

The spectral decomposition of the transfer function TF by multiple poles of the basic SISO LTI
system in general has the form [24]

v

W (s) = Z Z (5 — spp)me—v 1’ (20)

k=1v=1

[1))

where s is the pole of the transfer function, Ly, is the residue of the transfer function of order “v

at the pole s
1 A"t (s —sp)
Ly, = o1 [dSH ( Ns) ﬂ . (21)

Sk

For basic systems, calculating the residue of the transfer function TF over multiple poles is
greatly simplified. Let the strictly eigentransfer function TF of the general form of a SISO LTI
system have the form

Let us introduce the notation
Nii(s) =(s—=1)™ x ... x (s —85-1)"" 1 X (85— $pp1)™ X oo (s —80)"™,
Nkl (Sk) = (Sk — 81)m1 X ... X (Sk — Skfl)mk_l X (Sk — $k+1)mk+1 X ... (Sk — Sn)m" .

Then the residue Ly, of the transfer function W (s) can be calculated using the following recur-
rent algorithm.

The first step of the algorithm v =1
Ly (sky su) = Nyt (sk, su) Vk,p=T,n.

The second step of the algorithm v = 2

Lk?(sk’ 8#) = _lel(sk’ 5#) <

sk—81 Sk —Sk+1 (K — sn)

or

Lo (Sk, Su) = —Lj (s, Su) Z VY
p=1,uk (Sk - SM)

1 1 - m
Lis= o |Lia— 5y > by
2! { Ni1(s) Ttk (s —su)

S=S5}
The limiting relations follow from the residue formulas

Silggl |Ly| = oo.
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320 YADYKIN

Theorem 2. Spectral decompositions of energy metrics of stability of basic systems by multiple
poles of the TF.

Consider a basic general-purpose SISO LTI system with multiple poles and a transfer function of
the form (18). We assume that the system is fully controllable, strictly eigenvalue-free, and stable.

Then the following statements are true:

1) The spectral decomposition of the energy metric of stability of the base system by multiple
poles of the TF has the form

no mg —1)ymk—v dme—v 1
-

k=1v=1 Herm

B 1 A"t (s —sp)
Ly, = = [dsy_l ( O )] : (23)

s=5s}

2) The spectral decomposition of the energy metric of the base system by combinational multiple
poles of the TF has the form

n mg n Mp (m —Vv4m _M+1)' 1
J2 = Z Z Z Z k 1% . Lkl/LPH " — — T , (24)
k=1v=1p=1p=1 (mk‘ - I/)' (—Sk. — Sp)mk +mp—p+ Horm

where

1 it (s —s,)H
Low =011 [dsﬂl < N(s) >] ' (25)

=sp

The energy metrics of the base system (4), (5) or the system (7), (8) Ji,J2 are positive numbers.
They are invariants under various similarity transformations.

Proof. Let us consider the following expansions of the transfer functions of the original system (1)
for the case of its multiple poles and its antistable subsystem

Wi =3 e 20)

k=1v=1

where Ly, is residue of order “v” at the pole s, of the TF
1 av—1 <(—3—3k)”)
ka =
(v—=1)!|ds*=1 \ N(-s)

Let us take advantage of the fact that in this case the transfer function, like its inverse Laplace
transform, are scalar functions

S=S8

2

J = HN*(S)H :/OOL*1 [N“(s)| L7t [N7H(=s)] . (27)

2 0

We calculate the integral (27) as the limit at ' — oo of another integral

J=1m [ 171 [N L7 [N (=) dt.

T—o0 Jo

Let us introduce the antiderivative function

H(t)= L' [N ()| LM [N (=)
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where
[N—l (S)} = kzzjl zk:lLk.,,( PTTEZEE
1 dv 1 (5 — 5 )V
b =52 1)! [ds”_l ( N(sl; )] .
= £ 8 e
k=1v=1
[N—l (—S)} = ; ;Lpu(_s — Skl)mp—pH-l’
1 dht (=5 — s,
Lpu_ (M_l)' [dS“l ( N(—S) )] _Sp’
_ _ B n M Loy S——
-1 [N 1(—3)} _,;221“1 e t

The first statement of the theorem is related to the decomposition of the square of the Ho-norm
of N71(s), when in the primitive function only the function is subject to spectral decomposition
Lt [N *1(3)] . In this case, the theorem on the Laplace transform of the product of complex
functions of time, the image of which is a fractional rational fraction, takes the form

L [L*l [N*l (s)} x N1 (—s)} = L[H (t)]

_ i mp mk l/Lk dme—v < 1 )
= (mp =)t | ds™r \N(—s)

Thus

2
Jy = HN—1 (5)H2 = —H(0)=J
_ m (_1)mk—u dmk—v 1
- k,‘;ll;l (mk — Z/)' {ka [dgmkV <N(_S)>‘|s:sk}

This proves the first statement of the theorem. If we add to this scheme the spectral decomposition
of the second function L=*[N~!(s)] and we use the theorem on the Laplace transform of the
product of complex functions of time, the image of which is a fractional rational fraction, then we
obtain

Herm

L [L—l [N—l (s)} x N1 (—s)} = L[H (t)]

n  mg (_1)mk—u dmk—V n Mp 1
> (my, — V)!Lk” { dsms—v [Z 2 Lp” —s — sp)mem it
S$=Sk

p=1p=1

1
X Lkl/Lpu — — .
[ (_Sk - Sz)mk vt Herm
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322 YADYKIN

Since H (t) is a primitive function, then from (20), taking into account the stability of the
system, it follows

=N, = HOF = -1 0

n mgp n Mp 1

(mg —v+my,—p+1)!
= Z Z Z Z ‘ 5 lLkvL/m (—sk — sz)mrwmp*uﬂ

k=1v=1p=1p=1 (my, —v)!

Herm

This proves the second assertion of the theorem. Note that the dynamics matrices of the underlying
system were not used in the proof of the theorem. It follows that its statements are valid both for
the base system (4), (5) and for the system (7), (8). Moreover, the energy metrics .J;, Jo are equal
to each other, they are positive numbers, since the Ho-norm of the transfer function is a positive
number. They are invariants under various similarity transformations, since they are functions of
the eigenvalues of the system dynamics matrix.

Let us further consider the differential and algebraic Lyapunov equations of the form

P
dd—f) = AgP (t) + P (t) AL +bgbt, P (0) = Opgn, t€[0,7], (28)

AqP (t) + P (t) AL = —bgb}. (29)

Corollary 2. Let the conditions of Theorem 2 be satisfied, but all poles of the TF be distinct.
Then the following statement is true:

Jl(sl,...,sn):z

k=1 p=1
TLT (rerp)
Jokp (S1,---,8n) = 2Re——F _ — 2akpRe27p2,
(—sk — 5p) Qp + ,ka
oy, = —Resp — Res,, B, = —Ssp — Js),.

Proof. Let us consider the basic system (6), (7) and formulas (11), (12). Since for the basic
system the input and output vectors have the form (7), (8), we obtain

Jo (81,...,8n) = CFPCF(CF)T =Yn—-1 = / kz (T) dr,
0

where k(7) is the impulse response of the system. This is where the formulas for the statements
follow.

Theorem 3. Suppose that the SISO LTI system (1) is fully controllable, there exists a non-
degenerate coordinate transformation xq = Tx such that

Ay =TAT .

Let us assume that all eigenvalues of the matriz A are different, do not belong to the imaginary
axis, and the conditions are satisfied

S; + $j7é0, Vi, j =1,

s

Then the following statements are true:
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1) The solution of the equation (28) in the complex domain exists, is unique

LIP®)] = % {zn_: (8%18) |Res (Is — Ag) ™" 1] baibgj | Res (Is — A7) ", ]}} . (31

where by; is the “i” element of the vector by, bg; is the “j” element of the vector by.

2) The solution of the equation (28) in the real domam s unique and has the form

T n -1 N
P(0,T) = / { > 7bdb£e(si+sj)76jegd7} . (32)
0 \ig=1 (Si + Sj) Herm

3) The solution of the algebraic equation (29) in the real domain exists, is unique, and has the
form

P (0,00) = { Z Mejeg} . (33)
=1 <Si T Sj) Herm

4) The matriz P~1(0,00) under the conditions of the theorem exists and is unique

e
P(0,00) = —2

po (34)

where Py is the free term of the Faddeev matriz polynomial, py is the free term of the charac-
teristic polynomial of the matriz P(0,T), determined using the Faddeev—Leverrier recurrent algo-
rithm [22, 23].

Proof. Applying the Laplace transform to matrix functions of time has its own peculiarities.
Let’s consider diagonal matrices of size n X n

R (t) =diag|.. .. fi,(t) ... .| B@)=dag|.. ... fu(t) ... .|,
where the functions f1 , (t), fo,,(t) are Laplace transformable, and their images f1,, (), f2,, (s) are
rational fractions that have only n poles and no zeros
1 1

Gomy 9Ty

Let us show that for each element “ij” of the Laplace image of the product of matrices
Fy (t) bgibg; F> (t) the following formulas are valid

fii(s) =

L [eiﬂ (t) baibg; I (1 } Z 1ubdzbdjT_82)1jja i = e;el (35)
Z 7-]

i,7=1
fri) =t fo;(t)=e"".
The identities for the residues of resolvents are also valid

[Res (Is— Ad)f1 ,SZ} = 1, [Res (Is— A:‘i)f1 ,sﬂ = 1j;.

Using the theorem on the Laplace transform of a product of real functions of time whose image is
a fractional rational algebraic function, we obtain (35). As is known, the solution to the Lyapunov
differential equation with zero initial conditions is the Lyapunov integral of the form

T
P(t) = / eMbgbt e .
0
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324 YADYKIN
Applying (35), we obtain

R (si+st)r, T
baibgie\™ ) Teje; dT . (36)

Herm

P(0,T) = /0 P (5i + 5;‘)

As shown in [13]

n e(si—f—s;)t
P(t)= E P (t) , Pij (t) = {7* 1iibdibdj1jj} .
< si + s
i,j=1 v J Herm

The formula in statement 3) is proved by passing to the limit in (36). The existence and uniqueness
of a solution to equation (29) in the time domain has been proven in many works, for example [3].
Let us prove the validity of this statement in the complex domain. Since the Lyapunov integral
is a solution of the equation (29), it is sufficient to prove this statement for its Laplace transform.
Note that the matrix eAtbdbgeA*t is a smooth, non-zero function of time. For any “ij” element,
the inequality

T
: At T _A*t| T .
t%ilor,rslHO/O e; }e baby e }en dt < oo, Vtel[0,T), Vi,j=1,n.
It follows that for all time functions e; ‘eAtbdbgeA*t‘ e} satisfying the conditions of the theorem,

there exists an abscissa of absolute convergence o, which proves the existence and uniqueness of the
direct Laplace transform for the solution (32). On the other hand, if there exists a direct Laplace
transform of the solution, then there also exists an inverse transform

1 c+joo

€y

— eAtbdbz;eA*t‘ elet*ds, ¢>o, Yv,u=1,n.
2715 Je—joo ®

Moreover, the inverse transformation is unique in the Lebesgue sense. The validity of assertion
4) follows from the complete controllability of the system [4]. This implies the existence and
uniqueness of the inverse matrix P! (0,7T) for any T. We write the expansion of the resolvent of
the matrix P (0,7) in a Faddeev-Leverrier series

Pn_lsnil + ...+ P18 + PQ

[Is—P(0,T) ' = . : (37)
Pns" + Pp—18"7" 4 ... +p15+po
Putting in (37) s = 0, we obtain the formula
—F
Pil (0,00) = —Oa (38)
Do

where P, is the free term of the matrix Faddeev polynomial, pg is the free term of the characteristic
polynomial of the matrix P(0,7). They are determined using the Faddeev—Leverrier recurrent
algorithm [22, 23]

Py1s" = 1Ip,s"tp, =1,

Py = (Ip1+p2P (0,T) + ... +p.P(0,7)""). (39)
The coefficients p; are determined by the formulas

-1
Pn—i = Ttr (P(0,T)P,—;).
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ENERGY STABILITY METRICS OF LINEAR CONTINUOUS SYSTEMS 325

Remark 2. In [13] it was proved that the results of the theorem can be extended to the case of
canonical Jordan forms of the equations of state (1) for the case when the characteristic equation
of the dynamics matrix of the SISO LTI system (1) can be represented in the form

N(s)=J](s=s)™.,> mp=q.
P P

The solution of the equation (3) in the real domain for multiple eigenvalues sy of the matrix Ay
with multiplicity m; has the form

P(t) - zn:znjp]ﬂ (t)v

i=1j=1
n—1n—1
Py (8) =D Y hjy () babgejey,
7=0n=0
n mg (_1)mk—l/ dmE—v s"
hj, () =L {s! Ly [ ( ﬂ ,
N { kz::l;::l T (my —v)! | dsme—v \ N(—s) ss

1 part (s —sp)mes
Lrvi = 5, lds”_l < N(s) )1/&

Let us consider a simple basic SISO LTI system with dimension n = 3, represented by the
equations of state in diagonal canonical form of the form

Tq = Agxgq + bau,

-1 0 O 1
Ad = 0 -2 0 7bd = 1|2 ;
0O 0 -3 3

N(S) = CL383 + CL282 +a1s+ ap, a3 = 1,&2 = 6,a1 = 11,&0 = 6,
S§1 = —1,82 = —2,83 = -3
Let’s calculate the solution to the algebraic Lyapunov equation. Since in this example we are

solving not a differential equation, but an algebraic Lyapunov equation for a stable system, (38)
becomes the

P () = Iyl py(o0) = S0 (40)

Substituting the parameters of the example into the formula, we obtain

0.5 0.666 0.75
P(oo)= |0.666 1 1.2
075 1.2 1.5
Putting s = 0 in (37), we obtain
-
Po

Pt = (41)

The first step of the recurrent algorithm. We set P, = Iy, p3 =1,
k=0.
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Step two. Calculate P, po
k=1,

—2.5 0.666 0.75
P, =pols+ PP, = |0.666 —2 1.2 |,
0.75 1.2 —-1.5
-1
po = Ttr (PPy) = -3.

Step three. Calculate Py, py

k=2,
0.06 —0.099 0.0492
Py = pal3 + PPy = |—0.099 0.1875 —0.1005] ,

0.0492 —0.1005 0.5844
-1
p1 = 7757“ (PPy) = —0.30394.
Step four: Calculate pg

k=3,
1
po = —-tr (PPy) = —0.000966, p; ' = —1035.19.

We substitute the expressions obtained in the last and penultimate steps into (37)

62.114  —102.4838 50.9313
P71 = [ -102.4838 —194.0981 —104.36
50.9313  —104.36  58.426

It is not difficult to verify that the resulting matrix is the inverse matrix of the controllability
gramian.

Theorem 4. Let’s consider the MIMO LTI system (1) in the canonical form of controllability
and write the Lyapunov differential equation

d];—it):AfP(t)—i—P(t) (Af)T+BF(BF)T, P (0) = O, € [0,T]. (42)

Let us assume that the system (1) is completely controllable, there exists a non-degenerate coordinate
transformation x. = Tx, such that
AP =TAT L
Let us assume that all eigenvalues of the matriz AL are different, do not belong to the imaginary
azxis, and the conditions s; + 5;7#0,Vi, j = 1,n are satisfied.
Then the following statements are true:

1) The solution of the equation (42) in the complex domain exists, is unique, and has the form

P (s)] = é {f:l {Res (1s— )™ ,sj] B" (B")" { H—IS —(AD)"] _1} }} L 4)

Jj=

n—j—1 . [

n—nm—1
A;:an+ll+an+2‘45+---+an(A5> , n=0,n—1.
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2) The solution of the equation (42) in the real domain is unique and has the form

Ejzzlsi(—SkY7 ¢ FnF (pF\L (4 F\T
P (t) = st _ 1A BY (B A 44
i () [T ek (S8 — sa) IT=q (=55 — 5)\)(6 JAes ( ) ( C"> ()
_OF F
= gy () oW,
n J(_ n
F 2 k=1 Sk( Sk) st T
Qc,jn (t) (6 M= 1)ejen ;

TRk (s — sa) TThzy (=5 — 51)
F F nF (nF\T / 4F\T
wh;, = ALBY (BY) (AB)".

c,gn

3) The infinite controllability gramian has the form

P (0,00) = {2121 T 1) J?‘f} (45)
Herm

=0 n=0 HK:L)\#k‘ (Sk‘ - 5)\) HKZl (_SP - 8)\)
T
xALBY (BF)" (A"
4) The matriz P~1(0,00) under the conditions of the theorem exists and is unique

_pF
P71(0,00) = —2-, (46)
bo

in which PY is the free term of the matriz Faddeev polynomial for the equations of state in the
canonical form of controllability, pg is the free term of the characteristic polynomial of the gramian,
determined using the Faddeev—Leverrier recurrent algorithm [22, 23].

5) The results of the theorem can be extended to the case of canonical Jordan forms of the
equations of state (42) for the case when the characteristic equation of the dynamics matriz has
“k” different roots of multiplicity my. The solution of the equation (42) in the real domain for
multiple eigenvalues sy, of the matriz AL with multiplicity my, has the form

n n

P(t) =3 Piy(0).

Py (1) = hjy (1) AG BT (BF)" (45",

n mg

o= { SIS S ()] )

k=1j=1

I T R R
Ly = G- 1) ldsil < N(s) )]s:k. w

Proof. The general solution method is based on the spectral decomposition of the solution of the
Lyapunov integral. The proof of the existence and uniqueness of solutions repeats the analogous
proof of Theorem 3. The validity of Assertions 2—4 and (39) are proved in exactly the same way. The
formulas themselves have a different form, determined by the dynamics matrix in controllability
form. The general solution for the case of different roots of the characteristic equation in the
complex domain has the form [13]

LIP@®) = é {zn: {Res (15— Af)_l ,SJ} BF (BF)T { H—Is - (Af)T}_l} }}Hm

J=1
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Let us introduce the matrix antiderivative function H;j (¢) and the scalar matrix function H () of
the form

n—1ln—1

nY > BT (B7) (an)",
=0 7=0

n n—1n—1

=> >3 —:k)ljﬂnﬂ,

k=1 j=0 n=0

n—j—1
AZZG/]+1I+G’]+2AC++G'”(A5> 7.]:07”_17

n—nm—1
A;:an+11+an+2Af+--~+an(A5) 577:0’”_1’

According to (14), the matrix H (¢) is a Xiao matrix. It follows that the matrix P, (t) can be
represented as a Hadamard product [13]

D k=1 Si(—sk)n

T T
Pjy (t) = n 7 eskt — 1 ACFBF BY ACF
i (1) [Tz s (56— sx) [Tazy (=5p —SA)( JAc ( ) ( ’7>
F F
' - Qc ,Jn ( ) o\:[]c gn
> ket Sk(—sp)" T
QF k eskt e ,\IJF AFBF BF AF T.
Cm( ) HKZL,\#k (Sk - 3)\) ngl (—Sp — 3)\)( ) j€ n GJn cj ( ) ( cn)

From these formulas it follows that the infinite controllability gramian for the case of different roots
of the characteristic equation in the real domain has the form

n—1n—1 n j
>k (= sk)" T
P (0,00) = m m e;e
{]Z:% nz;) [D=1 a2k (s — sa) [Ta=1 (—8p — 1) o Herm
T
xALB" (BT) (A"

This proves the validity of statements 1-3. The validity of statement 4 is proved in the same way

as Theorem 3. To construct an infinite gramian of controllability, the recurrent Faddeev—Leverrier
algorithm is used

in which Fj is the free term of the Faddeev matrix polynomial, pg is the free term of the characteristic
polynomial of the controllability gramian matrix

P(t)=2_> P,
i=1j=1
Py (t) = hyy (1) Aﬁ}BF (B") 4k,

- EE GG (52 ()]}

k=1j=1

L | &7 ((s—sp)™s/
Lyj = (-1 [dsj—l ( NIES) )Lk
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Corollary 3. Let us generalize the results of Theorem 4 to continuous linear SISO LTI systems.
Assume that all the conditions of Theorem 4 are satisfied with MIMO LTI systems replaced by SISO
LTI systems. Then the following spectral decomposition of the gramian of controllability of a SISO
LTI system in the real domain holds

n n n S{c—l(_sk)n—l

i e (56— sx) Izt (=55 — 52)

Proof. For a system in canonical controllability form, the decomposition of the resolvents of the
dynamics matrices AT, AF* has a simple form, therefore the formulas are valid

0 0 N(s)™1
(Is — APy 1pf = | + : PR ,
0 N(s)™t 0
N(s)~! 0 0
o 17 o 17 N(—s)™1"
VT (—1s — AT = : + : +...+ :
0 N(—s)7! 0
N(—s)! 0 0

Substituting them into (43), using the theorem on the Laplace transform of the product of com-
plex functions of time, the image of which is a fractional rational fraction, and the theorem on
displacement in the complex domain, we prove Corollary 3 [13].

Corollary 4 [13, Theorem 1]|. Assume that the conditions of Theorem 4 are satisfied for a SISO
LTI system. Furthermore, assume that the system s asymptotically stable. Then, the spectral
decomposition of the inverse gramian of the LTI system’s controllability in the complexr domain is
a solution to the systems of equations

—

X = (In ® PCF)*1 I, (49)

n n—1n—1 Si ( )77

Pr=3"3"%" N )1j+1n+1- (50)

_sp
=t n=0 j=0 NV (s1) N (=sp

Proof. From the conditions of the theorem it follows that the solution of the system (49)—(50)
exists and is unique. In [13] the following algorithm for calculating the matrices of inverse gramians
in Xiao form was proposed. Let X be the matrix of the inverse gramian of controllability, x; be
the “ith” column of the matrix X. Then the inverse gramian is defined by the formula

F _ S
Pz, =e, i =1,n,

where e; — x; is the “ith” column of the matrix I,,. These equations can be rewritten as solutions
to Sylvester’s algebraic equation
S —1
(epPf)X =10, X=(F

Let’s rewrite (14) as

F Zn: F b ni:lni:l Si (=s1)"
P = P, P, = — 1141,
‘ k=1 ‘ ‘ n=0 j=0 N (si) N (—sg) e
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where Pf,’; is the controllability subgramian matrix corresponding to the pole s
S -1
X = (In ® PF ) I

Finally, we obtain the desired spectral decomposition of the inverse gramian of controllability
over the spectrum of the dynamics matrix in canonical controllability form in the form (49), (50).
The inverse gramian has the structure of the zero plaid of the Xiao matrix ([5, 6]). The columns of
the matrix P! will have the same structure. Insignificant elements of the zero plaid are determined
by the formula

zi; =0, Vij=i+j#2k k=Tn.

On the other hand, the final inverse gramian is defined as a solution of the Sylvester differential
equation
t
dXx
X:—/ePthdt, or —:ePth,
/ dt

which can be solved in the complex domain

c (%) = (Is—PF)™".

The solution of this equation using spectral decompositions of the gramian resolvent can be
obtained based on the application of the Faddeev—Leverrier algorithm.

Remark 3. An analysis of the formulas of Theorems 3 and 4 shows that they are much more
complicated for calculating gramians than the formulas of the energy metrics of Theorem 2 Jy, Js.
However, the latter are invariant under any similarity transformations, including those that trans-
form the MIMO LTI system (1) into a new system whose state equations correspond to one of three
canonical forms: Jordan, modal, and controllability.

4. ENERGY METRICS OF STABILITY AND THE ROUTH-HURWITZ
STABILITY CRITERION

A necessary and sufficient condition for the asymptotic stability of the basic system of the second
type has the form of boundedness of the squares of the norms of the TF of the system [1]
., 2 ., 2
INTUs)|) < o0 [NTHs)|| < o0, (51)
2 00
or in accordance with Theorem 2 of the boundedness of the squares of the norms of the PF of the
base system for the case of multiple roots

J1 < oo, Jy< oo, maxJ; < oo, maxJy < oo. (52)
Si Si

We define the energy metric of stability of the basic system in the form Jj (s1,...,5sn),
J2 (81,...,8p). Spectral decompositions of the energy metrics Jy (s1,...,5y), J2 (s1,...,S,) by sim-
ple roots of the characteristic equation have the form (3.2), (3.3). The mathematical correctness of
these metrics follows from the fact that the metrics are equal to the squares of the Hs or H,, norms
of the transfer function of the base system, which are invariants under similarity transformations

HN_l(s) 2 max HN_l(s)‘ z

inf Sk

NVEk=1,...,n.
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Spectral decompositions of the energy metric Js (s1,. .., S,) over multiple roots of the characteristic
equation have the form

J2($1,...,$n)=

_i%i%(mk—y+mp—u+l)!x L 1
= (my — )] kvLtpp (—spk — S*)mkfwrmpfwrl
k=1v=1p=1p=1 p

Herm

Note that the metrics of the base systems are independent of the Faddeev matrices in the decom-
position of the controllability gramians. These formulas imply that as the system approaches the
stability boundary, caused by the roots of the characteristic equation approaching the imaginary
axis, the energy stability metrics tend to infinity. Let us define an acceptable value for the energy
stability metric as a sufficiently large positive number Nper,

J1 (317 cee 73n) = Nlperma Jo (317 cee 73n) = NZperm- (53)

We will consider any basic system to be conditionally unstable if all roots of its characteristic
equation are in the left half-plane, but the energy stability metric exceeds the established acceptable
value.

Weakly stable and resonant roots of the characteristic equation that determine the system’s
proximity to the stability boundary. Analysis of the formulas in Theorem 2 shows that two groups
of roots are weakly stable. The first group consists of roots close to the imaginary axis. The second
group consists of complex root pairs that are close to each other in norm (a resonant root group).
As the weakly stable eigenvalues of the first group approach each other, the corresponding terms
become positive definite, and their values become arbitrarily large positive numbers. Similar limit-
ing relations hold for a resonant root group. In the latter case, the degree of oscillatory instability
is much higher, since the absolute values of the residues Ly, L,, are inversely proportional to the
difference between the roots s, s,. The energy assessment of the weakly stable components of the
expansions of the energy metrics of stability allows us to determine and evaluate the energy reserve
of stability in the form

N,
R = 920]g———Per™m 54
1stab ng (81,...,871)’ ( )
Rostar = QOZQM- (55)
J2 (81, Ce ,Sn)

The introduced stability metrics (52), (53) do not contradict the classical stability criterion
based on the proximity of the nearest root of the characteristic equation to the imaginary axis,
but supplement it by taking into account the energy accumulated in the system’s states. The
same applies to the algebraic stability criterion of Routh-Hurwitz linear stationary systems [5, 6].
It can be expected that the combined application of the Routh—Hurwitz criterion and spectral
decompositions of gramians in the form of energy stability metrics (54), (55) for stability analysis
will create a synergistic effect, enhancing the advantages of each approach and mitigating their
disadvantages. The hybrid criterion includes the formation of Routh tables and Xiao matrices, the
calculation of the spectrum of the dynamics matrix, the calculation of the spectral decompositions of
the energy metrics Ji (s1,...,5n),J2(S1,-..,5,), the formation of the stability criterion (54), (55),
and the analysis of stability for various scenarios of the system’s operation. It is obvious that the
obtained criteria are valid not only for the base system, but also for a continuous stationary linear
system with many inputs and many outputs, the characteristic polynomial of which coincides with
the characteristic polynomial of the base system. In [9], a method for calculating the gramian of
the base system in canonical controllability form is proposed, based on the use of the Routh table
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and without the need to calculate the spectrum of the dynamics matrix. The diagonal elements of
the Xiao matrices are related to the elements of the Routh table by the relations

0, if j4+n=2k+1, k=1,...,n;
_ 1
yp=q T W (56)
Yn—1 = —2in (*Q YnobittYn i 5p G4 ok k=1,...,n,0=T,n —1,

—1,1

where Rj, are “jn” elements of the Routh table, m is the number of elements in the j row of
the Routh table. Let us assume that, along with the Routh table, all eigenvalues of the dynamics
matrix s have been pre-calculated and they are different. According to (13), (14) the controllability
gramian of the base system has the form of Xiao matrices, the diagonal elements of which have the
form

” 1

Yi =
' kX::l HK:L,\#(Sk —s3) ngl,(_sk —53)

—1), i =T1,n. (57)

Expressions (57) show that the energy stability metric depends on the distribution density of the
real parts of the eigenvalues sg, s) on the real axis: the closer sy to sg, the greater the value of the
energy metric [14, 16]. This is the group effect of nonlinear mode interaction, which intensifies as the
absolute values of the real parts of the roots of the characteristic equation and their combinations
tend to zero. The advantage of the (56) algorithm is that it eliminates the need to calculate the
eigenvalues of the dynamics matrix. This is also its disadvantage, since the coefficients of the
characteristic equation in most cases have no physical meaning, as they are not associated with
specific physical devices. The advantage of the (57) algorithm is that the diagonal elements of
the gramian matrices express the energy of the measured physical variable y; of the underlying
system. At the same time, the values of the metric are inversely proportional to the products of
the absolute values of the differences of all eigenvalues that are close to each other in norm. In
this sense, the metric (57) estimates the energy of the combined interaction in a group of weakly
stable oscillatory modes. The Routh-Hurwitz criterion does not have this property. Furthermore,
the variables y; depend on the eigenvalues si, each of which is associated with a specific physical
device and has its label. These eigenvalues can be used to calculate the squares of the Hs- and
H,.-norms of transfer functions in problems of optimal synthesis of robust control systems based
on energy efficiency criteria. For closed control systems, formulas (51) are used, in which N~1(s)
is the characteristic polynomial of the closed system. Energy metrics also allow us to evaluate the
the degree of achievability, the volume of attraction ellipsoids, the average minimum energy, and
the centrality indices of dynamic networks [7, 10-12 , 15]. Joint use of algorithms (56), (57) in the
considered hybrid Routh-Hurwitz criterion provides a more in-depth analysis of the aperiodic and
oscillatory stability of the system, taking into account the multiplicity of the system’s eigenvalues.

5. CONCLUSION

The method of spectral and singular gramian decompositions is an extension of frequency meth-
ods for the analysis and synthesis of control systems. The main tools for constructing decompo-
sitions are Laplace transformation theorems for spectral and singular decompositions of solutions
of Lyapunov and Sylvester differential equations, decomposition of the resolvent of the dynamics
matrix and the gramian matrix into a series of Faddeev—Leverier series, and recursive algorithms
for calculating Faddeev matrices. These decompositions for canonical forms of controllability and
observability have an explicit physical interpretation in terms of energy measures of quadratic forms
formed by the state variables of the basic system. The paper shows that the direct and inverse
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gramians of controllability can be computed using a single general effective recursive procedure.
The article proposes a new method for calculating Laplace images of finite gramians for simple and
multiple eigenvalues based on numerically stable recursive algorithms for decomposing the image of
the matrix resolvent into a Faddeev—Leverrier series [22, 23]. The application of transformations of
system equations into canonical forms provides the following advantages when calculating spectral
decompositions of direct and inverse gramians:

1) Gramian matrices are calculated as solutions of Lyapunov differential equations in the fre-
quency and time domains, which allows simultaneous calculation of solutions to Lyapunov algebraic
equations, both finite and infinite gramians, both direct and inverse gramians for continuous dy-
namic systems specified by state equations in canonical forms: Jordan, modal, controllability,
observability.

2) Gramians in canonical forms of controllability and observability in the form of Xiao matrices
are invariant under similarity transformations. To obtain them, it is sufficient to calculate only n
diagonal elements of the gramian matrices instead of n? elements.

3) The energy metrics of stability of the basic systems J; and J; allow us to calculate the degree
of stability of the system not only for different roots, but also for multiple roots of the characteristic
equation. The presence of multiple roots significantly increases the threat of loss of stability.

4) Spectral decompositions of the gramians of controllability of a stable basic system in Cauchy
form depend on the real parts of the simple and multiple eigenvalues of the dynamics matrix, on
their distribution density on the real axis [25].

5) Recursive algorithms for spectral decomposition of gramians contain only matrix addition

and multiplication operations and do not contain inversion and exponentiation operations. They
contain only addition, multiplication, and exponentiation operations for scalar functions, and do not
contain division operations for functions equal to zero. The subtractions of the transfer functions
of the base systems, which are used in the calculation of energy criteria, can also be calculated
using recursive algorithms. All this is a consequence of the decomposition of the resolvent matrices
of the dynamics of the initial stable and dual unstable systems into the Faddeev—Leverrier series
and the application of classical frequency methods of analysis and synthesis of dynamic systems,
which makes this approach a new effective tool for calculating energy criteria of stability.
A certain disadvantage of the new methods and algorithms developed in this work is the problem of
their computational implementation for high-dimensional systems. However, it is precisely the use
of recursive versions of the developed algorithms for calculating gramians and energy metrics that
makes their application effective for high-dimensional dynamic systems [26]. The article presents
research results that may be useful in the design of digital twins, methods for optimizing energy costs
in control systems, analysis of energy metrics of stability and reachability, condition monitoring
based on the analysis of energy balance anomalies, the development of energy metrics for systems
defined by state equations for dynamic networks in the form of graphs, and in the vibration analysis
of technical objects [13,28].
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