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Abstract—This paper considers the three-axis attitude stabilization problem of an artificial
Earth satellite in an arbitrary (indirect) position in the orbital frame. The problem is solved
using an electrodynamic control system that generates the Lorentz torque and the magnetic
interaction torque. The control torques contain restoring, dissipative, and compensating com-
ponents. A new method for forming dissipative torques is proposed, which can be implemented
using the available control actuators. The Lyapunov function method is applied to obtain suffi-
cient conditions for the asymptotic stability of the satellite’s program motion without imposing
constraints on the geomagnetic field model or the satellite’s orbit inclination. A combined elec-
trodynamic control is presented to reduce the stabilization time and decrease the amplitude of
transient oscillations. The results of numerical experiments are provided to demonstrate the
effectiveness and performance of the modified satellite stabilization method.
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1. INTRODUCTION

The interaction of an artificial Earth satellite with the geomagnetic field is a source of torques,
which are successfully used to solve a wide range of problems of controlled satellite motion dy-
namics about its center of mass [1, 2]. This class of problems includes three-axis satellite attitude
stabilization in the orbital frame, considered below. The interaction of the geomagnetic field with
magnetic coils mounted on the satellite is regarded as a simple, reliable, and efficient way of solving
this problem [2-7] and more complex ones requiring other program modes of the satellite’s angular
motion [8]. Despite the global controllability and observability of magnetic control systems [9],
it is necessary to consider their drawback, i.e., the impossibility of generating a control torque in
the direction of the geomagnetic field induction vector [4]. The same drawback appears in another
well-known control system based on the interaction of an electric charge with the geomagnetic
field [10-14]. However, combining the capabilities of these two principles into a unified electrody-
namic control system (EDCS) allows achieving better performance compared to each of the two
systems used separately [15].

EDCSs were applied to solve several satellite dynamics problems: one-axis and three-axis satellite
attitude stabilization in the orbital and Koenig frames, dual-spin satellite stabilization, and oth-
ers [16]. However, many of the above problems were solved using particular assumptions, e.g., con-
cerning the choice of the geomagnetic field model, the shape and inclination of the satellite’s orbit.
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In three-axis attitude stabilization problems, the program mode is usually the direct equilibrium
position of the satellite in the orbital frame, i.e., the position where its principal central axes of
inertia coincide with those of the orbital frame. At the same time, a topical problem is to stabilize
a satellite in indirect equilibrium positions, which is fundamentally more complex since in such
positions, the significant gravitational torque becomes a disturbance. The problem of stabilizing
an Earth-surveying satellite in an oblique position in the orbital frame in a contingency emergency
mode was solved in [17]; in particular, the issues of digital control of the magnetic actuator at all
transition stages of the satellite attitude control system to the emergency mode and subsequent
long-term maintenance of this mode were studied in detail.

Also, there are various known methods for implementing passive or combined satellite attitude
stabilization systems without propellant or energy consumption (or with small consumption), as
they involve gravitational and aerodynamic torques simultaneously [18-20].

Such a satellite attitude stabilization approach naturally leads to the implementation of indirect
equilibrium positions of the satellite in the orbital frame as operation modes. In the case, the
problems solved include selecting the most suitable nominal attitude modes, avoiding undesirable
resonance effects [21], as well as stabilizing the chosen nominal modes using additional means such as
flywheels and active magnetic systems [22, 23]. Consequently, other methods involving the Earth’s
magnetic field may also be useful. The problem of stabilizing a satellite in indirect equilibrium
positions using an EDCS was considered in the paper [24]. The control laws were constructed
in accordance with the classical approach, i.e., creating restoring, dissipative, and compensating
torques in the control system [25]. Within this approach, the dissipative torque is generated as a
linear function of the satellite’s relative angular velocity.

In this paper, we propose two modifications of the dissipative torque and their adaptive com-
bination. The high performance of the combined method for forming the dissipative torque is
demonstrated. No constraints are imposed on the choice of a particular geomagnetic field model or
the satellite’s orbit inclination. The study is based on a nonlinear mathematical model, employing
the Lyapunov function method to prove the asymptotic stability of the program motion.

2. ELECTRODYNAMIC CONTROL OF SATELLITE’S ANGULAR MOTION
2.1. Satellite’s Program Motion

Consider the motion of a satellite as a rigid body about its center of mass. The satellite moves
in a Keplerian circular orbit of arbitrary inclination ¢ and radius R in the Earth’s magnetic field
(EMF). By assumption, the satellite is equipped with a controlled electrostatic charge @, which is
distributed over a certain volume V' with a density o, and a controlled intrinsic magnetic moment I.

To describe the satellite attitude, we use the following right orthogonal Cartesian frames (Fig. 1).

1) OpX*Y™*Z*, the inertial frame where the O X* axis is directed to the ascending node of the
orbit and the OpZ* axis is along the Earth’s diurnal rotation axis.

2) C¢n¢, the orbital frame with origin at the satellite’s center of mass where the C¢ axis (the
unit vector 50) is along the tangent to the orbit in the direction of motion, the Cn axis (the unit
vector 7jp) is along the orbit normal, and the C'¢ axis (the unit vector 50) is along the local vertical.

3) Czyz, the body-fixed frame whose axes are along the principal central axes of inertia of the
satellite.

The relative position of the frames Cxyz and C¢n( is determined by the direction cosine matrix
A = {aij}?,j:ﬁ its elements can be expressed through the “aircraft” angles v, 6, and ¢ according

to the following representations of the unit vectors §_E), 70, and Q:E) of the orbital frame in the

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 3 2026



MODIFICATION OF THE ELECTRODYNAMIC ... 229

Z*
1
o os

X*

Fig. 1. Frames.

frame Cryz :

§_E) = (cos ) cos @, cossinfsin p — sin1p cos p, sin ) sin g + cos 1) sin  cos @)T,

fy = (sin v cos B, cos 1) cos ¢ + sin ) sin @ sin p, sin1psinf cos ¢ — cosPsin @) ',

G = (—sin @, sinpcosf, cospcosh)’.
This study takes into account the rotation of the orbital frame relative to the inertial one with
the angular velocity &y = woffy and the Earth’s rotation with the angular velocity &g (see Fig. 1).
Therefore, the absolute angular velocity @ of the satellite can be written as
@ = & + o, (1)

where ' is its angular velocity relative to the orbital frame. The velocity vector t¢ of the satellite’s
center of mass relative to the rotating Earth is expanded in terms of the unit vectors 5_6, 70, and C_E)
as follows:
U = (R(wp — wgcosi), Rwgsini cosu, O)T,

where u = wqt is the latitude argument, which will be used below as a dimensionless independent
variable.

The mass distribution of the satellite is characterized by the inertia tensor J = diag(A, B,C)
in the principal central axes of inertia Cxyz.

The program attitude of the satellite in the orbital frame is defined by the matrix Ay =
{ai; (w0, b0, ¢0)}%j:1. Accordingly, it is required to design control torques ensuring the existence of
an asymptotically stable program motion of the satellite about its center of mass such that

¥ = ©o, 9:905 Q;Z):w()a (’3/:6 (2)

2.2. Control Torques and Controlled Vectors

When the satellite moves relative to the EMF with magnetic induction g, the Lorentz
torque My, [26] and the magnetic interaction torque My, are excited. They have the form

ML:ﬁXT, MM:fXATE, (3)
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where P = Qpo, po is the radius vector of the satellite’s charge center relative to its center of mass,
and T = AT (o E) From this point onwards, the controlled vectors P and I are supposed to
be given in the frame Czyz. The torques (3) are the control ones in the electrodynamic control
system for the satellite’s angular motion.

Note that for a given satellite orbit, the magnetic induction Bin (3) is a known function of the
coordinates of a near-Earth space point. Assume that the EMF is uniform in the part of space
occupied by the satellite, and the vector B= Bgé) + Byijo + BC&) takes the same value at points
of this space as at the satellite’s center of mass (point C).

In the program mode (2) of the satellite’s rotational motion, the vectors T and B take the form
Ty = AJ (e x B),  By=A(B.

In the electrodynamic control system, the variation laws of the controlled vectors P and I must
be chosen to implement the program mode of the satellite’s rotational motion. Let us design each
of them as a sum of the restoring, dissipative, and compensating components:

]3 = ﬁrest + ﬁdiss + ﬁcomp ) f: ]T;’est + ]T;liss + I_;omp- (4)
In view of (4), the control torques (3) become

ML = (ﬁrest + ﬁdiSS + ﬁcamp) X T,
MM = (I_;'est + I:liss + fcomp) X ATE

3. MATHEMATICAL MODEL
3.1. The System of Equations Describing Satellite’s Motion

Under the gravitational (disturbing) torque and the control torques (3), the motion of the
satellite (a rigid body) about its center of mass obeys the dynamic Euler equations

d R . . - - -
a(Jw)—f—wX(Jw):MGR—f—ML—f—MM, (6)

where Mgp = 3w (AT&)) X (J ATgo) is the gravitational torque [1].
Substituting the absolute angular velocity (1), the gravitational torque, and the control torques
into (6) yields

d . L. . L. - Lo
7 [J (woATno —i—w')} + [woATno —i—w'} X [J (wOATnO + w’)}
= 33 (AT o) % (JATG) + (Prest + Piiss + Promp) x T ")
+ (f;’est + ]T;liss + Eomp) X ATE

To close the system of differential equations (7), we consider them together with the kinematic
Poisson equations

déo -~ - = dip - . dl - . =
%ZfOXW_WOCOa %ZUOXW, %ZCOXW-F%&@ (8)
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3.2. Disturbing Torque Compensation

The program mode (2) of the satellite’s angular motion is generally not a direct equilibrium
position of the satellite in the orbital frame. Therefore, the gravitational torque and the expres-
sion w3 (AT7jo) x (JAT#) from equations (7) do not vanish in the satellite’s program motion.
To compensate for the total disturbing torque

My =t (3(ATG) x (JATG) — (ATi) x (JAT)) .

we will utilize an approach based on creating the corresponding compensating components of the
electrodynamic parameters [27] to ensure the equality My + ﬁcomp x T + fcomp X (ATE) = 0. The
restoring and compensating components of the controlled vectors P and I for implementing elec-
trodynamic control to stabilize the program motion of the satellite are given by

ﬁrest = QkaO’ ﬁcomp = % (VT (O, 0, 1)T) s
) (W (ATB) < T) g7

frest = kMEOa Icomp =V O, = = ) = ——
|BI*|T| | B| T

3

Here, kr, and ks are tunable control parameters (constants or functions of time), and V- = {v;;}7 ;4

is a known matrix with the elements
vit = By/|B|, vi2 = B,/|B|, v =B./|B|,

vor = T/|T|, v =T, /|T|, wvas =T./|T],

_ B,T. - BT, BT, - B,T, _ B, T, - BT,
V31 = — ==y V===, U3 ——=S— .
|B||T| |B||T| |B||T|

The choice of the dissipative components ﬁdiss and Iiﬁss of the controlled vectors will be justified
below.

3.8. Decreasing the Satellite’s Relative Angular Velocity

Satellite attitude stabilization implies not only achieving the desired orientation but also ensur-
ing its asymptotic stability. For this purpose, dissipative components are provided in the controlled
vectors (4); they can be chosen in various ways. For example, numerous passive devices, including
well-established composite schemes in satellites like Vertistat, spherical magnetic dampers (both
fluid and eddy-current), and hysteresis rods, generate dissipative torques proportional to the satel-
lite’s angular velocity (see [28] and the references therein).

In electrodynamic control systems, dissipative torques are typically created using semi-passive
methods. In addition to linear control solutions [15, 29], nonlinear controls with respect to angular
velocity are effective in many cases [30].

In control of mechanical systems, as well as in satellite angular motion control, angular
momentum-based control laws are widely used [31-34]. In particular, a well-known satellite stabi-
lization solution involves damping proportional to the satellite’s angular momentum [6].

In previous works, we applied dissipative components with the control parameters hy, and hjs
of the form

ﬁdiss - QhLU_jl X 1_—;7 IT;lfiss - hMCU/ X (ATE). (9)
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In this study, along with formulas (9), we propose three new variants of forming dissipative
components. In the first variant, the relative angular velocity is replaced by K = J&’, the angular
momentum of the satellite in relative motion:

Pliss = Qhy (A*lm’) X T: Lyiss = has (A*1J5’> < (ATEB). (10)

In the second variant of forming the dissipative component of the controlled vectors, the unit
vector of K appears instead of K :

= Qhr

diss —

L. hs _
AT ) X Ty Igiss = —= (A1) x (ATB). (11)
(132) 4t (47130)
Here, stabilization will be achieved formally over an infinite time. Therefore, to implement the
corresponding control algorithm, the norm of the vector K near zero is set equal to a given small

constant A, as soon as |I€ | decreases to this constant. In other words, we introduce the modified
norm

ﬁ A—|K||+A+|K
Rloa = BRI A FIR] (12

The third variant is a combination of (10) and (11); it will be justified in Section 5.

Note that compared to (9), the new variants (10) and (11) of forming the dissipative components
and their combination do not require additional measurement devices in the control system.

By substituting (5) into (7), we obtain the following system of differential equations, to be
considered together with (8):

d
— [J (& + womo)] + (& + wofo) x (J&") + we@ x (I
prlCl o7o)] + ( 070) * (J&') + wodd" x (Io) 13

= Qkao X f-i— ﬁdz’ss X f-i— kMgo X (AT§> + I_;lz'ss X (ATE) .

Thus, the problem is to determine conditions on the parameters kr, kas, hr, and hjs ensuring
the asymptotic stability of the program motion (2).

4. MOTION STABILITY ANALYSIS

Let us derive asymptotic stability conditions for the program motion (2) using the variant (10)
as more general compared to (9). Assuming the smallness of the angles 1 = ¢ — ¢, 01 = 6 — 0o,
and 11 = ¥ — 1y and their time derivatives, we expand the control torques on the right-hand side
of equation (13) into power series in these small variables, discarding all terms of degree above 1,
similar to the approach used in [24, 35]:

Mﬁ,)m = U1 (8)(kro1 + hr@n) + Lo (8) (kL01 + Shpbr) + Lps(8) (krr + ehpyn),
Mﬁ)ym = b1 (8) (karer + har1) + bz () (kar01 + Sharfr) + b (t) (kardy + ehariby).

Here m =1,2,3, vy =z, vy =y, v3 =2, § = B/A, and ¢ = C/A. We compile the symmetric ma-
trices Sr.(t) = {li; }?7]-:1 and Sys(t) = {bij}?,jzl with the elements [;; and b;;, respectively (see the
Appendix). Then equations (13) turn into the differential equations of the perturbed motion in the
three-axis satellite attitude stabilization problem:

Jy+ D)y + Gy +H(t)g + F(t,7,9) = 0, (14)
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¥1 0 01
where =1 01 |, G=w(A-B+C)| 0 0 0 is a constant matrix, D(t) =
Y1 -10 0

— A7 I (hpSL(t) + hasSar(t)) and H(t) = — (kL SL(t) + karSar(t)) are matrices with time-varying
coefficients, and the vector F nonlinearly depends on ¢ and %/.
Let us introduce the control parameters kro, knro, hro, and haro (positive constants) as follows:

kro = kLQIT()%, ko = k| B),  huo = hiQIT M), haro = har| B)
Denoting their ratios by 1 = kro/kmo, €2 = hro/hamo, and p = haro/knaro, we obtain
D(t) = —pukaro (A7 IUN(E) + 22471 TUL(D)),

H(t) = —kpo (Up(t) +e1UL(1)),

where Sy(t) S.(1)
()= =2, Up(t) = —2 o
|B(t)] QIT ()]
The Lyapunov function can be chosen as a quadratic form with a constant x > 0:
Lo 1oy o XETrs, ST1s, XoT .
V({t.9.9) = 59 DOF+ 59 Jg+7 Jg+ Sy H{O)7. (15)

The time derivative of the function (15) along the trajectories of system (14) is given by

V(t.7, ?j)|(14) = ' D)y § Gy — ¢ Ht)§— xy' GJ
1 T (16)

T S STys, X ST - L = FPR
+ 50 DG+ I+ S5 HOT - () F(t.7.9).

For any vectors 7, Z € R3, the quadratic forms in the expressions (15) and (16) can be estimated
as [36, 37]

FTD()F > pkaroinfimin (—A—lJUM(t) - 52A_1JUL(t)) 1212,
ZTH(H)Z > kaoinfimin (U (t) — e1UL (1)) ||12]%,
min{A, B, C}||Z||> < Z' JZ < max{A, B, C}||Z|?,
|7 32| < max{A, B, C}||Z|]||Z], (17)
FTD)F < prharosupAmex (—ATIUN (1) — 2,47 3UL()) |72,
FTH()E < karosupAmas (~Uni(t) — e UL(®)) 172,
FTGE <wy(A-B+0) &2, #'GF¥<wy(A-B+0)|?

where Apin(M) and Apax(M) indicate the largest and smallest eigenvalues, respectively, of a ma-
trix M, and the operations sup and inf are performed for all ¢ € R. In addition, we denote

dy = min{A, B,C}, dy=max{A,B,C}, d3=A—-B+C, (18)
dir = infmin [~ AT (Uni(t) +22UL(1)], das = infhmin (~Uni(t) — 21 UL (1)) ,
ds1 = supAmax [~ AT'T (Un(t) + £50L(1))] , dsa = suphmas (~Uni(t) — 1 UL(t)) .
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According to (17) and (18), the Lyapunov function satisfies the lower bound

N ST 2) Ly d>
V(t,7,7) > §||yH (,uk:Mod41 + xkarodaz — d2a1w0) + §H?J|| <d1X - alwg) )

where a1 > 0 is some constant.

Hence, if

do daarwd — pkaroda

dlalwg’ kM0d42
the Lyapunov function (15) will be positive definite.
Furthermore, the numbers ¢ > 0 and dy > 0 can be assigned so that
iy o 1.
V(t, 7,914y < EHyH2 (agwgdg + pkarodst + xkarodsz — 2kMod42)
) d ) )
L2 4 = — 112 |2
+ 191 <d2 o xukMod41) + e (g + 191 (1912 + 191)
for t >0, ||#7]| < o, and ||5]] < o, where ay > 0 is some constant.
Thus, under the conditions

agw%dg S do + dg/(QCLQ) \ < 2d40 — pdsy

kMO > ) )
2dy9 — pds1 — xds2 pkaroda dso

(20)

the derivative of the function (16) along the trajectories of system (14) is negative definite.

Theorem 1. Assume that for given satellite parameters A, B, C, and Q, orbit parameters R and 1,
and control parameters kro, karo, hro, and haro, there exist positive numbers a1, as, and x satisfying
inequalities (19) and (20). Then the program motion (2) of system (7), (8) is asymptotically stable.

The proof of this result is provided in the Appendix.

5. NUMERICAL EXPERIMENTS

To assess the effect of the above modifications of the dissipative torque on the stabilization pro-
cess of the satellite’s angular motion, we conducted a series of numerical experiments for the follow-
ing parameters: A = 1000kg x m?, B = 1300kg x m?, C = 700kg x m?, and Q = 15 x 1073 C (the
satellite); R =7 x 10m and ¢ = 30° (the orbit); kro = 2.5 x 1073 N x m, kpro =2 x 1073 N x m,
hro =0.2N xm x s, and hpro = 1.0N x m X s (the control parameters).

The desired satellite attitude was given by the angles ¢y = 0.2rad, ¥g = 0.4rad, and 6y = 0.6 rad.

In computer simulations, the geomagnetic field was modeled using an octupole approximation,
and the Gaussian coefficients were determined according to the IGRF model of the 13th gen-
eration [38]. Note that for the electrodynamic control method proposed, the model’s order of
approximation is not limited: this method can be used with a multipole IGRF model of any order.

For the selected satellite, orbit, and control parameters satisfying the sufficient asymptotic sta-
bility conditions, the nonlinear differential equations (7) and (8) were integrated numerically.

Figures 2-5 show the satellite stabilization process for the following initial conditions:
©(0) = —0.2rad, ¥(0) = 0.0rad, #(0) = 0.1rad, 2,(0) = w;(0)/wy = 0.3, 2y(0) = wy(0)/wo = 1.1,
and Q,(0) = w;(0)/wp = 0.5. In all figures, the horizontal axes represent the dimensionless variable
u, for which u =5 corresponds to t = 4638.22s or approximately 1h17min. Next, Fig. 2 shows
the stabilization process under the modified (10) and original (9) dissipative components of the
controlled vectors.
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30

= @) — W) ==00) — 9,,,(10) = Vpuu() =6, (1)

Fig. 2. The dynamics of the satellite attitude angles ¢(u), 1 (u), and 6(u) under the variant (9) and
“mod1 (%), Ymod1 (), and Omoar (u) under the variant (10).

rad

= o(u) —\V(U) =T e(u) — (1) “"Wmdz(u) u‘emml}(u)

Fig. 3. The dynamics of the satellite attitude angles ¢(u), 1 (u), and 6(u) under the variant (9) and
Ymod2(®), Ymodz(u), and Omoaz(u) under the variant (11).

By analogy, Fig. 3 presents the stabilization process under the modified (11) and original (9) dis-
sipative components of the controlled vectors. The value A = 0.001 was adopted for the numerical
integration of the differential equations in (12).

Note the smoother satellite stabilization transients here. However, the desired attitude was
achieved in a rather long time: starting from a certain time instant (Fig. 4), |K| became small,
leading to a small denominator in formula (11) and a subsequent reduction in control performance.

To overcome this drawback, the approaches (10) and (11) were combined. Figure 5 shows the
satellite stabilization process under the combination of the modified dissipative components (10)
and (11) of the controlled vectors.

Thus, with combining the variants of forming the dissipative components of the controlled
vectors (4), it is possible to stabilize the satellite in the orbital frame in the indirect equilibrium
position (2) (in the general case) and, moreover, to obtain relatively smoother and faster-converging
transients of the satellite stabilization process using the available control actuators.
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Fig. 5. The dynamics of the satellite attitude angles ¢(u), 1 (u), and 6(u) under the variant (9) and
“mods (%), Ymods(u), and Omoas(u) under the combination of the variants (10) and (11).

During the numerical experiments, we also analyzed the realizability of the control law in terms
of the bounded magnitudes of the controlled vectors (4). As established, with this choice of con-
trol parameters, the control torques (3) do not exceed the gravitational torque by the order of
magnitude.

6. CONCLUSIONS

This paper has addressed the electrodynamic control problem for the angular motion of a charged
satellite with an intrinsic magnetic moment, as well as its stabilization problem in the orbital frame
in an arbitrary position. Three new variants of forming the dissipative torque have been proposed,
which can be implemented using the available control actuators. The first two variants, considered
separately, suffer from some drawbacks, which can be eliminated by combining them into a uni-
form system for forming the dissipative torque (the third variant). Such combined electrodynamic
control possesses the advantages of the first and second variants, i.e., reduces the stabilization
time and decreases the amplitude of transient oscillations. These performance characteristics are
of paramount importance when the satellite carries equipment or devices sensitive to oscillations.
The results of numerical experiments have demonstrated the effectiveness and performance of the
modified satellite attitude control method.
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Using the Lyapunov function method, sufficient stability conditions for the program motion of
the satellite have been obtained and expressed explicitly in terms of the satellite, orbit, and control
parameters.
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APPENDIX
The symmetric matrices Sy, (t) = {lij}?,jzl and Sy(t) = {bij}?,jzl with the elements [;; and b;;
(see Section 4) have the following form:
li1(t) = Q(—DBc¢(sinyovce — cos ovey ) (—Byvce + Bevey) sin 0 — Bgvéé cos g — Bgvcgvcn sin g
— cos 0o(—Byvce + Bevey)?) cos go
— Be¢(Bevee(sinovee — cos vy sin by
+ (Bevey — Byvee)(cos Ogvce — cos hovce — sinthgvey)) sin o,
Lia(t) = l21(t) = Quey (((Byvce — Beven) cos Oy + Be sin 6g(cos Yovey,
— sinvgvce)) sin g — B cos o (cos ovce + sinovey))Be,
lig(t) = l31(t) = Quey (((Byvce — Beven) cos Oy + Be sin fg(cos Yovey,
— singvce)) cos wo + B¢ sin g (cos Yovce + sinovey)) Be;
laa(t) = —Q(—(Bevey — Byvee) (B sin Oy (— sin Yovee + cos ¢ovey,) — cos O (Bgvey — Byuce)) cos o
+ ((Bgv%n — Byvcoyvee) sin O + Bevey(cos ovey, — singvce) cos g
— sin o (—Byvce + Bevey)(cos hovee + sinovey)) Be),
l23(t) = l32(t) = —Quce((Byvce — Bevey) cos o
+ By sin Oy (cos Yovey — singvee)) cos @
+ By sin g (cos ovce + sinovey))Be,
I33(t) = =Q(—vee((Byvce — Bevey) cos o
+ B¢ sin 0y (— sin Ygvee + cos Povey)) sin g
+ Bevey(—sinovee + cos ovey) cos Oy + (—Byveyvee + Bgv%n) sin Og
+ B cos pouce (cos Yovee + sinovey)) Be:
b11(t) = (=B¢(Bg cos g + By siny) sin by + Be By sin vy
— Bﬁ cos g — B<2 cos Oy) cos o — ((Bg By cos ¢ + Bg sin 1)) sin 6
+ B¢ (Be sin g — cos g B, + By, cos fp)) sin ¢y,
bi2(t) = ba1(t) = ((B¢ cos bp + sin Oy (Bg cos g + By, siny)) sin ¢
— c0s o (Bg sintpg — cos 1o By))) Be;
bi3(t) = b31(t) = Be((B¢ cos Oy + sin by (Bg cos 1y + By, siny)) cos gg
+ sin g (Bg sin g — cos Yo By))),
bao(t) = — B¢ (B¢ cos Oy + sin Oy(Bg cos g + By sin)y)) cos o — (Bg2 cos g
+ B¢ By siny) cos g + B¢ (sin 0y B¢ — sin oo (Bg sin ¢y — cos g By))),
basg(t) = b3a(t) = By ((B¢ cos by + sin Oy (B¢ cos 1o + By, siny)) cos ¢
+ sin g (Bg sin g — cos Yo By))),
bas(t) = — By (B¢ cos by + sin Oy (B¢ cos ¢ + By siny)) sin g — (Bg2 cos g
+ B¢ By siny) cos 6 + sin 6o Be B¢ + cos o By (Bg sintpg — cos 19 By).
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Proof of Theorem 1. Resolving inequalities (19) and (20) with respect to y, we write them as

do
1 __“
) d1 a1w2 ’
%) daarwd — pkaroda
knrodaz ’
3) y < 2knrodas — pkarods — aswdds _ 2dap — pds1 aswids (A1)
knrodso ds2 karodse’
4) do + dg/(?&g)
pkaroda
2d4o — nd
5) y < 22— pdsy

ds2

Inequalities 1), 2), and 4) of system (A.1) define a lower bound for the number Y.

_ __do _ dearwd—pkpoda da+ds/(2a2)
Let us denote x1 = drawg’ X2 7 knrodaz pkaroda

and yo depend on the parameter aj, and as ay increases, x1(a1) decreases hyperbolically whereas
X2(a1) increases linearly. Thus, to minimize max{xi, x2}, the parameter aj is chosen so that
x1(at) = xz2(a).

Inequalities 3) and 5) of system (A.1l) define an upper bound for the admissible values of the

, and x4 = . We emphasize that x;

agwgdg

Tarod, > 0; then inequality 5) follows from inequality 3). Let the desired bound

knrodsz2

parameter y. If

be denoted by x3 =
simplified to

. Consequently, the system of inequalities (A.1) gets

max{x1(aj), xa} < x3.

Similarly, we emphasize that xs and x4 depend on the parameter as. Here, y3 decreases linearly
whereas x4 hyperbolically. To determine Y, it is necessary to find a nonempty interval [agl), agﬂ
where the inequality x4 < x3 holds for every point inside it. From the equation xs(az) = x4(a2)

we find the roots agl) and af).

If the length of the desired interval [agl), ag)} tends to zero, it shrinks to a point a3, and the
value of a¥ can be determined from the equality of the slopes of the line x3(az) and the tangent
to the curve x4(az). Consequently, a} = \/ds2/(2uwdds1). Such a choice of the constant ag can be

recommended for numerical analysis of the sufficient asymptotic stability conditions. Finally, the
system of inequalities (A.1) reduces to

max{x1(a1), xa(a3)} < xs(as)- (A.2)

If inequality (A.2) fails because x1(a}) > x3(a3), then one can choose an appropriate value of a
by reducing it to agl).

The proof of Theorem 1 is complete.
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