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Abstract—The clustering attachment model (CAM) was introduced in Bagrow and Brockmann
(2013) as an alternative to preferential attachment models. In Markovich and Vaičiulis (2024),
a generalized clustering attachment model (GCAM) is proposed that includes an arbitrary
attachment function f . This paper investigates the behavior of the mathematical expectation
of the number of triangles under weak constraints on the function f . The logarithmic growth
of the mathematical expectation of the number of triangles has been proven. More accurate
results, including a central limit theorem for the triangle count, are obtained for a constant f .
The expectation of the triangle count in the GCAM with an almost constant function f is
considered in our simulation study.
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1. INTRODUCTION

Let Gn = (Vn, En), n = 1, 2, . . . denote the sequence of random graphs, where Vn is the set of
nodes and En is the set of edges. The sequence Gn, n = 1, 2, . . . is formed by the evolution, i.e.,
the dynamic of the graph in time and space. The preferential attachment model (PAM) for the
graph evolution has been first introduced in [1, 2]. The majority of the evolution models of the
random graphs concerns to the PAM’s, see [3–8] among others due to application to numerous real-
world graphs. Let us provide here the definition of linear preferential attachment model (LPAM),
considered in [9].

Definition 1. Fix m ≥ 2 and δ > −m. Then the LPAM is a sequence of random graphs Gn =
(Vn, En), n ≥ 1 defined as follows:
(i) the graph G1 consists of a single node with no edges;
(ii) the graph G2 consists of two nodes with m edges between them;
(iii) the graph Gn+1, n ≥ 2 is constructed recursively as follows: conditioning on the graph Gn, we

add a node n+1 to the graph, with m new edges. Newly attached edges connect node n+1
and nodes i1, . . . , im ∈ Vn, which are chosen by using weighted sampling with replacement.
All nodes of the graph Gn are equipped with the weights

pi,n(δ) =
Di,n + δ

2m(n − 1) + δn
, i ∈ Vn, (1)

which are recalculated after the choice of each of nodes i1, . . . , im ∈ Vn. Here and below Di,n

denotes the degree of node i ∈ Vn.
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In [10], the attachment function f is included in the definition of the PAM. Namely, (1) is replaced
by

pi,n(f, δ) =
f(Di,n) + δ

∑

j∈Vn
(f(Di,n) + δ)

, i ∈ Vn, (2)

where the preferential attachment function f is deterministic, non-decreasing and non-negative.

The clustering attachment model (CAM) was introduced in [11] as an alternative to the PAM,
see [11] for comprehensive argument. This model is less known, even though it is often observed in
practice and it can be applicable to local networks, e.g., local social networks, and “systems where
nodes are drawn not towards hubs, but towards densely connected groups” [11].

Before providing the definition of so-called generalized CAM, let us recall the definition of the
clustering coefficient. The clustering coefficient of node i ∈ Vn is defined as

ci,n =

{

0, Di,n = 0 or Di,n = 1,
2∆i,n/ (Di,n (Di,n − 1)) , Di,n ≥ 2,

where ∆i,n is the number of triangles of node i, [12].

The clustering coefficient ci,n was proposed first in [13] as “the propensity for two neighbors
of the same vertex also to be neighbors of one another, forming a triangle of connections in the
network.” It measures a capacity of the ith node to form triangles of the nearest nodes in its
neighborhood.

Let #A denote the cardinality (the number of elements) of arbitrary finite set A. The following
definition of the generalized CAM (further the GCAM) is a slight modification of one proposed
in [14].

Definition 2. Fix m ≥ 2 and ǫ ≥ 0. Then the GCAM is a sequence of random graphs Gn =
(Vn, En), n ≥ 1 defined as follows:
(i) G1 is a non-random, finite and simple graph, which consists of at least m nodes, i.e.,

#V1 ≥ m. (3)

(ii) Each node i ∈ Vn, n ≥ 1 is equipped with the weight

pi,n(f, ǫ) =
f (ci,n) + ǫ

∑

j∈Vn
(f (cj,n) + ǫ)

, (4)

where the attachment function f is deterministic, non-decreasing, non-negative on [0, 1] and
f(1) <∞.

(iii) For n ≥ 1, Gn+1 is constructed recursively as follows: conditioning the graph Gn, we add a
node #V1 + n to the graph, with m new edges. The new edges connect the pairs of nodes

{#V1 + n, i1}, {#V1 + n, i2}, . . . , {#V1 + n, im},

where nodes i1, . . . , im ∈ Vn are chosen by applying weighted sampling without replacement.

It is easy to see that the CAM in [11], i.e., GCAM with

f(x) = xα, x ≥ 0, α > 0 (5)

is constructed by replacing Di,n with ci,n in the corresponding PA model. The same noting holds
by comparing (2) and (4).
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Let us provide several remarks related to comparison of PAM and GCAM.

(1) Cardinalities #Vn and #En are deterministic for both models. In particular, it follows from
Definition 2(iii) that for any n ≥ 1,

#Vn = #V1 + n− 1, #En = #E1 +m(n− 1). (6)

As for LPAM, we have #Vn = n and #En = m(n− 1).

(2) From Definition 2(iii) that for any n ≥ 1, Gn is a simple graph. The situation is different with
LPAM. From Definition 1(iii) it follows that multiple edges allowed in LPAM.

(3) It is known that the LPAM with m ≥ 2 and δ > 0 produces a power law degree distribution
with degree exponent 3 + δ/m, see, e.g., [9]. For our best knowledge, the degree distribution
is not investigated for the GCAM. Using a heuristic argument it is concluded in [11] that
the degree distribution for the CAM belongs to the class of light-tailed distributions. The
simulation results in [15] confirm this conclusion.

(4) The main difference between LPAM and GCAM is the following. By considering LPAM one can
note that it is likely that the node (say i) with large degree in the graph Gn will be connected
with newly introduced node n+ 1. This implies Di,n < Di,n+1. This means that LPAM exibits
a rich-get-richer phenomenon (Matthew effect). The GCAM has not such property. For
example, if ci,n = 1 for some node i ∈ Vn and this node is connected with new node #V1 + n,
then ci,n > ci,n+1. Indeed, suppose first that the nodes i ∈ Vn and j ∈ Vn selected by weighted
random choice with replacement are not connected by an edge. Then Di,n+1 = Di,n + 1 and
∆i,n+1 = ∆i,n hold. The last equalities together with the equality 2∆i,n = Di,n(Di,n − 1) allow
us to obtain ci,n+1 = (∆i,n − 1)/(∆i,n + 1) < 1. It is easy to verify that when nodes i ∈ Vn
and j ∈ Vn are connected by an edge, then ci,n+1 = (Di,n(Di,n − 1) + 2)/(∆i,n(∆i,n + 1)) < 1
due to Di,n ≥ 2.

The total number of triangles ∆n in a random graph Gn is defined by

∆n =
1

3

∑

i∈Vn

∆i,n.

Our objective is to investigate the behavior of the sequence E(∆n)−∆1, n ≥ 2 for the GCAM
with m = 2 and ǫ > 0. The GCAM with m = 2 can be characterized as a basic. Namely, the
clustering coefficient of a newly appended node is equal to 1 when a pair of chosen nodes i1 and i2
are connected, or 0 otherwise.

The paper is organized as follows. Related results regarding the expected number of triangles
are surveyed in Section 2. Main results including Theorems 1 and 2 are presented in Section 3.
The algorithm and simulation results of the sequence E∆n−∆1, n ≥ 2 are considered in Section 4.
Conclusions are given in Section 5. Proofs are provided in Appendix.

2. RELATED RESULTS FOR EXPECTED NUMBER OF TRIANGLES

A triangle of connected nodes is the most studied subgraph and it can be considered as the basic
community. Perhaps, it was first proposed for study in [13].

In [16] it is shown that E(∆n) in the Albert-Barabási model (the LPAM with δ = 0, m ≥ 2)
is of order ln3(n). The same order is obtained in [17] for the PAM, where all m edges from the
next new vertex are drawn simultaneously and independently, and the probabilities of drawing an
edge to vertex i depend linearly on the degree of this vertex in Gn, but are not recalculated after
drawing the next edge, as in the definition of 1.
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E(∆n) of LPAM with two parameters δ,m was investigated in [18], see also [19]. In [18] it is
shown that for δ > 0 and m ≥ 2,

|E(∆n)− C1(β,m) ln(n)| ≤ C2, n ≥ 2

holds, where C1 and C2 are some positive constants. More general, Theorem 2.5 in [9] states that
for the LPAM parameters m ∈ N ≥ 2 and δ > −m,

E (∆n) = C1(m, δ)g1(n) + g2(n), n→ ∞

holds, where the function g2 is such that |g2(n)| → 0 as n→ ∞, while the function g1 has the form

g1(n) =











n−δ/(2m+δ), −m < δ < 0,

ln3(n), δ = 0,
ln(n), δ > 0.

The explicit form of the asymptotic constant C1(m, δ) is given in Theorem 2.5 of in [9].

Let us list articles containing results on the number of triangles ∆n. The asymptotic behavior
of the number of triangles ∆n in an inhomogeneous random graph with different connection prob-
abilities to form edges is derived in [20, 21], and a short survey can be found in [22]. It was shown
that ∆n converges in distribution to a Poisson distribution. The asymptotic expected number of ∆n

in power-law uniform random graphs is studied in [23]. The survey of the literature regarding the
triangle count ∆n for homogeneous random graphs is given in [21].

3. MAIN RESULTS

The main result of this work is the following theorem.

Theorem 1. Let m = 2 and ǫ > 0 be parameters of the GCAM. Then for n ≥ 2,

1

µ2
+ g1(n) ≤

E(∆n)−∆1

4 ln(n)
≤ µ2 + g2(n), (7)

where

µ =
ǫ+ f(1)

ǫ+ f(0)
(8)

and gi(n) = O (1/ ln(n)), n→ ∞, i = 1, 2.

Without loss of generality we may assume that f(1) = 1 in (4). Indeed, if f(1) 6= 1, then pi,n(f, ǫ) =
pi,n(f/f(1), ǫ/f(1)). By considering particular case of the attachment function f we have the
following result.

Theorem 2. Let m = 2 and ǫ > 0 be parameters of the GCAM and f is the constant function,

namely,

f(x) = λ, 0 ≤ x ≤ 1, λ ≥ 0. (9)

Then

lim
n→∞

E(∆n)−∆1

4 ln(n)
= 1 (10)

and

∆n − 4 ln(n)

2 ln1/2(n)

d
→ N (0, 1) , n→ ∞, (11)

where
d
→ denotes the convergence in distribution and N (0, 1) denotes the standard normal distri-

bution.
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The statement (11) is the central limit theorem (CLT). The author has not encountered an analogue
for a LMAP. A review of the literature on local CLT applied to ∆n in Erdös-Rényi random graphs
is contained in [24].

4. MONTE-CARLO SIMULATIONS

The classical approach to analyze the total triangle count is to simulate a “long enough” sequence
of graphs G1, . . . , Gn and then build a sample ∆1, . . . ,∆n. However, this procedure may require
a long simulation time. To overcome the problem, we present an approximation for E(∆n) −∆1,
n ≥ 2, based on theoretical calculations presented in the Appendix, to which several references will
be made below.

Let U
(j)
k , 1 ≤ j ≤ N , 1 ≤ k ≤ n− 1 be independent and uniformly distributed random variables

(r.v.) on (0, 1), and let the random event Bk be defined in (A.4). Then

Dn,N =
1

N

N
∑

j=1

n−1
∑

k=1

I
{

U
(j)
k < P(Bk)

}

, n ≥ 2, (12)

is an approximation for E(∆n)−∆1. Indeed, using (A.6) and (A.7), we get E
(

Dn,N

)

=E(∆n)−∆1.

Moreover, for any fixed n the sequence Dn,N , N = 1, 2, . . . converges almost everywhere
to E(∆n)−∆1 as N → ∞. This follows from the strong law of large numbers (see, e.g., Theo-
rem 14 in [28]), since the terms in the sum (12) by j are independent and identically distributed
r.v.s with expectation E(∆n)−∆1.

Let ñ ≥ 2 denote some natural number. Using (12), one can quickly generate an approximation
of the sequence E(∆n) − ∆1, 2 ≤ n ≤ ñ. To this end, we need to calculate probabilities P(Bk),
1 ≤ k ≤ ñ− 1. In the simplest case, when f is a constant function (see, (9)), we have

P(Bk) =
2(#E1 + 2(k − 1))

(#V1 + k − 1)(#V1 + k − 2)
, k ≥ 1,

see (A.13). Calculating the probabilities P(Bk), 1 ≤ k ≤ ñ− 1 becomes significantly more compli-
cated when replacing a constant function with an almost everywhere constant (in terms of Lebesgue
measure) function

f(x) =

{

0, x = 0,
1, 0 < x ≤ 1.

(13)

For the function f presented in (13), weights (4) have the form

pi,n(f, ǫ) =
1

(1 + ǫ)Vn,1 + ǫVn,2

{

ǫ, i ∈ Vn,2,
1 + ǫ, i ∈ Vn,1,

(14)

where Vn,1 = {i : ci,n > 0}, Vn,2 = Vn \ Vn,1. Let us also decompose the set of edges En into disjoint
subsets. Let En,1 = {{i, j} : {i, j} ∈ En, i ∈ Vn,1, j ∈ Vn,1}, En,3 = {{i, j} : {i, j} ∈ En, i ∈ Vn,2,
j ∈ Vn,2} and En,2 = En \ (En,1 ∪ En,3) hold. For example, if G1 = (V1, E1) with

V1 = {1, 2, . . . , 9}, E1 = {{1, 2}, {1, 3}, {2, 3}, {2, 5}, {3, 4}, {6, 7}}, (15)

then V1,1 = {1, 2, 3}, V1,2 = {4, 5, . . . , 9}, E1,1 = {{1, 2}, {1, 3}, {2, 3}}, E1,2 = {{2, 5}, {3, 4}},
E1,3 = {{6, 7}}.

Taking into account the introduced notations (A.7) can be rewritten as follows:

P(Bk) = qk,1 + qk,2 + qk,3, k ≥ 1,
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where

qk,ℓ =
∑

{i1,i2}∈Ek,ℓ

(

pi1,k(f, ǫ)pi2,k(f, ǫ)

1− pi1,k(f, ǫ)
+
pi1,k(f, ǫ)pi2,k(f, ǫ)

1− pi2,k(f, ǫ)

)

, ℓ = 1, 2, 3.

Here and further, we assume that the initial graph G1 and the parameter ǫ are chosen so that
µ < #V1. Using (14), we find

qk,1 =
2(1 + ǫ)2#Ek,1

λk (λk − 1− ǫ)
, qk,2 =

ǫ(1 + ǫ)#Ek,2

λk (λk − 1− ǫ)
+
ǫ(1 + ǫ)#Ek,2

λk (λk − ǫ)
, qk,3 =

2ǫ2#Ek,3

λk (λk − ǫ)
,

where λk = (1 + ǫ)#Vk,1 + ǫ#Vk,2. In addition, we introduce the quantities

q̄k,1 =
2(1 + ǫ)2 (#Vk,1(#Vk,1 − 1)/2 −#Ek,1)

λk (λk − 1− ǫ)
,

q̄k,2 =
ǫ(1 + ǫ) (#Vk,1#Vk,2 −#Ek,2)

λk (λk − 1− ǫ)
+
ǫ(1 + ǫ) (#Vk,1#Vk,2 −#Ek,2)

λk (λk − ǫ)
,

q̄k,3 =
2ǫ2 (#Vk,2(#Vk,2 − 1)/2 −#Ek,3)

λk (λk − ǫ)
.

It is easy to see that qk,1 is the probability of choosing an unordered pair of nodes connected by an
edge from Ek,1, and q̄k,1 is the probability of choosing an unconnected unordered pair of nodes such
that both nodes belong to Vk,1. The quantities qk,ℓ and q̄k,ℓ, ℓ = 2, 3 can be interpreted similarly.

Let us recall that to form the graph Gk+1, a new node #V1 + k is added to the graph Gk.
Depending on the link between the unordered pair of nodes selected using weighted random selection
without deletion, the newly introduced node is added to the set Vk+1,1 or to the set Vk+1,2. We also
add two edges connected to the node #V1 + k to one of the disjoint sets Ek+1,1, Ek+1,2, or Ek+1,3.
In particular, the cardinalities of the sets #Vk+1,ℓ, ℓ = 1, 2, k ≥ 1 and #Ek+1,ℓ, ℓ = 1, 2, 3, k ≥ 1
are controlled by the following rules:

1. If the event {U
(j)
k < qk,1} occurs (i.e. both selected nodes belong to Vk,1 and they are

connected by an edge from Ek,1), then #Vk+1,1 = #Vk,1 + 1 and #Ek+1,1 = #Ek,1 + 2. If

{qk,1 + qk,2 + qk,3 ≤ U
(j)
k < qk,1 + qk,2 + qk,3 + q̄k,1} (i.e., both selected nodes belong to Vk,1

and are not connected), then #Vk+1,2 = #Vk,2 + 1 and #Ek+1,2 = #Ek,2 + 2.

2. If the event {qk,1 ≤ U
(j)
k < qk,1 + qk,2} occurs (i.e. one of the selected nodes belongs to Vk,1, and

another one belongs to the set Vk,2 and the nodes are connected by the edge from Ek,2), then
#Vk+1,1 = #Vk,1 + 2, #Vk+1,2 = #Vk,2 − 1, #Ek+1,1 = #Ek,1 + 3 and #Ek+1,2 = #Ek,2 − 1.

If the event {qk,1 + qk,2 + qk,3 + q̄k,1 ≤ U
(j)
k < qk,1 + qk,2 + qk,3 + q̄k,1 + q̄k,2} occurs (i.e. one

of the selected nodes belongs to Vk,1, and another one belongs to the set Vk,2, and nodes are
not connected), then #Vk+1,2 = #Vk,2 + 1, #Ek+1,2 = #Ek,2 + 1 and #Ek+1,3 = #Ek,3 + 1.

3. If the event {qk,1 + qk,2 ≤ U
(j)
k < qk,1 + qk,2 + qk,3} occurs (i.e. both of the selected nodes

belong to Vk,2 and they are connected by the edge from Ek,3), then #Vk+1,1 = #Vk,1 + 3,

#Vk+1,2 = #Vk,2 − 2, #Ek+1,1 = #Ek,1 + 3 and #Ek+1,3 = #Ek,3 − 1. If the event {U
(j)
k ≥

1− q̄k,3} occurs (i.e. both of selected nodes belong to Vk,2 and they are disconnected), then
#Vk+1,2 = #Vk,2 + 1 and #Ek+1,3 = #Ek,3 + 2.

The following initial graphs were used in the simulation G1 = (V1, E1):

a) a complete graph G
(1)
1 with three nodes and three edges;

b) the graph G
(2)
1 = (V1, E1), where V1 and E1 are determined in (15);

c) a complete graph G
(3)
1 with 17 nodes and 136 edges.
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Fig. 1. The graph g(n) = 4 ln(n) (dotted line) and Dn,100, 1.5× 106 ≤ n ≤ 2.25 × 106 for initial graph G
(1)
1 .

Fig. 2. The graph g(n) = 4 ln(n) (dotted line) and Dn,100, 1.5× 106 ≤ n ≤ 2.25 × 106 for initial graph G
(2)
1 .

Fig. 3. The graph g(n) = 4 ln(n) (dotted line) and Dn,100, 1.5× 106 ≤ n ≤ 2.25 × 106 for initial graph G
(3)
1 .

In the simulation, the difference E(∆n)−∆1 is approximated by an empirical mean DN,n.
The values Dn,N are calculated based on (12) using N = 100 independent sequences of triangle
numbers. The approximation values Dn,100, 2 ≤ n ≤ 2.25 × 106 are calculated for ǫ = 1/2.3/4.2.8
and for each initial graph. The simulation results are presented in Figs. 1–3, the smoothness of
the curves of which indicates that the chosen value of N is sufficiently large. To show that Dn,100,
as a function of n, varies slowly for large n, the simulation results are presented on the interval of
natural numbers [1.5× 106, 2.25 × 106].
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Relation (10) states that for λ = 1, the mathematical expectation of the number of triangles
E(∆n) − ∆1 is asymptotically equal to g(n) = 4 ln(n) as n → ∞. The graph of the function g is
also shown in Figs. 1–3.

We see that the graphs Dn,100 in Figs. 1–3 are approximately parallel to g(n) = 4 ln(n). There-
fore, we can assume that for each initial graph G1 and ǫ > 0, there exists a positive parameter ν,
probably depending on G1 and ǫ, such that the mathematical expectation E(∆n)−∆1 is asymp-
totically equal to ν ln(n) as n→ ∞.

The simulation results are as follows:

(1) the graphs Dn,100 in Figs. 1–3 allow us to conclude that ν depends on the parameter ǫ, which
is also confirmed by the estimates of the parameter ν̂ obtained by the least squares method
and presented in table;

Empirical characteristics D̄ = D2.5×106,100 and ν̂

Initial graph

G
(1)
1 G

(2)
1 G

(3)
1

ǫ 1/2 3/4 2 8 1/2 3/4 2 8 1/2 3/4 2 8

D 68 61 56 54 59 54 48 48 84 77 66 62

ν̂ 4.69 4.20 3.85 3.69 4.07 3.71 3.29 3.26 5.77 5.29 4.49 4.28

(2) the table shows that D̄ = D2.5×106,100 and ν depend on the assignment of the initial graph;

(3) for all approximations D2.5×106,100 it holds

λ−2 ≤
D2.5×106,100

4 ln(2.5 × 106)
≤ λ2, λ =

1 + ǫ

ǫ
,

that does not contradict the theoretical result (7);

(4) the approximation (12) can be applied for the next attachment function as well:

f(x) =

{

0, 0 ≤ x < 1,
1, x = 1.

When designing an algorithm to compute P(Bk), 1 ≤ k ≤ n − 1, in this case, it is important
to keep in mind that ci,n = 1 if and only if i is a vertex of the complete graph.

5. CONCLUSIONS

The expected number of node triangles for the GCAM with m = 2, any ǫ > 0 and arbitrary
attachment function f satisfying Definition 2 is investigated.

The function f does not have to be continuous in Definition 2(ii), and therefore, in Theorem 1.
This function may be discontinuous, with one or several removable discontinuities.

Regarding the initial graph G1 = (V1, E1) from which the evolutions begins, Theorem 1 is valid
for any set E1 including the empty one. The technical assumption (3) with m = 2 ensures that
each graph Gn, n ≥ 1 contains at least two nodes, which may be chosen by applying the weighted
sampling without replacement. The expected number of triangles is proved to be of the rate ln(n).
It is noted in Section 2, the number of triangles in the linear PAM with m ≥ 2 and δ > 0 has the
same rate ln(n), see [18], [9].

A fast algorithm to generate a long sequence E∆n−∆1, n ≥ 2 for the GCAMwith the attachment
function (13) is provided. Our simulation results validate theoretical result in Theorem 1.
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The weights pi,n(f, ǫ), i ∈ Vn in (4) are uniformly distributed on Vn if the attachment function is
constant. This allowed us to find the asymptotic of E∆n−∆1 and prove the asymptotic normality,
see (10) and (11), respectively, in Theorem 2.

The case m > 2 requires more calculations due to a complicated combinatorics. As is noted
in [11], to investigate the growth of the triangle count by using simulations is a challenge. One can
suppose that the expected number of triangles has the rate ln(n) in the case m > 2, too.

Having information about the behavior of the sequence E∆n, n ≥ 2, one can investigate the
behavior of the average clustering coefficient

C̄n =
3∆n

the number of pairs of connected edges in a graphGn
.

This is a subject for further research.
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APPENDIX

We will provide proofs for the statements here.
The digamma function ψ is defined as

ψ(x) =
d

dx
ln (Γ(x)) , x > 0, (A.1)

where Γ(x) =
∫∞
0 yx−1e−ydy is the Euler’s gamma function, see, e.g., [25]. Let us define

Υn(µ,#V1,#E1) = 4µ2ψ(n+#V1 − 1− µ)

+ 2µ(2#V1 −#E1) (ψ(n +#V1 − 1)− ψ(n +#V1 − 1− µ)) ,

where µ is the same as in (8), initial graph G1 = (V1, E1) satisfies Definition 2(i) and natural n is
such that n ≥ n0, where natural n0 satisfies n0 +#V1 − 1− µ > 0.

Lemma 1. Let #Vk, k ≥ 1 and #Ek, k ≥ 1 be the sequences defined in (6) and β be a real

positive number, while natural numbers 1 ≤ n′ < n′′ <∞ are such that n′+#V1− 1−β > 0. Then

2β2
n′′−1
∑

k=n′

#Ek

#Vk(#Vk − β)
= Υn′′(β,#V1,#E1)−Υn′(β,#V1,#E1). (A.2)

Proof of Lemma 1. The left-hand side of (A.2) is equal to the sum

2β(#E1 − 2#V1)
n′′−1
∑

k=n′

1

k +#V1 − 1
+ 2β (2β − (#E1 − 2#V1))

n′′−1
∑

k=n′

1

k +#V1 − 1− β
.

The equality (A.2) follows by applying the identity

n′′−1
∑

k=n′

1

k + γ
= ψ(n′′ + γ)− ψ(n′ + γ), n′ + γ > 0. (A.3)
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To prove (A.3) we decompose the left-hand side of (A.3) as following:

∞
∑

k=n′

1

k + γ
−

∞
∑

k=n′′

1

k + γ
= −







−γE +
∞
∑

j=0

1

j + 1
−

∞
∑

j=0

1

j + n′ + γ







+







−γE +
∞
∑

j=0

1

j + 1
−

∞
∑

j=0

1

j + n′′ + γ







,

where γE ≈ 0.5772 is the Euler–Mascheroni’s constant, and use the series expansion

ψ(x) = −γE +
∞
∑

j=0

1

j + 1
−

∞
∑

j=0

1

j + x
, x > 0,

(see, e.g., [25]).

Lemma 2. Let β be a real positive number, while natural numbers 1 ≤ n′ < n <∞ are such that

n′ +#V1 − 1− β > 0. Then

Υn(β,#V1,#E1)− 4β2 ln(n) = g(n)

holds, where g(n) = O (1/n), as n→ ∞.

Proof of Lemma 2. We can write Υn(β,#V1,#E1)− 4β2 ln(n) = g(n), where

g(n) = 2β (2β − (2#V1 −#E1)) (ψ(n+#V1 − 1− β)− ln(n+#V1 − 1− β))

+ 2β(2#V1 −#E1) (ψ(n +#V1 − 1)− ln(n+#V1 − 1))

+ 4β2 ln

(

1 +
#V1 − 1− β

n

)

+ 2β(2#V1 −#E1) ln

(

1 +
β

n+#V1 − 1− β

)

.

By using inequalities x/(1 + x) ≤ ln(1 + x) ≤ x, x > −1 and |ψ(x)− ln(x)| < 1/x, x > 0 (see, e.g.,
[26]), we find that |g(n)| ≤ C/n, where 0 < C <∞ is some constant.

Proof of Theorem 1. Obviously, that two random events {∆n+1 = ∆n + 1} and

Bn ={an unordered pair of nodes chosen (by weighted sampling without

replacement) from Vn is connected by an edge from En}
(A.4)

are equivalent. Thus, we get

∆n −∆1 =
n−1
∑

k=1

I(Bk), n ≥ 2, (A.5)

where I(Bk) denotes the indicator of the event Bk. Whence, keeping in mind that the graph G1 is
non-random, we get

E (∆n)−∆1 =
n−1
∑

k=1

P(Bk), n ≥ 2. (A.6)

By applying the weighted sampling without replacement, the first node of Vk is randomly selected,
using weights pi,k(f, ǫ), i ∈ Vk, k ≥ 1. The same node, say i′, cannot be selected again. The second
node is chosen using renormalized weights pi,k(f, ǫ)/

(

1− pi′,k(f, ǫ)
)

, i ∈ Vk \{i
′}. If #Ek = 0, then

it immediately follows that P(Bk) = 0. As for the case #Ek 6= 0, we have

P(Bk) =
∑

{i1,i2}∈Ek

(

pi1,k(f, ǫ)pi2,k(f, ǫ)

1− pi1,k(f, ǫ)
+
pi1,k(f, ǫ)pi2,k(f, ǫ)

1− pi2,k(f, ǫ)

)

, k ≥ 1. (A.7)
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Here, the sum is taken over all unordered pairs of nodes {i1, i2} belonging to the set of edges Ek.
The assumption ǫ > 0 yields 0 < pi,k(f, ǫ) < 1 for any i ∈ Vk, k ≥ 1. Thus, all summands on the
right-hand side of (A.7) are positive.

Under the adopted assumptions (see Definition 2 (ii)) the function f does not decrease on [0, 1],
i.e., f(0) ≤ f(x) ≤ f(1) for all 0 ≤ x ≤ 1. Due to gross inequality 0 ≤ ci,k ≤ 1, i ∈ Vk, k ≥ 1, this
leads to f(0) ≤ f(ci,k) ≤ f(1), i ∈ Vk, k ≥ 1. From here follow the inequalities for the weights (4):

1

µ#Vk
≤ pi,k(f, ǫ) ≤

µ

#Vk
, i ∈ Vk, k ≥ 1. (A.8)

Let us consider the upper bound of E (∆n)−∆1. Assume first that #V1−µ > 0. By combining
(6), (A.7), (A.8) we get

P(Bk) ≤ 2µ2
#Ek

#Vk(#Vk − µ)
(A.9)

for k ≥ 1. This, together with (A.6) gives

E (∆n)−∆1 ≤ 2µ2
n−1
∑

k=1

#Ek

#Vk(#Vk − µ)
.

By applying Lemma 1 we obtain

E (∆n)−∆1 ≤ Υn(µ,#V1,#E1)−Υ1(µ,#V1,#E1)

≤ 4µ2 ln(n) +
∣

∣

∣Υn(µ,#V1,#E1)− 4µ2 ln(n)
∣

∣

∣+ |Υ1(µ,#V1,#E1)| .

Hence, it follows

E (∆n)−∆1

4 ln(n)
≤ µ2 +

∣

∣Υn(µ,#V1,#E1)− 4µ2 ln(n)
∣

∣

4 ln(n)
+

|Υ1(µ,#V1,#E1)|

4 ln(n)
.

Now, by Lemma 2, it follows

E (∆n)−∆1

4 ln(n)
≤ µ2 + g2(n), (A.10)

where g2(n) = O (1/ ln(n)), n→ ∞.

Assume now #V1 − µ ≤ 0. Then there exists natural k0, such that #Vk − µ ≤ 0 for 1 ≤ k ≤ k0
and #Vk − µ > 0 for k > k0. We decompose the sum in right-hand side of (A.6) as follows:

E (∆n)−∆1 =
k0
∑

k=1

P(Bk) +
n−1
∑

k=k0+1

P(Bk). (A.11)

By using a rough bound P(Bk) ≤ 1 we get that first sum in right-hand side of (A.11) does not
exceed k0. To find an upper bound of the second sum, we apply the bound (A.9), which holds for
k > k0. Thus, we have

E (∆n)−∆1 ≤ k0 +Υn(µ,#V1,#E1)−Υk0+1(µ,#V1,#E1).

It remains to apply Lemma 2 again, to ensure that (A.10) is satisfied.

A similar reasoning can be applied to obtain the lower bound of (E (∆n)−∆1) / (4 ln(n)).
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Proof of Theorem 2. By substituting (9) into (4) we get that for any ǫ > 0,

pi,k(f, ǫ) = 1/#Vk, i ∈ Vk, k ≥ 1. (A.12)

By combining (A.6), (A.7) and (A.12) we derive

E (∆n)−∆1 = 2
n−1
∑

k=1

#Ek

#Vk(#Vk − 1)
, n ≥ 2, (A.13)

and hence,

E (∆n)−∆1 = Υn(1,#V1,#E1)−Υ1(1,#V1,#E1), n ≥ 2. (A.14)

Now (10) follows by applying Lemma 2 with β = 1.

Let us prove (11). We have

∆n − 4 ln(n)

2 ln1/2(n)
=

E(∆n)−∆1 − 4 ln(n)

2 ln1/2(n)
+

∆1

2 ln1/2(n)
+

∆n − E(∆n)

2 ln1/2(n)
. (A.15)

Using (A.14), it is easy to see that the first term on the right-hand side of (A.15) is equal to the
ratio

{Υn(1,#V1,#E1)− 4 ln(n)} −Υ1(1,#V1,#E1)

2 ln1/2(n)
,

which by Lemma 2 tends to 0 as n→ ∞. Evidently, the second term in the right-hand side of (A.15)
tends to 0 as n→ ∞, too. It remains to prove that

∆n − E(∆n)

2 ln1/2(n)

d
→ N (0, 1) , n→ ∞. (A.16)

Applying (A.5) and (A.6), we get

∆n − E (∆n) =
n−1
∑

k=1

(I(Bk)− P (Bk)) .

The summands in the sum over k are independent since the occurrence of B1, . . . , Bk−1 does not
affect the probability P(Bk). Also, (I(Bk)− P (Bk)), k ≥ 1 are non-identically distributed random
variables with zero mean.

Let us define

σ2n =
n−1
∑

k=1

E (I(Bk)− P (Bk))
2 .

By Lyapunov’s theorem (see, e.g., Theorem 27.3 in [27]), the relation (A.16) will be proven if we
show that it holds

lim
n→∞

σ2n
4 ln(n)

= 1 (A.17)

and

lim
n→∞

1

σ2+η
n

n−1
∑

k=1

E|I(Bk)− P (Bk) |
2+η = 0 (A.18)

for some positive η.
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Let us prove (A.17) first. It is easy to find that

σ2n =
n−1
∑

k=1

P(Bk)−
n−1
∑

k=1

P2(Bk). (A.19)

From (A.13) it immediately follows that P(Bk) ≤ C1/(k +#V1 − 2), k ≥ 1, where C1 = 4 + 2|#
E1 − 2#V1 + 2|. This implies

n−1
∑

k=1

P2(Bk) ≤ C2
1

n−1
∑

k=1

1

(k +#V1 − 2)2
≤ C2

1

∞
∑

k=1

1

k2
=
C2
1π

2

6
.

Whence, it follows that ln−1(n)
∑n−1

k=1 P
2(Bk) → 0, n→ ∞. The latter relation with (10), (A.6)

and (A.19) yields (A.17).

Lyapunov’s condition (A.18) is satisfied with η = 1. To verify this we write

n−1
∑

k=1

E|I(Bk)− P (Bk) |
3 =

n−1
∑

k=1

{

P(Bk)− P2(Bk)
}{

(1− P(Bk))
2 + P2(Bk)

}

≤ 2σ2n.

Thus, the left-hand side of (A.18) (with η = 1) does not exceed limn→∞ 2/σn = 0.
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5. Markovich, N.M. and Vaičiulis, M., Extreme Value Statistics for Evolving Random Networks, Mathe-

matics, 2023, vol. 11, no. 9, pp. 2171.

6. Norros, I. and Reittu, H., On a conditionally poissonian graph process, Advances in Applied Probability,
2006, vol. 38, no. 1, pp. 59–75.

7. Wan, P., Wang, T., Davis, R.A., and Resnick, S.I., Are extreme value estimation methods useful for
network data? Extremes, 2020, no. 23, pp. 171–195.

8. Wang, T. and Resnick, S.I., Poisson Edge Growth and Preferential Attachment Networks, Methodol.

Comput. Appl. Probab., 2023, vol. 25, no. 8.

9. Garavaglia, A. and Stegehuis, C., Subgraphs in preferential attachment models, Advances in Applied

Probability, 2019, no. 51, pp. 898–926.

10. Wang, T. and Resnick, S.I., Consistency of Hill estimators in a linear preferential attachment model,
Extremes, 2019, no. 22, pp. 1–28.

11. Bagrow, J. P. and Brockmann, D., Natural Emergence of Clusters and Bursts in Network Evolution,
Phys. Rev. X., 2013, no. 3, pp. 021016.

12. Newman, M.E.J., Networks: an introduction, New York: Oxford, 2010.

13. Newman, M.E.J., Random Graphs with Clustering, Phys. Rev. Lett., 2009, vol. 103, no. 5, pp. 058701.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 3 2026



208 MARKOVICH

14. Markovich, N.M. and Vaičiulis, M., Investigation of triangle counts in graphs evolved by clustering
attachment, Autom. Remote Control, 2024, no. 85, pp. 978–989.

15. Markovich, N.M., Ryzhov, M.S., and Kulik, M.R., Investigation of dependencies and distributions in
random networks evolved by mixed models of the evolution and node deletion, J. Large-Scale Syst.

Control, 2024, no. 109, pp. 89–121. (in Russian)

16. Bollobás, B. and Riordan, O.M., Mathematical Results on Scale-Free Random Graphs., Weinheim:
Wiley-WCH, 2002.

17. Ryabchenko, A.A. and Samosvat, E.A., On the number of subgraphs of the Barabási–Albert random
graph, Izvestiya: Mathematics, 2012, vol. 76, no. 3, pp. 607–625.

18. Eggemann, N. and Noble, S.D., The clustering coefficient of a scale-free random graph, Discrete Appl.

Math., 2011, no. 159, pp. 953–965.
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