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1. INTRODUCTION

Various quality aspects, including derivation of necessary optimality conditions of first order and
study of singular cases of optimal control problems for determinate dynamical systems described
by the first order hyperbolic equations, have been studied in [1-6] and others.

Such an optimal control problem in the stochastic case has been considered in [7] and first-
order necessary optimality conditions (the analogue of Pontryagin’s maximum principle, linearized
maximum principle, analogue of the Euler’s equation [8]) have been established there.

The relevance of research in this direction is determined by the need for the most accurate
description, for example, of automatic control systems, a number of chemical technological processes
[9-14], whose realistic option is a stochastic description that takes into account the impact of
random factors on the controlled object.

The present work is devoted to the study of the singular case in the sense of Pontryagin’s
maximum principle and derivation of the second order necessary optimality conditions for singular
controls in the stochastic control problem described by the system of nonlinear stochastic first order
hyperbolic equations in canonical form.

The applied scheme of the study is a modification and development of the schemes from [5, 6],
allowing for stochastic properties of the problem under consideration.
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66 MANSIMOV, MASTALIYEV
2. PROBLEM STATEMENT

Assume that the control process in the given domain D = [to,t1][zo,x1] is described by the
following system of stochastic nonlinear partial differential equations of first order

060 _ 11,0, 2, y,u) + plt, 3, 2) D).
ot ot (1)
oy (t,x) oWy (t, x)
T_g(taxazayau)+q(taxay) 8:6 ) (t,SC)ED,
with Goursat type boundary conditions
z(to,x) =a(z), =z € lro,m1], y(t,zo)=0(t), tE [to,t1]. (2)

Here (z (t,x),y (t,x)) is (n + m)-dimensional sought vector-function: f (¢,z,z,y,u) (g (t,z,z,y,u))
is a given n(m)-dimensional vector-function continuous in totality of variables together with par-
tial derivative with respect to (z,y) up to the second order inclusively; p (t,z,2) (¢ (t,z,y)) is

(n x n) ((m x m))-dimensional measurable and bounded matrix-function; white noises W lte)

ot
awgiit,z) are the derivatives with respect to t and x, respectively, of the two-parameter Wiener’s pro-

cess Wy (t,x), Wa (t,z) [10, 13]; a (z) , b (t) are the given measurable and bounded on [xg, z1] , [to, 1]
vector-function of appropriate dimensions.

As admissible controls we take a class of measurable with respect to non-decreasing Borel o
algebra F = 3(W (t,s),t0 <t < t1,290 < s < x1) and bounded in D r-dimensional vector-func-
tions u(t, z) with the values from the given non-empty and bounded set U C R" (u(t,x) € Loo (D, U)).

The solution (z (t,z),y (t,z)) of system (1)-(2) corresponding to the definite admissible control
u (t,z) is understood in the sense [15].

Everywhere it is assumed that for each admissible control the corresponding solution to the
boundary value problem (1)—(2) exists and is unique in the domain D.

Let us consider the problem of the minimization of the functional

t1 x1

S (u) :E{//F3 (t, 2,2 (t ),y (£, 2) u (¢, 7)) dedt

+/F1 (x,z(tl,x))dx—i—/Fg (t,y(t,xl))dt}, 3)

determined on the solutions of the boundary value problem (1)—(2), generated by all admissible
controls.

Here F (z,2), F5(t,y), F3(t,x,z,y,u) are the given scalar functions continuous in totality
of variables together with partial derivatives with respect to the state vector (i.e. with respect
to (z,vy)) up to the second order inclusively, E stands for mathematical expectation.

An admissible control w (¢,2) that minimizes the functional (3) subject to (1) and (2) is called
an optimal control. The corresponding process (u (t,x),z (¢t,z),y (t,x)) is then called an optimal
process.

It is assumed that in the considered stochastic problem there exists an optimal control.

The main goal of the paper is to derive second order necessary conditions for optimality (the
case of singular controls) in the studied stochastic control problem with distributed parameters.

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



ON OPTIMALITY OF SINGULAR CONTROLS 67

3. SECOND ORDER INCREMENT FORMULA
OF THE QUALITY FUNCTIONAL

Let (u(t,x),z(t,z),y(t,z)) be fixed, (u(t,z)=u(t,z)+ Au(t,x),z(t,z) = z(t,z) + Az(t, x),
7y (t,x) =y (t,x) + Ay (t,z)) be arbitrary admissible processes.
We introduce the analogue of the Hamilton—Pontryagin function

H (tvxvzvyvuvwvf) = _F3 (t7x7z7y7u) + wlf (t7x7z7y7u) + glg (tvxvzvyvu) 9
and the denotation of type:

Avf[tvx] :f(tvxvz(tvx)vy(tvx)vv) —f(t,x,z(t,x),y(t,x),u(t,x)),

H,[t,x] = H(t,x,z(t,z),y(t,x),u(t,x),(t,x), &(t, x)).

Here (¢Y(t,x),&(t,x), a(t, z), B(t,x)) € Loo(D, R™) X Loo(D, R™) X Loo(D, R"™"™) X Loo(D, R™*™)
are the solutions of the following stochastic conjugate problem

OH oW OF;
¢t (t,SC) — _ (tvxvgvzyvuvwvg) +Oé(t,$) 1655’7‘7:)’ ?/)(751,56) _ l(xbzz(tlvx))’
_ 6H(t7x727y7u7w75) aWQ (t,fI,') _ 6F2 (tvy(tw%.l))

Now, applying the Taylor formula and taking into account the introduced denotations, we can
write increment of quality criterion (3) corresponding to the admissible controls u (¢, x) and @ (¢, z)
in the form

t1 o1

AM@:—E{//&ﬂwﬂmm

to o
1
1 O?Fy (z, 2 (t1, 7))
+§/Agumﬂ = Az (41, 2)da
xo
1] O°F (t,y (t,1))
T
+_/Ay@”” 2 DD Ay (¢ )t
2 dy
! (4)
t1 x1
+ / / |AwH, [t,2] Az (t,) + AgH, [t,2] Ay (t, z)] dedt
to 0
1 t1 x1
+ 5 // {Az/(t7$)sz[t7$]AZ(t,.’L')+Az’(t7(L‘)HZy[t,(L‘]Ay(t’x)
to o

+ Ay (t,2) Hyy [t 2]y (8, ) | dodt +m (25 Au),
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68 MANSIMOV, MASTALIYEV

where ny (¢, z; Au) is determined by the formula
T1 t1
m (t,z; Au) = E { /01 (1122 (11, 2))?) da +/02 (I1ay (£, 20)]1%) dt
xo to

t1 o1

— [ [os (122 (@) + Ay (t.2) 1)

to To
1 t1 x1
2 // [AZ/ (t,x) AgH.z [t ] Az (8, x) + AZ' (8, @) AgH.y [t 2] Ay (t, )
to xQ

+ Ay (t, 2) AgHy, [t ) Az(t, ) + Ay (8, 2) AgHyy [t, 2] Ay(t, x)} dwdt} ,

|Az|| is a norm of the vector Az = (Az1,Azy,...,Az,) in R™ defined by the formula ||Az| =
n X 2

> |Az;|, and everywhere the condition o (a02< ) — 0, holds as oc— 0.

i=1

On the other hand, by linearization from boundary value problem (1)—(2), we obtain that
(Az (t,x),Ay(t,z)) is the solution of the following stochastic linearized systems of equations

AZz‘, = fz [t’ x] Az (t’ x) + AEfy [t’ x] Ay (t’ x) + Aﬂf [ta :C]

oW (t,
tottalaz ) PUED 0,
(5)
Ayy = g. [t, 2] Az (t,x) + Aggy [t, x] Ay (t, ) + Agg [t, 2]
oWy (t, x
+qy [t, 2] Ay (t, ) % + n3 (t, ; Au)
with boundary conditions
Az (to,SC) = 0, HAIS [560,561] ; Ay (ta:CO) = Oa te [to’tl] ) (6)
where by definition
OWq(t,x
(4 Au) = A [1a] Az + Acfy 2] Ay + o4 (182 + Ayl + 05 (A2 (1)) 2D
OWq(t, x
s (t, 2 Au) = Aqg: [t, 2] Az + Agy [t z] Ay + o6 (| Az + Ayl]) + o7 ([[Ay (¢, 2)]]) 187(75)-

Here the quantities o; (.), ¢ = 4,7 are determined from the expansion of functions f(.), p(.),
g (), q(.), respectively by the first order Taylor formula corresponding to the controls 7 (t, z)
and u (t,x) .

Interpreting equations (5) as linear inhomogeneous stochastic equations with respect to Az (¢, ),
Ay (t,z), and taking into account boundary conditions (6) based on the analogue of the Cauchy
formula from [15], we obtain

t

Az (tv .’IJ) = /‘/11 (tv T, II,') Aﬂf[Tv .’L']dt + M4 (ta €; Au) ) (7)
to

Ay(ta) = [ Vao (b3t ) Al slds + 1 (1,23 D) (8)
zo
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ON OPTIMALITY OF SINGULAR CONTROLS 69

Here, by definition

na (t, 3 Au) :/t/z{w [Agf [, 8] +n2 (7, 53 Au)]

Ox
to Zo
+ w [Azg [T, s] + n3 (T, s; Au)]} dsdr
x
t
+ / ‘/11 (t) X;T, :C) T2 (T’ €3 Au) dT’
to
5 (t, 25 Au) //{6‘/21th8)[ af [T, 8] + 2 (1,5 Au)]
to o

_I_W [Azg [T, s] + n3 (7, s; AU)]} dsdr

t
+/sz (t,z;7,8) 3 (t, s; Au)ds,

while Vj; (t,2;7,s), (to <t <t <t,z9g < s<z< 1), i, =1,2 are matrix functions that are the
solutions of the following stochastic problems [15]:

Vi (t,x;7, ) oW1y (7,5)

- — ‘/11 (t,.’E, T, 5) fZ[T) 8] - VY12 (t,.’E, T, 5) gz[Ta 5] - Vll (t,.’E, T, 5)10[7" 5]

- or ’

Vi (& 557, 5 oWy (1, s

% =—Vu(t,z;7,8) fylt,s] = Vg (6,257, 5) gy[7, 8] = Via (8, 337, 5) g, 3]%’
t .

W =— Vo1 (t,z;7,8) fal7, 8] = Voo (¢, 37, 8) g2[7, 8] — Va1 (¢, 37, 8) p[T, S]awgi(:ﬁ)’

%&M =— Vo1 (t, ;7. 8) fa[1, 8] = Vo1 (t, 37, 8) g2[T, 8] — Vaz (¢, 757, 5) [T, S]awgig’s)’

Vll (t,ﬂ?;t,S) :Ela V12 (t,CC;T,IE) :0) tO ngt,
VYQl (t,.’E;T,S) :0) V22 (t,:ﬂ;t,S) :E2a

x9 < s < z, where Ey, Fy are unit matrices of corresponding dimensions.

For further presentations, we introduce into consideration the (n x n)-dimensional matrix func-
tion R(z,7,s) and (m x m)-dimensional function Q(t,7,s) defined as:

R(z,7,s) = / Vi (b w7 @) Hy [t 2] Vig (8 28, @) di

max(T,s)

O?Fy (z, 2 (t1, 7))

_VY1/1 (tl,fE;T,CC) Vll (tl,CC;S,IE),

022
1
Q(taTv 3) - / V2,2(t7x§tax)Hyy [t,fI,'] ‘/22 (t,.’IJ;t,S) dx
max(T,s)

P Fy (t,y (t, 1))
Oy?
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70 MANSIMOV, MASTALIYEV

Taking into account the introduced denotations and following [5, 6], using representations (7), (8)
of the solutions Az and Ay, we can represent the second order increment formula (4) of the quality
criterion (3) in the following form:

t1 x1 t1

AS(u)=FE { //AHtxdxdt——///Auf T, 2| R (z,7,8) Agf [s,x] dsdxdr—

to To to To to
1 t1 1 1
—3 /Agg' [1,2]Q (t, T, s) Agg [t, s] dtdsdT —
to o To
ti z1 [ t1 (9)
- // /AgH; r, 2] Vit (7, ;b ) dt | Aaf [t 2] dedt —
to zo Lt
t1 1 [ 21
// /A aHy [t,s] Vag (t,s;t,x) ds | Agg [t, x]dwdt} + 1 (t,x; Au) ,
to To xT
where
1 t1 x1
n(t,z;Au) =F {771 (t,z; Au) — 5 // {Az'(t,x)sz [t,x] Ay (t, )
to To
+ Ay (t,x) Hy, [t, 2] Az (¢, 2) + ng (t,2) Hy, [t, 2] Az (8, 2) } dxdt
t1 x1
——//(/VH (t,z;1,2) Agf [t,x] d ) H,, [t,x]ny (t,x)dzdt
to 0o
t1 o1
O*F; t
//V11 t1, ;7 ) Agf [t, 2] L@z (b, ))n4 (t1,x; Au) dzdt
i) 022
to To
17 0% F) (3,2 (1,2)) 1Y
+ 5/17; (t1,x; Au) L %ZZ LY A, (t1,x) dx — 5//77/5 (t,x; Au) Hyy [t, x] Ay (¢, x) dedt
z
o to To
t1 o1 x
// (/Vgg (t,x;7,8) Agg [t, s] ds ) Hyy [t,z]ns (t, ;5 Au) dedt (10)
to xo xT

t1 x1

2
+ l//‘/22 (t,z137,8) Agg [t, 5] TRty (t2))

N5 (t, x1; Au)dsdt

2 Oy?
to X0
1] 02F, (t,y (t,11))
’ s , L
+ —/775 (t,z1) 2 y2 ! Ay (t,x1)dt
2t Oy
0

t1 1 t1 T
_//AEH; [t, z]na (t, z; Au) dedt + //AEH; [t, z]ns (T, x; Au) dxdt} .
to ®o to xo
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ON OPTIMALITY OF SINGULAR CONTROLS 71

Note that the constructed increment formula (9) allows one to get Pontryagin’s maximum prin-
ciple type first order necessary optimality conditions and to investigate the case of degeneration of
the maximum principle and its consequences from a unified standpoint.

4. STOCHASTIC ANALOGUE OF PONTRYAGIN’S MAXIMUM PRINCIPLE

First we give an auxiliary statement.

Lemma 1. For almost all (t,x) € D the following estimations are valid

to 0

namwm<mE(ﬂMﬁVMth[ﬂmWhﬂwwﬁ, (1)

rmwﬁw<ME(ﬂmWww®+//Mﬁhﬂww0, (12

to xo
where K; = const > 0, 1 =1, 2.
The proof of the lemma is in the Appendix.
The validity of the statement [7] follows from the increment formula (9).
Theorem 1. For the admissible control u (t,x) be optimal in the studied distributed parameter
stochastic control problem (1)—(3) it is necessary that the inequality

EAH[0,7] <0 (13)

be fulfilled for all (8,7) € [to,t1) X [xo,z1) and for v e U.
Here

AyH [0,7] = H (0,7,2(0,7),y(0,7), 0,9 (6,7) ,£(6,7))
_H(vavz(evpy) 7y(07’7)7u(077) 7w(077) 75(07’7))7
while (0,7) € [to,t1) X [xo,x1) is an arbitrary Lebesgue point (a regular control point [16] w (¢,x)).

The proof of Theorem 1 is given in the Appendix.

Inequality (13) is a first-order necessary condition for optimality and is a stochastic analogue of
Pontryagin’s maximum principle for control problem (1)—(3) under consideration.

5. NECESSARY CONDITIONS FOR OPTIMALITY OF CONTROLS SINGULAR
IN THE SENSE OF PONTRYAGIN’S MAXIMUM PRINCIPLE

Although Pontryagin’s maximum principle (13) is the strongest first-order necessary condition
for optimality in the control problem (1)—(3) under consideration, in some cases it holds trivially
(the singular case [3-6, 17]).

Following [3-6, 17], we introduce the definition of singular control for the problem under con-
sideration.

Definition 1. The admissible control u (¢, x) is said to be singular in the sense of Pontryagin’s
maximum principle if for all (0,7) € [to,t1) X [zo,x1) and v € U

EALH [0,7] = 0. (14)

In the singular case, i.e., if relation (14) is fulfilled, studying the increment formula (9), we prove
the validity of the following statement.

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



72 MANSIMOV, MASTALIYEV

Theorem 2. For optimality of the control u(t,x), singular in the sense of Pontryagin’s maximum
principle, in the considered distributed parameters stochastic control problem (1)—(3), it is necessary
that for any v € U, (0,7) € [to,t1) X [xo, 1) the following relations be fulfilled:

A(0,7,0) = B [Auf'[0,7] R (7,0,0) + AH_[0,7]] A f [0,7] <0, (15)

B(0,7,v) = B [Aug [0,7]Q (6.7,7) + AyH,, 0.7]] Aug [6,7] < 0. (16)

The proof of Theorem 2 is given in the Appendix.
Now let us consider one special case that requires separate study.
Let in equation (1)
f(t,l“,Z,y,U) = Al (tax)Z+Bl (tax)y+fl (t’x’u)a
g (t,ﬂf,Z,?/,U) = AQ (t,SC) z+ B2 (t,SC) Y+ f2 (t,x,u) . (17)

And the minimizing functional is in the form:

C'(x)z (ty,x)de+ [ Fy(t,y(t,21))dt (18)
S e |

We introduce the denotations

K (t,v,v) = Vaa(t, x15t,7) Agg [t, 7]

t
oVs t, 3T oV t’ ' 7
N / [Ww[w +WAW [m]] dr. (19)

to
The following theorem is valid
Theorem 3. For optimality of the control u(t,z) singular in the sense of Pontryagin’s mazimum

principle, in the considered distributed parameters stochastic control problem (1), (2), (17), (18) it
s necessary that the inequality

t1 9
F.
E/K(t,%v) 0 2(232@,“))[(@’%@) dt >0

be fulfilled for all v € [xo,x1), v (t) € U,t € [to,t1).
The proof of Theorem 3 is given in the Appendix.
Note that the similar result holds in the case of the functional of the form

{/Flscztl, daz—f—/D y(t,z1)d }

6. CONCLUSION

In order to develop a stochastic analogue of the increment method, in the considered problem
optimal control of the systems of the first order hyperbolic equations, we set a second-order incre-
ment formula for the quality functional. Based on the obtained incremental formula, we proved
Pontryagin’s maximum principle type necessary condition for optimality.

AUTOMATION AND REMOTE CONTROL Vol. 87 No.1 2026



ON OPTIMALITY OF SINGULAR CONTROLS 73

Further, using special variations of admissible controls, we proved necessary conditions of opti-
mality for the optimality of the singular (in the sense of Pontryagin’s maximum principle) controls
for the considered distributed parameters stochastic control problem.

APPENDIX
Proof of Lemma. From system of equations (5) considering (6) we obtain
t / oW
A2 = [ 7 (2578 — f (o z i + [ p(r2.2) — (a2 )) 2D,
to to T
Ay (ta)= [ lo (75,7 ~ T (s, mywlds + [ la(t,5.7) —alts,2)) 22
xo

o

Hence, passing to the norm and using the Lipschitz condition, and also accepting the mathe-
matical expectations from both parts of the obtained inequalities, we obtain

E|Ax(t2)] < B { [18afttallae+ Ly [ (1azt2)] + ||Ay<t,:c>u>dt},

to

E|Ay(t,2)] < E{ [ 18aglt,sllds + La [ (1A (t,9)] + |Au S)H)ds}~

o

Applying the Gronwall-Vendroff’s lemma to the last two inequalities (see, e.i. [18]), we have

t t

E|As(t o)l < E{ [18asit.allde + Lo [ 1y <t,x>udt}, (A1)
to to

Eay(t.2)] < E{ [1aaglt.sllds + Lo [ 18z s)\\ds}, (A2)

where L; = const > 0, i = 1,4. Enhancing inequalities (A.1), (A.2) with each other and again using
the Gronwall-Vendroff lemma, we obtain the validity of the estimation (11) for ||Az(¢,z)||, and
estimate (12) for ||Ay(t, z)|| .

The lemma is proved.

Proof of Theorem 1. Assuming that wu (¢, ) is a fixed admissible control, we define its special
increment in the form

’U—’U,(t,.%'), (t,.%') €D, = [070+€) X [777"’_52)7

Bete (h) = { 0, (t,z) € D/D.. (88)

Here and in the sequel, (0,v) € [to,t1) X [z, z1) is an arbitrary regular point of the control u (¢, ),
v € U is an arbitrary vector, while € > 0 is an arbitrary, rather small number.

By (Az: (t,z), Ay. (t,z)) we denote a special increment of the system (1)—(2), corresponding to
the special increment (A.3) of the control u (¢, x) .
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Using estimations (11), (12) for (Az: (¢t,z),A y. (t,x)), we obtain

EAz(t,2)| < {

0,(t,xz) € D \Dg,
Ke, (t,z) € D,

EAy:(t,2)] < {

0,(t,z) € D\Dg,
Ke, (t,z) € D..

Taking into account these estimation in formula (10), we see that the remainder term n(Au. (¢, z))

is a quantity of order o (g%).
Consequently,

AS:(u)=FE
gl

AyH [t, x| dxdt

O+e y+e2 O+e

/
2
0

/ Aof 1, 2] R (2,7, 8) Ay f |5, 2] dsdzdr
[%

0
04 y+e? &2
-3 /Avg/ [1,2]Q (t,7,s) Ayg [t, s] drdsdt (A.4)
o v 7
O+ey+e Tty 7
- / /AUH; [T, 2] Vi1 (1,2t ) dt | Ay f [t, x] dedt
0 v t i
O+ev+e’ [ a1 T
- /AUH; [t,s] Vaa (t,s;t,2)ds | Apg [t, x] dzdt p + o (64) .
0 z 4

Hence, after applying the mean value theorem and allowing for AS; (u) = S (u + Au.) — S (u) >

the validity of the theorem statement follows. Theorem 1 is proved.
Proof of Theorem 2.

0,
Considering (14), from expansion (A.4) we obtain

AS; (u) =S (u+ Aug) — S (u)

= Ee* [Auf'10, 1R (7,0,0) + AH_[0,7]] Auf[0,7] + o(e*) > 0.

Hence the statement (15) follows.
Now we determine the special increment of the singular control by the formula

ue (t,x) = {

Then expansion (9) yields that condition (16) is fulfilled along the process (u(t,z), z(t, z),y(t, x)),
singular in the sense of Pontryagin’s maximum principle. Thus, Theorem 2 is proved.

v—u(t,z), (t,z) € D. = [0,0 +&2) x [y,v+¢),
0,(t,z) € D/D..
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Proof of Theorem 3. In the case of problem (1), (2), (17), (18) formulas (7)—(9) yield that

t1 o1
AS(u)=—E / / AzH [t, 2] dwdt
to Zo
i 02F (t,y (t,71)) 7
b )‘T
by [ A () SR Ay 1+ [ o (118w (4.0 )
to

Az (ty,x) :/VH t1,x; 7, x) Agf [t, x]dt

// [aVn t1, 7, 5) Asflts] + 61/12(%,; T, s)Aﬂg [t,s]] dsdt,

to To

Ay(t,z1) :/Vgg (t,z1;7,8) Agg [t, s]ds

OV (t 961,7 8) 3 OVoo(t, w157, 8)
Azf[t,s] + B Ta— Agg [t,s]| dsdt.

to To

We determine the special increment of the control u (¢, z) by the formula

Au, (t,x) — { U(t) _u(t’x)’ (t’x) €D, = [to,tl) X [’y’fy+5)’

0,(t,z) € D\Dg,

where € > 0 is an arbitrary rather number v (t) € U, v € [x,z1). Then (A.5) yields that for (¢t,z) €
[to, t1] X [, 71]

Ayé(tw%.l) =& [VZQ (t7$17t77) A’Ug [t7’7]

8V22 (ta T1,T, ’Y)
ot

Avf [T’ 8] +

¢
+/ {avm (& 21,7, 5) Azg [1,v]| dr +0(e).

ot

to

Therefore, taking into account the denotation K (t,,v) determined by formula (19), we obtain

t1 y+e
AS; (u) = —E/ / Ay H [t,r] dedt
to
1, 02F (t,y (t,21))
2 2 LYy, 11 2
+§5 /K(t,'y,v) 0y K (t,v,v)dt + o (6 ) .

The statement of Theorem 3 follows from this expansion. Theorem 3 is proved.
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