ISSN 0005-1179 (print), ISSN 1608-3032 (online), Automation and Remote Control, 2023, Vol. 84, No. 7, pp. 791-809.
© The Author(s), 2028 published by Trapeznikov Institute of Control Sciences, Russian Academy of Sciences, 2023.
Russian Text © The Author(s), 2023, published in Avtomatika © Telemekhanika, 2023, No. 7, pp. 41-65.

CONTROL IN TECHNICAL SYSTEMS

The Guaranteeing Estimation Method
to Calibrate a Gyro Unit

P. A. Akimov*® and A. I. Matasov*?’

*Moscow State University, Faculty of Mechanics and Mathematics,
Laboratory of Control and Navigation, Moscow, Russia
e-mail: * akmpavel@rambler.ru, b alexander.matasov@gmail.com
Received November 7, 2022

Revised March 14, 2023

Accepted March 30, 2023
Abstract—This paper is devoted to the guaranteeing estimation method with application to
the calibration problem of a gyro unit. Mathematical models are constructed to describe the
kinematics of the gyro unit on a test bench. The applicability limits and errors of the models are
investigated. A numerical solution procedure is developed for guaranteeing estimation problems
based on their reduction to /;-approximation problems.

Keywords: the guaranteeing approach to estimation, convex optimization, gyro unit, calibration,
Python

DOI: 10.25728 /arcRAS.2023.10.39.001

1. INTRODUCTION

This paper proposes a calibration procedure for a unit of angular rate sensors (ARSs), i.e.,
gyros, based on the guaranteeing estimation method [1-5]. The purpose of calibration is to estimate
parametric errors (biases, scale factors, and misalignment angles) in a unit consisting of three ARSs.
These parameters are determined through a series of measurements on a bench with high-accuracy
control of the angular rate and orientation of the unit. During calibration, rotation modes are
selected and the resulting signals are processed.

Many traditional calibration methods involve dynamic models for estimating unknown parame-
ters based on measurements of inertial navigation system (INS) sensors (accelerometers and gyros);
for details, see [6-8]. Nevertheless [9], in some cases, it is preferable to determine ARS errors with-
out involving information from accelerometers. Such a situation arises, first, when the accuracy of
accelerometers is too low to use their signals in bench tests and, second, when calibrating laser gyros
on vibration suspensions. The Kalman filter and the least squares method [10] are the main tool
for estimation. The calibration problem includes a large number of unknown parameters (sensor
errors, bench errors) that nonlinearly affect the measurement results. Therefore, two questions are
essential here as follows. How can one construct a mathematical model of bench tests to consider
all these factors? How can one minimize the impact of errors on the estimation result? A possible
answer to these questions is presented in this paper, which continues the earlier research on the
application of the guaranteeing approach in inertial navigation; for example, see [11], where the
calibration of an accelerometer unit was considered. However, in contrast to the cited paper, this
method is applied below to a different class of systems with a large number of unknown parameters
and nonlinear effects. This class requires constructing other models and leads to other, structurally
more complex estimation problems.

The guaranteeing estimation method allows estimating unknown parameters under the “worst-
case” realizations of measurement errors with minimal estimation accuracy. In this case, typical
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792 AKIMOV, MATASOV

maximum values of the bench errors are used instead of probabilistic hypotheses. The resulting
solution sets the directions of rotation of the gyro unit on the bench, i.e., explicitly describes the
optimal calibration modes.

This paper is organized as follows. In Section 1, the mathematical model of bench tests of
the gyro unit is constructed; the transition from the basic kinematic equations to several linear
models with signal averaging is performed; the applicability limits of these models are investigated.
Sections 2 and 3 formulate the guaranteeing estimation problems and the corresponding auxiliary
variational [{-approximation problems that can be solved numerically. In Section 4, we determine
optimal experiment plans, apply the estimation algorithms to model problems, and analyzing the
accuracy of the resulting solutions.

2. MATHEMATICAL MODEL
2.1. Basic Assumptions and Kinematic Relations for a Gyro Unit

Consider a mathematical model describing the basic kinematic relations of a gyro unit on a test
bench during calibration [12]. Let an experiment be conducted at the point M rigidly coupled to
the Earth on its surface. We introduce the following notations:

Mz = Mz 2923 is the instrumental frame rigidly coupled to the gyro unit;
Mx = Mzizoxs is the frame rigidly coupled to the bench base fixed relative to the Earth;

D(t) is the orthogonal orientation matrix of Mz relative to Mxz. By definition of an orienta-
tion matrix, for any vector [, its coordinates in the reference frames Mz, Mz have the relation
[, = D(t)l, and the rows of the orientation matrix consist of the coordinates of the basis vectors
of Mz in the frame Mzx;

Q(t) is the angular rate vector of the gyro unit relative to the bench;
w(t) is the absolute angular rate vector of the gyro unit;

ug are the coordinates of the angular rate of the Earth in the frame Mz and u is the absolute
angular rate of the Earth.

The absolute angular rate of the gyro unit is described in projections onto Mz by the relation
() = Qu(t) + 1ty
In projections onto the axis of the frame M z, this equality takes the form
wz(t) = D(t) (e (t) + va). (1)

At the initial time instant, the orientation matrix D is known with some accuracy. We denote
this estimate D(0) by Diyit:

) R 0 B3 =P
D(0) = Dinit(I3 + B), B=(B1,B2,8)", B=|-B 0 B |, )
B —B1 0 (2)

|ﬁz| < 5maxa 1= 1>2a3'

The initial alignment errors of the gyro unit, i.e., the small rotation angles (;, are unknown but
their absolute values are bounded by Bax. Throughout this paper, I,, stands for an identity matrix
of dimensions n x n and ﬁ denotes the skew-symmetric matrix constructed from the vector [
according to the above rule.

For the gyro unit, the output signals (measurements) are the readings of each ARS, i.e., the
components of the vector w,(t). Let us introduce the measurement model

C(t) = wy(t) + Tw,(t) + v + dv(t). (3)

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 7 2023



THE GUARANTEEING ESTIMATION METHOD 793

Here: ((t) € R® are measurement values; I' € R3*3 is an unknown matrix describing the scale
factor errors and the orientation errors of the sensitivity axes; vy € R® are unknown zero biases
in the sensor readings; finally, 6v(t) € R® are nonparametric measurement errors (fluctuations).
Without loss of generality, the matrix I" is supposed symmetric [5].

The calibration problem consists in determining the values of I' and vy from the set of available
measurements ((t). Note that the angular rate £2,(¢) is controlled on the bench, and the optimal
strategy of the unit’s motion on the bench is one purpose of the mathematical calibration problem.
Let the angular rate 2, (t) be written as

Q. (t) = s'(H)w,

where s'(t) € R denotes the angular rate and w € R? is the unit direction vector of the angular
rate of Mz in projections onto Mx. The considerations below concern a special case of motion of
the gyro unit on the bench that consists of several same-type experiments. Within each of them,
the unit is rotated about a fixed axis with a given angular rate; then the unit is placed in a new
position, a new direction of its rotation is set, and the experiment is repeated. The direction of
the rotation axis and the angular rate are known with some errors. In other words, the function
s(t) = 0 and vector y (||ly||2 = 1) are given in the expressions

sSt)=st)+el), w=(I3+a)y, Qt)=(s(t)+e(t))Is+a)y, (4)

which relate them to their true counterparts. The small rotation angles o € R? and the correspond-
ing skew-symmetric matrix & determine the unknown errors in the rotation vector of the gyro unit
whereas the scalar function €(t) determines the error in the angular rate value. As in the case of
the angles §, the maximum possible values for « are known: |a;| < amax, @ = 1,2, 3.

At each test stage, the errors « and (3 are constant but nonidentical in different experiments: by
assumption, the programmed (target) angular rate and the unit orientation are set independently in
each experiment. Thus, several series of measurements ((t) are formed that correspond to different
rotation modes and different error realizations.

2.2. Linearization of the FEquations and Signal Averaging

Substituting (1) and (4) into (3) yields the measurements
C(t) = (I3 +T)D(t) (s'(t)w + uy) + v + Sv(t). (5)

In addition to the signal ((¢), two angular rate components, D(t)u, and s'(t)D(t)w, as well as
the uncertain errors dv(t) and £(t) depend on time. This section considers a mathematical model
corresponding to the rotation mode of the gyro unit with a directionally constant angular rate on
a time interval T'. The calibration procedure will consist of a sequence of such rotation modes with
different directions.

Next, we construct a “time-averaged” analog of the measurement equation by considering the
averaging effect when Mz rotates relative to Mx. Averaging means calculating arithmetic means
from a series of measurements on a long time interval 7' (several tens of minutes), during which
the system makes multiple complete revolutions.

Recall that D(t) is the transition matrix from Mx to Mz, and M z is rigidly coupled to the gyro
unit rotating relative to Mz with the angular rate €2,. The transition from Mz to Mz consists of
three stages as follows.

1. Transition from Mx to M xgy, the stationary frame relative to the bench base, whose unit basis
vector efyg coincides with w in direction. We denote by Dy = (dfix1; dfix2; diix3) the corresponding
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794 AKIMOV, MATASOV

transition matrix; its third row is dgyx3 = w?, and the first and second rows are orthogonal to it
and to each other and can be chosen in any suitable way:.

2. Rotation about the axis Mzgx3 = M zcr3 with the angular rate s'(t), translating Mzgy into
the frame Mz, rigidly coupled to the gyro unit. We denote by v (t) the time-dependent rotation
angle in the plane Mxgqxgeo. Therefore, %
M z takes the form

= §'(t), and the transition matrix from Mzgy to

cost(t) —siney(t) 0
Deir(t) = | sintp(t) cost(t) 0
0 0 1

3. Transition from M z¢, to M z through an inexactly known orthogonal matrix. For convenience
of further calculations, this matrix is represented as D" = (d}, db, df).

Thus, the matrix D(t) can be written as a product of the fixed and time-dependent transition
matrices:

D(t) = D' D¢, (t) Dgy.

By definition, the first two rows of the matrix Dy, are orthogonal to w. Using this fact, we obtain
the following expression for s'(¢)D(t)w :

cos(t) —sin(t) 0 0
s t)D(t)w = s'(t)D' Deir(t) Dgxw = s’ () D’ | sinep(t) cos(t) 0 0 | =5@)d;. (6)
0 0 1 1

By the definition of the transition matrix D’, the column df consists of the projections of the unit
basis vectors of the instrumental frame onto the axis M z..3. Since the direction of M z.,.3 does not
change in time and the rotation is about this axis, the projections of the unit basis vectors of the
instrumental frame onto this direction will also remain constant. Therefore, dj can be determined
from the a priori information (2):

dy = D(t)w = D(0)w = Dinis(I3 + B)w. (7)

In other words, when rotating about a fixed axis, the direction of the vector D(t)Q,(¢) remains
constant; its averaging yields the vector s’ Dyt (I3 + B)w7 where s is the mean value of §/(t).

Due to the motion mode under consideration, the averaging result for the vector D(t)u, will
have a special structure as follows.

Lemma 1. Let the angular rate of the rotating frame be described by the function s'(t) = s + &(t),
the “programmed” angular rate s be constant and s > €pax, and the rotation occur about o fixed
direction w. Then, under the time averaging of the signal, the projections of the Earth’s rotation
rate onto the axes of Mz are described by

Uy = Dinit(I3 + B)waum + UJ_-

In addition, the unknown vector ut is orthogonal to the vector Dinit(I3 + B)w and its components
can be estimated as

4 €max \ def
1 €
u; | <u +C = Umax
Jui ] < <1(8—€max) S > ’

where C' is a bounded value depending on the initial and final values of the rotation angle on the
bench.
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Table 1. The orders of values for model parameters

Parameter The order of value
Q, Cmax 1"~29x107*
B, Bmax 5 ~1.5x 1073

e(t) 5x107°%1/s
€; €max 1x107% 1/s
s 17.51/s
T 600-1200 s
T 5x 1073 (5 x 107?)

Dyj, i #j 5% 1073 (5 x 1079)

Yo 24x10771/s (5x 1078 1/s)
Vinax 1.2x107% 1/s
U 7.292115 x107° 1/s

We obtain an explicit form of the measurement equation by passing to the mean values in (5)
and using the expressions (4) and (7) with Lemma 1:

(=(I3+T) <3,Dinit(I3 + B)w + Dinit (I3 + B) wwTu, + Ul) + v+ ov

= (I3 +T) Dyl + ) ({54 €)(0a + @)y + (I + @)™ (1 + &), ) (8)
+ (I3 + T) ub 4 v + 67

Here, ¢ (the mean value of the noise £(t)) and the error 67 (the mean value of the noise dv(t))
are supposed to be bounded:

|5| < €max;, |5ﬂ_]| < Vmax, J=1,2,3,

where a known constant vy,,x characterizes the a priori knowledge of the gyro error.

Depending on the scales of the variables a, 8, I', €, and v, the measurement model can be
simplified in different ways by neglecting one or another group of variables. In Table 1 below,
we fix the characteristic scales of the model parameters corresponding to the typical accuracies of
benches and gyros as well as the accuracy requirements for estimating the parameters I' and vg
(indicated in parentheses).

Note that in the case under consideration, the values v, and ena are much smaller than the
characteristic amplitudes of dv(t) and &(¢). This corresponds to the averaging of the original signal.
The approach proposed in this paper is applicable to other scales of variables as well; the original
measurement model can be simplified in other ways depending on the real problem.

With the selected values, the terms in the measurements expression are divided into several
groups: non-small terms, such as sy and f ; terms with a linear dependence on the small parameters
a, B, e, and u; negligibly small second- and third-order infinitesimals not exceedlng Vmax; nonlinear
terms that cannot be neglected due to their dependence on sI' Dyt &, sFDlmtﬁ , lemtaﬁ , Tut ul
and (possibly) higher values than vy,x.

After eliminating the small terms, Eq. (8) takes the form

¢ = Dinit (8(13 +a+ By + sPay +ey + (Is + a + ByyTug — nydux)
+ut 4+ Tut + DDt (sy + yy Tug) + DDiies(& + B)y + vo + 00
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The terms syTﬁ&y and T'Dipits(a + B)y can be neglected if their value is comparable with the
unremovable noise 7, i.e., HsyTBézyHOO < Vmax and [|[T'Dipies(é + B)y”oo < Vmax. The components
of the matrix I" have a known scale: |I';;| < I'nax; see Table 1. Therefore, we introduce an additional
constraint on the angular rate s:

< Vmax déf s (9)
= 2 max{amaxﬁmaxa 11mabx(04max + ﬁmax)} e

In other words, the errors a and 8 will have a smaller effect on the estimation result when rotating
the gyro unit on the bench with a lower angular rate.

Under too slow rotation, it may turn out that the averaging error (the term T'ul) exceeds
the required estimation accuracy. Hence, we obtain the second constraint on the parameter s:
ITut |0 € Vmax- Due to the a priori known scale of the components of the matrix I'yax and

Lemma 1,
L 4 Emax
||F’LL ||oo < 3lmax u +C < Vmax-
(s — Emax)T s
The term I'jax C uepmax /s is small compared to vyax. Hence, the constraint on s takes the form
4 121N axt
3lmax 47— < Vmax, OI 8= — 4 Emax o Smin- (10)

(3 - 5maX)T A VmaxT

The effect of u' can be compensated by radically increasing 7. However, see below, this is achieved
in a different way (through scalarization).

In addition to rotation with the angular rate sy, another mode of bench tests is possible: the ARS
unit is stationary relative to the bench base and the gyros measure the angular rate of the Earth’s
rotation. In this case, the expression for measurements can be obtained from (5) by substituting
§=0,s=0,¢e() =0, and D(t) = Dinit(I3 + B) and passing to the averaged signals (:

(= (I3 + 1) Dinit(I3 + ) tg + v + 07 = Dinit i + T Dinitti + Dinit 3tz + 1o + 67

within second-order infinitesimals.

Summarizing the results of this section, we formulate the averaged gyro signal model with the
constraints (9) and (10):

¢ = Dinit (s(s + 6+ B)y + ey + (s + &+ By u, — yy"éu, )

(11)
+ I‘Dinit(sy + nyu:B) + UJ_ + vp + 55) ERS {O} U [Smim Smax]'

2.3. Measurement Models and Scalarization

In Eq. (11), the input information is the terms ¢ and Dinii(sy 4+ yy u,), whereas the “useful
signal” is the terms I'Diyc(sy + yyTug) + 9. The measurement errors consist of the vector 67
arising when averaging the fluctuation noise d7(t), and unknown systematic errors due to bench
inaccuracy (varying with each new bench test). After rearranging the known terms to the left-hand
side of Eq. (11), we obtain the linear measurement model

2(s,y) = I'Dinit(sy + nyux) +ug+r+8V, (12)

with the “measurements” z = z(s,y) and their errors r = r(s,y, o, 3,¢) and dv/ given by

2= = Dinit(sy +yy™uws), 7= Dunie (s(@+ By +ey+ (6 + ByyTue —yy"au, ), (13)

def

SV =60+ ut,  |0V}] < Vinax + tmax = v j=1,2,3. (14)

max’
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For definiteness, this model will be called three-dimensional (3D) (since z(s,y) € R?) or Model-1.

In model (12)—(14), the component J7 has no intelligible spectrum due to averaging and is
therefore exhaustively described by the inequality |07;| < Vmax. The component ut is not equally

arbitrary; see Lemma 1. Therefore, the constraint [0v}| < v}, in (14) is coarse.

We use the scalarization method [11]: the original 3D measurement equations are multiplied by
a known vector (in this case, § = Dipity). After this step, all terms representing the product of a
skew-symmetric matrix by the vector y in r are reduced. The scalar product yTDTflituJ- can also

1
be considered approximately equal to 0 by Lemma 1:

0=uw" (I3 — B)Diﬁtui =y (I3 — &) (15 — B)DEML ~ yTDglitul (15)
(within the infinitesimals of order (aax + BmaX)U(T(s—imax) + C'=max)). This approximation accu-
racy is sufficient because
4 €m
(Oémax + /Bmax)u (T(S — Emax) +C Sax> < Vmax

for the scales of the parameters cynax, Bmax, S, 1T, and €ppax-

Consequently, it becomes possible to pass to a one-dimensional (scalar) measurement model
with smaller scale errors:

Zscal = Zscal (37 y) = gTrDinit (Sy + nyum) + QTVO + Tscal QT(S&) (16)

where

Zscal = QTC —S5— yTUm, Tscal = € — yT@ux- (17)

This measurement model will be called scalar or Model-2. It covers the specifics of the term
containing the value u*, which almost vanishes during scalarization (see (15)). Therefore, the model
for the measurement noise zgc, is more adequate in this case than for Model-1 (the 3D model),
which explains its better accuracy.

3. GUARANTEED ESTIMATION: PROBLEM STATEMENTS

Following the ideas presented in [5, 11], we obtain the unknown matrix I and vector vy through
guaranteeing estimation. The vector of unknown parameters in this estimation problem consists of
the components of the errors I' and vy:

v = (T11, 91,31, 12,22, U39, T13, T3, T33) Y, ¢ = (47, vou, vo2, v03) T € R

It is required to estimate the scalar value a'q with a given vector a € R'2. For example, a =
(1,0,...,0)T when estimating the component I'y;.

The desired estimate is a linear functional of the measurements:

K
(@)= [ 8592ty s)dyds + Y BT (R)=(y(k), s(4))
(y,s)€S k=1
where the integral is taken over the set

S={yeR’: |lyla =1} x {{0} U [Smin, Smax] }»
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798 AKIMOV, MATASOV

Po(-): S — R?, ®*) € R3, and the aggregate {y(k),s(k)},_, specifies the set of isolated positions
and angular rates of rotation within the experiment. (For brevity, the set over which the integral is
taken will be omitted below.) To each element (y,s) we assign the measurements z(y, s) obtained
by processing the gyro signals during rotation with the corresponding angular rate. The structure
of measurements can be defined by Model-1 or Model-2 (see the previous section). Let us first
formulate the guaranteeing estimation problem for the 3D model and then, by analogy, for the
scalar model.

With a formal notation using the Dirac delta function, [(®) can be compactly written as

@) = [ @ (y,5)e(y. s)dyds,  B(y.5) = Bo(ys) + z &7 (k) by — y(k), s — s(k).
Y,Ss
We denote by F the set of all such functions ®(-).

Consider the guaranteeing estimation problem for the scalar parameter a¥q : find an estimator ®
minimizing the (guaranteeing estimation) error [11]

(D) — 4123 (18)

where the objective functional I(®) is the supremum of the error |[[(®) — aq], i.e.,

(@)= sup  [I(®)—a'q|. (19)
(¢,,B,e,0v")eB’

This supremum is calculated over B’, the set of all admissible values of the unknown parameters

(Qaaaﬁaeaéﬂ):
(]GR12 |Oéj| < Omax, |ﬁ]| <ﬁmaxa |5V | max? ] = 1>2a3> |5| < Emax- (20)

The solution of problem (18)—(20) determines the optimal plan of the experiment. In practice,
it is often necessary to estimate each component of the vector q. For these purposes, 12 separate
problems of the form (20) are solved; in each of them, only one component a is nonzero.

For the guaranteeing estimation problem, an equivalent [{-approximation problem can be for-
mulated and numerically solved.

Proposition 1. A function ®(y,s) € F is the solution of the guaranteeing estimation problem
(18)—(20) for Model-1 (12)—(13) if and only if it is the solution of the optimization problem

/ (V maxH(I)Hl + amaxHC (I)Hl + ﬁmaxHC,B(I)Hl + Emax |Y Dlmtq)‘ )dyds — (%Ielg__ (21)
subject to the constraints
/v s) @ ® dyds
=a (22)
/@dyds

with the following notations:

v =Dinit (sy + yy T uz),
C, = (sg} +yTug§ — lpyy ) Diyies (23)
Cﬁ = (sy +vy u:cy> Dlnlt
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THE GUARANTEEING ESTIMATION METHOD 799

Here, the symbol ® stands for the Kronecker product; the vector v and the matrices C, and Cj
are functions of s,y. The proof of Proposition 1 is given in the Appendix.

Similarly, we formulate the guaranteeing estimation problems for Model-2 by defining the one-
dimensional estimator

K

X (s 8) = xo(yss) + > x(k) 6(y — y(k), s — s(k)).
k=1

The resulting estimate of the unknown scalar parameter a'q has the form

= /x(y,S)zscal(y,S)dde-

y78
We denote by X the set of all such functions x(y, s) with the described structure.

Proposition 2. A function x(y,s) € X is the solution of the guaranteeing estimation problem
(18)—(20) for Model-2 (16)—(17) if and only if it is the solution of the optimization problem

] O Dustly + 91 + ) (31 5)| dyds = inf 24)

subject to the constraints

/ (1, 8) ( v(y, 5) ® Dinicy ) dyds = a. (25)

Divnity

Proposition 2 is established by analogy to Proposition 1.

4. DISCRETE OPTIMIZATION PROBLEMS

In the variational [;-approximation problem (21)—(22), the desired variable is the vector function
®(y, s) whose argument takes a continuum set of values. This fact complicates numerical solution.
For similar guaranteeing estimation problems, it was proved [5, 11] that the optimal estimator ®
differs from zero on a finite set of points. In this paper, we will not obtain an analytical solution:
consider a discrete analog of the above problems and solve them numerically instead. Let a func-
tion ®(y, s) be nonzero on a finite set of points {y(k), s(k)}}, corresponding to different values of
the angular rate vector of the unit on the bench and take values ®(k) at them. This discrete set of
positions can be specified by introducing spherical coordinates to define the vector y and choose a
“value grid” for latitude and longitude with a given step.

Transition from integrals to finite sums in (21)—(22) yields the optimization problem

K
> (Vx| 201 + Cama[Ca (B)D () 1 + Bunael|C (k) @ (R) 4

k=1

T T i
+5max|y ( )Dlnltq>(k)|> - cI)(l),ln,f;P(K) (26)

subject to the constraints

i

k=1

I
s
—

[SV]
BN |
~—

(k)
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800 AKIMOV, MATASOV

where the vectors v(k) and the matrices Cy (k) and Cg(k) depend on the known arguments y(k)
and s(k):

v(k) = Dinie(s(k)y (k) + y(k)y " (k)uz),
Ca(k) = (s(k)j(k) + yT<k>umy<k> - agcy(k)yT(k)) Difie
Cy(k) = (s(k)g(k) +y" (k)uri(k) ) Digie
s(k

Note that in this problem, the discrete value grid {y(k),s(k)}%_, is considered a priori given
and only the values of ®(k) have to be found. Multiplying the objective function (26) by the

constant v/l and introducing the notations
amax 51113,}( Emax T
FE Co(k)P(k) = za(k), == Ca(k)®(k) = zg(k), —==y" (k) Dy ®(k) = zc(k),

V max V{nax V max (28)

x = (@T(l), LT (K 2R, xT(K),xE(l), . ,wE(K),we(l), . ,xs(K))T e RIK,

tage’ tage

we write problem (26)—(27) in a compact form corresponding to the classical [j-approximation
problem

|z — inf (29)

:BERIOK

subject to the linear constraints Ae,x = aeq.

The matrix and vector from the constraint equation can be represented in the block form:

Ay I3k O3rx3x Oxxk .
A OBK 3K I3K OK K TKx1
A 38 x x R(TK+12)x 10K _ R7E+12
“ A: Oxxsk Oxxsk Ik < » Gea < ’
As Orax3r Oiax3rx Oroxk

where, due to (27) and (28),

a

Ca(].) 03><3 o .. 03><3
Olpax 033 Ca(2) o O3x3
A, = Qe ,
Vmax
03x3 ... O3x3 Co(K)
Cg(l) O3x3 033
Bimax O3x3 05(2) O3x3
Ag = ,
Vmax
033 . 033 Cﬁ(K)
( )DEnt 01><3 o .. le3
Emax O1x3 ¥ (2)Dhy - O1x3
A = ,
Vmax PR e : .
O1x3 O1x3 Yy (K )DEM
vi(1)  vi(2)13 vi(K)I3
Aw — 1)2(1)[3 1)2(2)[3 'Ug(K)Ig
@ p—
v3(1)I3 v3(2)I3 v3(K)I3
I3 I3 I3
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A discrete analog of the scalarized model (24)—(25) can be formulated by analogy. In this
problem, it is required to minimize the sum of the moduli of the components of the unknown
vector under linear equality constraints:

K

Z (Vmax | Dinity (k)[[1 + max |22y (k)11 + max) [x (k)| = inf (30)
=1 X (1), x(K)

subject to

K ) ® Dlnlty(k) > —a
z:: ( Dinity (k) - (31)

In matrix form, the problem is written as

frall = inf (32)

subject to the constraints A,z, = a.

Here, we adopt the notations
Tyk = ka(k)a Pk = VmaxHDinity(k)Hl + amaxHﬂxy( )Hl + Emax, k= K;

p1 01(1) Diniy(1) p3 ' 01(2) Dinity(2) - piv1(K) Diniey(K)
p1 02(1) Dinisy(1) p3 ' 02(2) Dinity(2) - piv2(K) Diniey(K)
p1 ' vs(1) Diniy(1)  py ' 03(2) Dinity(2) - . pi’s v3(K) Dinigy (K)
p1 ' Dinisy(1) Py ' Dinity(2) ... pg Dinity(K)
Such convex optimization problems can be solved by various numerical methods, e.g., the interior
point method [13], ADMM [14], and the method of variationally weighted quadratic approxima-
tions [5]. Unlike the problem for the 3D model (29), problems (32) have a smaller dimension of

the unknown vector and constraint matrices (7-10 times less variables and constraints). Therefore,
they better suit numerical solution in the case of large values K.

A _ R12><K
x =

Thus, the optimal estimators ®(k) and x(k) obtained by solving the [j-approximation prob-
lems (29) or (32) yield the target values of the angular rates s(k)y(k) of the gyro unit on the bench.
As a rule, a small number of angular rate positions correspond to non-zero values of ®(k) or (k).
(This is a common property of guaranteeing estimation solutions; for example, see justification in
the book [5].) We denote this subset by I, £ C {1,...,K}.

The guaranteeing estimation algorithm for the ARS unit errors is a series of steps. At each step,
the following operations are carried out for each k€ K:

(1) The gyro unit is rotated with the angular rate s(k)y(k), and the set of gyro readings ¢ (t) € R?
is formed.
(2) The signal ¢(¢) is averaged on the time interval T of the fixed-rate rotation:

T
i (z <<t>) (T +1).
t=0

(3) According to (13)—(17), the measurements z(y(k), s(k)) and zsca1(y(k), s(k)) are formed for
the linear estimation models.

Then the unknown parameter a®q is estimated as

Y T(R)2(y(k),s(k) or > x(k)zscar(y(k), s(k)).

kek kel
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5. NUMERICAL EXAMPLES

Consider several numerical examples illustrating the application of the guaranteeing estimation
methods proposed in this paper. The practical implementation of the algorithm includes several
stages as follows: solving the guaranteeing estimation problems; modeling the signal, i.e., the
measurements ((t) for given “true” values of the errors and the unknown parameters I' and vyp;
building the estimates I' and vy and comparing them with the “true” values. The corresponding
code was implemented in Python and standard procedures from CVXPY! were used to solve the
l1-approximation problems (29) and (32).

The typical values of the errors and model parameters were selected according to Table 1. The
admissible limits for the angular rate were defined by formulas (9) and (10): spin = 1.25°/s and
Smax = 3.28°/s. In the model example, we supposed the following: the absolute angular rate takes
the value s =0 (no rotation) and two values from the segment [Spin, Smax], 1-€., $1 = 1.5°/s and
s9 = 2°/s; the vectors y(k) are uniformly located on the unit sphere; Di,ix = I3. Let us describe
the resulting solutions for each group of the unknown parameters I' and vy.

For the full and scalarized models, the optimal estimators for the diagonal components I';; have
the form

Dii(y,s) = x0€id(y — ei, s — 52) — X0€i0(y + €i, 5 — 52),
Xii (s §) =x00(y — €i,s — 52) + x00(y + €5, s — 52),

where ¢; is a unit vector with ith component equal to 1 and x( is some value numerically determined
in the solution of the optimization problem.

In other words, to estimate, e.g., the component I'1; (the scaling factor of the first gyro’s error),
it is necessary to carry out two series of measurements, rotating the unit along the sensitivity axis
of this gyro with the maximum angular rate s = sy first in one direction (y(1) = (1,0,0)") and
then in the other (y(2) = (-1,0,0)T).

For the off-diagonal elements I'15 = I'91, the optimal estimators are given by

q)l (1)2
Pio(y,s) = | 1 |6y —e(n/4),s —s2) + | =1 | 0(y —e(3m/4),s — 52)
0 0
—Py -,
+| —P2 |0y —e(dn/4),s —s2)+ | P2 | Iy —e(Tn/4),s — s2),
0 0

x12(y,8) =x00(y — e(m/4), 5 — s2) + x00(y — e(37/4), s — s2)
+X00(y — e(57/4),5 — s2) + x00(y — e(77/4),5 — 52)

with the following notations: e(f) = (cos#,sinf,0)T are the unit vectors corresponding to the
rotation by the angle 6 in the plane ejes; @1 and ®5 are the values numerically determined in
the solution of the optimization problem; yg is the same value as for the diagonal elements. The
estimators for the components I';3 =I'3; and I's3 = I35 are determined by analogy within the
rearrangements of the indices in the corresponding vectors. Thus, the optimal experiment for
estimating the misalignment angles between the gyro sensitivity axes consists of four series of
measurements; in each of them, rotation is performed along the bisector of the angle between the
coordinate axes with the maximum admissible angular rate (by absolute value).

L An open source Python-embedded modeling language for convex optimization problems;
https : //web.stanford.edu/ boyd/papers/pdf/cvxpyrewriting.pdf.
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Table 2. Guaranteed estimation errors

Model Variable
'y Lij, i #£j Voi
The order of value | [0.7; 1.3] x 1073 | [4; 6] x 1073 | [2;3] x 1077
Required accuracy 5x 107° 5x107° 5x 1078
Model-1 2.01 x 107" | 5.67x107* | 7.01 x 1076
Model-2 2.23 x 1076 3.45x107% | 5.16 x 1078
Table 3. Average estimation errors
Model Variable
T Lij, i #j Voj
The order of value | [0.7; 1.3] x 1073 [4; 6] x 1073 [2;3] x 1077

Model-1

1.25 x 1075 (0.13%)

1.33 x 1075 (0.02%)

4.88 x 1078 (22%)

Model-2

1.20 x 1076 (0.13%)

1.24 x 1076 (0.03%)

2.89 x 108 (14%)

The optimal estimators for the zero biases 1y; have the following structure:

D,i(y,s) = p1ei0(y —e;, s — s2) + p2eid(y +e;, 5 — s2) + P3€ei0(y —€i, 5 — 51) + Pae;d(y +e€j, s — 1),
Xvi(y,8) = x10(y — €i,5 — s2) — X20(y + €i,5 — s2) + x30(y — €;,5 — s51) — X40(y + €;,5 — 51),

where the values ¢; > 0 and y; > 0 are numerically determined in the solution of the optimization
problem. They are close to 1/4.

Clearly, the rotation directions and weight coefficients obtained by guaranteeing estimation
have a simple geometric structure: the optimal motion modes imply rotation with the maximum
admissible angular rate, in the direction coinciding (within the initial alignment error) either with
the gyro sensitivity axes or with the bisectors of the angles between these axes. A similar result was
established using guaranteeing estimation in the calibration problem of an accelerometer unit [11].
However, unlike the latter problem, the mathematical model of measurements in this paper is
significantly more complex and depends on a larger number of parameters. Therefore, it is difficult
to justify the optimal structure of the estimator analytically, and numerical methods are employed
to find solutions.

The main quality indicator of the solutions is the guaranteeing estimation error, which does
not depend on particular realizations of errors and measurements. Table 2 shows the guaranteeing
estimation errors corresponding to the optimal estimators for the components I" and vy.

For the model parameters given in Table 1, the required guaranteeing estimation accuracy is
achieved for all components of the matrix I within Model-2. Model-1 can lead to errors of about

10% of the parameter estimated; for the components 1;, the required accuracy is achieved within
Model-2.

We present the estimation results for the components I', 1y from a series of numerical experi-
ments with this procedure under particular realizations of the systematic errors and noises in the
measurements. The “true” values of these parameters and errors a, 3, £(t), and dv(t) were out-
putted using a random number generator. For each parameter I';;, 19;, the modeling and estimation
procedure was repeated 20 times to evaluate typical deviations of the estimate from the true value.
Table 3 shows the average absolute (|I'); — ') and relative (|T'Y; — T'y;|/|T;|, in parentheses) de-
viations of the estimates obtained with Models-1 and -2 from the true values. Unlike guaranteeing
errors, these deviations do not determine an upper bound on the error but characterize both the
accuracy of the models and solutions of the estimation problems. This is important because the
input information ((¢) is constructed using a nonlinear model of the original signal (3), and the
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optimal solution is the result of applying guaranteeing estimation to linearized Models-1 and -2.
In other words, this experiment reflects the effect of different factors on the estimation result: the
errors and noises in the measurements and the errors due to the transition to simpler linear models.

According to the series of numerical examples, the estimates of the unknown parameters based
on the proposed algorithm with the measurement information are close to their “true” values and
the deviations lie within the guaranteeing estimation errors.

Let us illustrate how the solution accuracy depends on the choice of the angular rate so. Consider
an experiment in which, for the same pre-selected values I' and v,, the unknown parameters are
estimated using the two models described above for 16 different values of so. The relative accuracy
of the resulting estimates is presented in the graphs below: the estimation errors for I'y; (Fig. 1;
for 'y the results are similar) and the estimation errors for vy (Fig. 2).

According to the graph, the critical drop in accuracy is observed under the minimum values
of the angular rate (less than the threshold s, obtained in Section 2.2). When estimating the
matrix I', the approaches appear to be insensitive to the increase in the angular rate so. However,

when estimating v, the accuracy deteriorates as sy increases, especially in the case of exceeding
the threshold so > spax = 3.28 °/s = 0.057 1/s.
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6. CONCLUSIONS

This paper has developed a calibration procedure for a gyro unit with three main ideas as fol-
lows: derivation of linear measurement models for averaged signals, scalarization, and guaranteeing
estimation. The guaranteeing estimation problems have been reduced to discrete [1-approximation
problems, which are solved using numerical algorithms. An important advantage is that this proce-
dure yields an optimal experiment plan as a result of solving the estimation problem. Guaranteed
estimation leads to simple-structure solutions: from a large set of admissible directions and angular
rates, an optimal combination contains 2—4 rotation modes. This calibration procedure and the
corresponding software implementations can be extended with minimum changes to more complex
systems, e.g., the ones with a limited number of rotation directions and with temperature-dependent
Sensor errors.

Besides inertial navigation, the approach proposed above or its modifications can be used in
other applications requiring an optimal set of measurements to estimate unknown parameters or
an experiment plan from a set of admissible scenarios.

APPENDIX

Proof of Lemma 1. On the time interval T" the rotation occurs about a fixed direction. Therefore,
the rotation matrix D, is decomposed by averaging as follows:

B B B B 000 B C1 —Co 0
Deir = Deir1 + Deir2,  Deir1 = 000 s Deira = ca ¢ O ) (Al)
001 0O 0 O

where ¢; is the result of the time averaging of the functions sin(t) and cos ¢ (t).

Due to formulas (6), (7), and (A.1), in the course of averaging, the vector u, is represented as
the sum of two terms, one proportional to w and the other orthogonal to D(0)w:

Uy = Du:p = D/DcirlDﬁxum + D,DcirZDﬁxum
O1x3 (A.2)

=D'| O1x3 |us +ut= dngum +ut = Dyt (I3 + B)waum +ut,

wT

where ut = D’ Dqiro Dt

The orthogonality of ut to the direction D(0)w = Diyit (I3 + 3)w can be established using for-
mulas (2) and (6): D(0)w = D' D¢ (0)Dgxw = D’ (0,0,1)T; the corresponding scalar product is
explicitly calculated as

CcC1 —C 0 Cc1 —C2 0
wrD(0)Tut = (0,0,1)D''D' | ¢2 e 0 | Dgguz = (0,0,1)T | ¢2 1 0 | Dggug = 0.
0 0 0 0 0 0

Using the component ¢; as an example, we explain the idea of estimating from above the result
of the time averaging of the function cos(t). Consider the continuous case of averaging:

T
1
= f/cosz/)(t)dt.
0
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The dynamics of the angle 1 are described by a differential equation and constraints on the functions
on its right-hand side:

dip(t)
dt
The change of variables t = t(1), €(¢0) = €(t(¢)), |€(¥)] < €max, in the integral yields

=s+e(t), ¥(0) =410, [e(t)] <emax, s+e(t)>0.

T ¥(T) cos 1)
0 o

This integral can be written as the sum of integrals on the half-periods of the function cos)
(intervals where the function has a fixed sign) and two integrals corresponding to the time intervals
at the beginning and end of the interval [1g,9(T")]. For example, if ¢y < /2, this interval is
represented as follows:

[0, Y(T)] = [Yo, w/2) U [r/2,3m/2] U [3w/2,5m/2] U...U[1/2 + 270, ¥(T)],
where ngjr is the number of complete revolutions of the system about the axis of rotation and the

length of the last interval does not exceed m, i.e., /2 4 2mney < Y(T) < 37/2 4 27Ny

The integrand on each such interval has a fixed sign, and the maximum value of the integrand
(hence, that of the integral) is achieved at €(¢) = —sgn(cos ¥) emax:

/ cos i < COS¢ 7/) / cos .
s+ €() ming| <. (s +¢€) s —sgn(cos ) €max
Therefore, each integral can be estimated bilaterally (from below and above):
/2 5 (T) " 5
/—Cow ) < ——, / gyl < ——,
s+ E(?/)) S — Emax s+ E(Z[)) S — Emax
o /2427 Ny
3m/2 5m/2
-9 < / cos i < -2 ’ 2 < / cos Y i < 2 ‘
S — €max s+ 5(1/)) S + Emax S+ €max s+ €(¢) S — €max
/2 3m/2

As a result, the absolute value of the integral on the averaging interval admits the following
upper bound:

¢ /2 " (1) "
cos cos cos
ol <| [ —22Y gyl + / oY
/ S+ | srer ste)
%o /2427 Neir
Neir 37/2 5m/2
n Z cosz/) ¢+ / cosz/)

j=1

4 el -2 2 4 Neir 4€max

S — E€max = S — €max (3 + 5max)(3 - 5max) ’

—1 5 + Emax S — €max
The angular rate and the number of complete revolutions of the system are related by
ST = 27 neir + A1)
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for some Ay < 27. Consequently,

T
1 4 Neir 4€max
=|= t)dt| <
il ‘T 0/ SV S Tl o) T T (2= )
B 4 (sT — AvY) deax 4 N 2(1 = AY/(sT)) emax

T (s—émax) 2msTs(1—¢e2, /s?) T (s—cemax) m(1—¢e2,./s?) s

Thus, we obtain

4 €
c g + C max
leal T (s — €max) s

)

where the parameter C' = W is an upper bound for the fraction %

Proof of Proposition 1. We transform the integrand of the objective function into problem (18)
by substituting formulas (12) and (13) with the additional notation v = v(s,y) = Dinit(sy+yy  us):

Oz = &7 (T Diwie sy + yy"ua) +vo + 1+ /)
=dTTo+ @Yy + %60 + T Dy (—s(@a +9b) + ey + yTug (& + ﬁ)y + nyﬁza>
=@ ®)Ty 4+ 3Ty + 361 + T Dy (—S(Qa +98) + ey — y ug (o + 98) + nyﬂxa> )
Hence,
o1, = (v® <I>)T7 +®Tyy + @161 + edT Dinivy
+ @ Dy (=59 — y g + vy ) @ + T Dy (59 — y i) B.
These formulas involve, first, the properties of matrix operations
Ty = (T @ vy = (v ®)ly, ay=—ja

and, second, the possibility of transferring the scalar product yTu, to the other part of the corre-
sponding multiplier group: dyyTu, = —yTu, Jo.
Let us define the matrices Cy, and Cf :

Cly = Dinie (=9 = y"weg = y"wa9) , Ch = Dinie (—59 — "1

Then the right-hand side of (A.3) is represented as a function that linearly depends on the variables
q,o, 3, e, and ov:

T (y,5)2(y,s) = (0@ ®)Ty + 0Ty + T + dTCLa + @TCéB + ed" Diniy. (A.4)
Substituting formula (A.4) into the original objective functional (19) yields

I(@)=  sup  |I(®)—a'q]
(q,a,B,e,0v")eB’

= sup / ((v @ &)y + Ty + o160 + dTC o + @TCéﬁ + EQTDinity) dyds —avq

(g,a,B,e,00")eB’
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Since g = col(7, 1), the function I(P) — aTq linear depends on ¢, and the multiplier at g is

/v ® P dyds
—a.
/@dyds

Therefore, if condition (22) is violated, we have sup,cgiz |[(®) —a’q| = o0 for a fixed ® and
arbitrary admissible «, 3, e, and dv/. Consequently,

sup  [I(®) —a'ql=  sup
(q,a7ﬁ,g751/)68’ (q7a767€751’l)68l

/ (@760 + @7 Cla + BT + T Diniey) dyds

In other words, it is necessary to maximize the absolute value of a linear function where each term
depends on only one variable not figuring in the other terms. This means that the maximum can
be found independently in each of the variables. For a fixed ®, the maximum is determined in an
explicit form:

3
sup /@TCéadyds = sup / (Z(CQT(I))iai> dyds

a: ‘ai|<04max a: ‘ai|<04max =1

3
=Y sup /(C&Ti))iaidyds

i—1 @ || <amax
3
= / (Z tmax sg((C ®),) (C(;T@») dyds = / |Ca®|1 dyds.
i=1

A similar chain of considerations applies to the other terms in the objective functional (18). Thus,
the explicit calculation of the supremum of the original objective functional finally leads to the
optimization problem (21)—(22).
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