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Abstract—The dynamic properties of the response of a one-dimensional elastic mechanical
system to an external mechanical action are examined. Transfer functions are calculated in
two channels: from the force action at one of the system boundaries to the displacement of the
medium sections and to the temperature. The asymptotic behavior of the transfer function is
analyzed for each channel in the neighborhood of the origin on the complex plane. The case of
no heat exchange between the system and the environment is considered separately.
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1. INTRODUCTION

Thermomechanical systems with mechanical vibrations and heat transfer processes are widely
used in modern engineering. Therefore, it is necessary to study the dynamic properties of such
systems in mathematical terms and develop control methods for them.

The literature on the thermoelasticity phenomenon is quite extensive. The early works [1-3] were
followed by [4], where thermoelasticity was investigated as part of general elasticity effects. In the
recent literature, we mention the publications [5-7] devoted to various properties of thermoelastic
media. The book [8] developed a modern theory of thermomechanics of elastoplastic deformation.
A coupled dynamic thermoelasticity problem for a one-dimensional medium was stated in [9].

In this paper, we analyze the dynamic properties of a one-dimensional distributed elastic ther-
momechanical system. The mathematical model of processes in such a system is based on the
classical work [4]. In contrast to [10], the system is subjected to a mechanical (force) action at one
of its boundaries instead of a thermal action. The system dynamics equations have the form

Po _ 2000 508
ot? Ox? ox’
2 2
Btherm(;at—(;o + ? = aa—za
i t ox

(1.1)

where t >0, 0 < x <, and a,c, 3, and Biherm are positive constants. (For details, we refer, e.g.,
to the monograph [4].)

In these equations, ¢(x)(t) denotes the displacement of the section located at a distance | — x
from the point of application of the force action; §(x)(t) is the temperature of the medium in the
section x.
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The initial conditions with respect to the time variable are assumed to be zero. The boundary
conditions are as follows:

a) for the function ¢,

22 0) =0,

(1.2)
824,0
w(l) = u,

where wu is the control action (with the physical sense of a mechanical (force) action applied to the
system);
b) for the function 6,

where v and A\ are positive constants.

2. CALCULATION OF THE VECTOR TRANSFER FUNCTION u — (¢(z), 0(z))

We perform the Laplace transform of Egs. (1.1) with the boundary conditions ((1.2), (1.3)) to
obtain the system of ordinary differential equations

o ]
202 0)(p) ~ rPB()(p) — F e (@) = .

920 o 21)
G’W(x) (p) - pa(x)(p) - /Bthermpi(x) (p) =0,

Jp
2z 0 =0 (2.2)
rel) =1,

00 _

——(0) = x0(0),

‘;g (2.3)

%(l) = —rb(l),

where £ = 5. In this system, the pair of unknown functions ((x),(z)) consists of the Laplace
images of the desired functions (¢(x)(t),0(x)(t)).

Solving the boundary-value problem (2.1)—(2.3) yields the following expressions for the transfer
functions in the channels u — ¢(x) and u — 6(z).

Theorem 1. The transfer functions of the system in the channels u — @(x) and uw — 0(x) are
given by

a a
Wisoto) = A [a¢* D () = bipDa ()] = BZ [saDi(x) + pDo(x)] (24)
and
a
Wyso@) = AiiﬁthermpgDO (x)
+ % {—CLC2D3($) — kac? Do(x) + bapDy(z) + /mpgDo(x)} , (2.5)
A
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STUDYING THE DYNAMIC PROPERTIES 391
respectively. In these formulas, Ax = ai1a99 — a12a91,
ain = p> (ac2D3(l) - blle(l)> )
= pp” (kaDy (1) + pDo(l))
ag1 = Binermp” (D1(1) + £Do(1))

a9 = a02D4(l) + 2f<:a02D3(l) + (Ii2a02 — bgp) Dy(1) — kp (2ap + BBtherm) D1 (1) — /<:2ap2D0(l),

Dj(z) = ;z ( U=/ 2ginp (x\/p1) — U= 2ginn (x 2)) (7 =0;2;4),
Dj(z) = % ( G=1/200sh (z\/p1) — ps cosh a:\/_)) (7 =1;3),
ap+b1) £ R orm — C° c
P12 = %a R:ap (p+/‘)2+y2a M= tha y:2a\/ﬁﬁtherma

bl = 5ﬁtherm + C2> b2 = 5ﬁtherm + ap.

3. ASYMPTOTIC BEHAVIOR OF TRANSFER FUNCTIONS AS p — 0

We study the dynamic properties of the system, beginning with the asymptotic behavior of its
transfer functions in the neighborhood of the origin on the complex plane C.

Theorem 2. In the neighborhood of the origin on the plane C, the transfer function Wy ()
can be represented as

1
and the transfer function Wy_,o(,) as
B herm 3+ kl 1
Wuﬁ@(m) = g)CLC2 p |: l22 Tl ( + ;) +0 (p)} . (32)

Here, O (p) denotes a function f (p) (p € C) with a bounded ratio % as p — 0.
Thus, the system has the double integrating property in the channel u — p(x) and the differen-
tiating property in the channel u — 0(x).

Remark. According to (3.2), the asymptotic formula for the transfer function Wuso@) asp — 0
includes the ratio % = é Therefore, the case Kk =0 (no heat exchange with the environment)
should be considered separately; see the next section.

4. THE CASE k=0

W@ = A2j1 (acQDg( ) — bipDy (a;)) - ﬁZ—illpDo(x), (4.1)
Woso(z) = a22 ﬁthermp Dy(x) + Z—ill (—GCQDg(I') + bopDy (x)) . (4.2)
In this case, the functions a;j (j, k = 1,2) have the form
ay = p* (GC2D3(Z) - b1pD1(l)> ;a1 = Bp’Do(l), ag1 = Binermp’D1(0), (4.3)
agy = ac? Dy(l) — bapDa(1). (4.4)
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Theorem 3. In the case k = 0, in the neighborhood of the origin on the complex plane C, the
transfer function Wy, _, () admits the same representation (3.1) as in the general case (see Theo-
rem 2); the transfer function Wusso(z) in this neighborhood can be represented as

l
Wu—)@(:c) = _5therm@ (1 +0 (p)) . (45)

Thus, in the case k = 0, the transfer function of the system in the channel u — 0(x) has a finite
nonzero limit as p — 0. This property can be called static.

The proofs of Theorems 1-3 are given in Appendices A—C, respectively.

5. CONCLUSIONS

As has been demonstrated by this study, the thermomechanical controlled plant subjected to a
mechanical (force) external action possesses the following dynamic properties: double integration
in the channel from the force action to the displacement of the one-dimensional medium and (but
only under heat exchange with the environment) differentiation in the channel from the force action
to the temperature.

The resulting conclusions should be considered when designing control systems for thermome-
chanical plants with dynamic properties described by (1.1)—(1.3).

According to the results of [10] and this paper, the intrinsic feedback of the plant (from the dis-
placement of the sections to the temperature) complicates the description of its dynamic properties
compared to the case of no feedback, which was investigated in [11].

APPENDIX A

Proof of Theorem 1.

1. We apply the Laplace transform to Eqgs. (2.1) with respect to the spatial coordinate x con-
sidering the first boundary condition in (2.2). (For details, see [12, item 80, formulas (6) and (7)].)
As a result,

(A.1)

{ (2¢® — p*) B(q) — Bad(q) = =1 (q),
_/Bthermqpa(Q) + (aq2 - p) 9((]) = 22 (Q)a

where 21(g) = c2q(0) — 88(0) and 25(g) = agB(0) + aZ2(0) ~ BinermpP(0).
In view of these expressions for z;(¢q), the solution of system (A.1) in (@(q),g(q)) is given by

ac?q*p(0) + Big + Bpd(0)

7o) = - , (a2)
= ac’q®0(0) + ac2q28—z(0) + Bap® — baqpd(0)
B(q) = 8A(q) , (A.3)

where

A(q) = ac® (q2 -~ m) (q2 — pz) . ple= }%,

BBeherm — ¢ c
R=ap\/(p+p)°+y2, p=-"200 y =2/ BBerm;

a
bl = 55therm + 027 b2 = /B/Btherm + ap,
00 00
Bl = 561%(0) - blpa(o)a B2 = ﬁthermpa(o) - CL%(O)
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Based on the relation
1 1 1 1
m_ﬁ(qQ—m_qQ—Pz)’ A4
from (A.2) and (A.3) we pass to the original functions with respect to the coordinate z
() = ac® Ds(2)p(0) + D1(x)B1 + BpDo(x)0(0), (A.5)
7(a) = acDy(x)(0) + ac* Da(z) 22 (0) — bapDDs @)010) +* Do(a) B, (A6)

where

D;(x) = % (p&j*”/ %sinh (2y/p1) — péﬂ’”/ %sinb (2/p2))  (j = 0;2),

1 _
Dj(z) = E( G- cosh (z\/p1) — cosh x\/_)) (7 =13).
(The details can be found in [12, item 80, formula (4)].)

Due to (A.5) and the first condition in (2.3), the second boundary condition in (2.2) takes the form

P’ [(“CzDs(l) - blle(l)) ?(0) 4 B (pDo(l) + axDy (1)) 5(0)} -

(A7)
According to (A.6), the second condition in (2.3) reduces to
ac® (D4(1) + kD3(1)) 0(0) + ac®k (D3(1) + kDx(1)) 6(0)
— bop (D2 (1) + £D1 (1) 8(0) + p* (Di(1) + £Do(1)) (Binermp(0) — £aB(0)) =0, (A8)

where

D4(l):%( smh(x\/_) p2 smh(x\/_))

<l

0
Conditions (A.7) and (A.8) make up the following system of equations in the vector (5((0))>
3(0 -
A 9_0( ) _(u 7 (A.9)
6(0) 0
(aju; 4,k =1,2), ar1 = p* (ac®Ds(l) — bipD1 (1)) ,

where A =

a1z = Bp* (kaD1(1) + pDo(1)),  a21 = Behermp” (D1 (
agy = ac?Dy(l) + 2rac® D3(1) + (Ii ac® — bgp)
— Kp (2(1]) + Bﬁtherm) Dl (l) — K GPQDO(Z)-

The solution of system (A.9) is given by
300 _
PON _ (am ) m (A.10)
6(0) —az ) Ax
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Substituting (A.10) into (A.5) and (A.6) and using the formula for B; and the first condition
n (2.3), we finally arrive at the following expressions for $(x) and 6(x):

P(z) = {agg [(J,CQDg(JJ) — bipD; (x)} — Bag [kaDy (z) +pD0(x)]}AiA, (A.11)

g(x) = {a22ﬁthermp3D0 (LL’)
+ a {—CLC2D3(LE) — kac®Dy(z) + bapDy () + /mpgDo(x)} }AEA (A.12)
APPENDIX B

Proof of Theorem 2.

1. In the neighborhood of the origin on the plane C, the functions R and p; (j = 1,2; see the
explanations for (2.4) and (2.5)) can be represented as

1+0®), r=0(p). (B.1)

2. In the neighborhood of the origin on the plane C, the functions Dj(x) (j =0+ 4) can be
represented as follows:

bip
ac?

R=bp(1+0(p), p=

Do(z) = %3”1 }_%”2 +0(p?) = % +0(p?), (B.2)
Di(z) = “"”2 B_Eio(p)= %Jro(p?), (B.3)
Do(2) = lep2+O<p2 %%—O(pQ), (B.4)
Ds(z) = le”2+o( )Za—;—l-O(pZ), (B.5)
D4(x)—x#+0(p2> ”1+”2+o( )—xb—p+o(2). (B.6)

3. In the neighborhood of the origin on the plane C, the functions a;; (j,k =1,2; see the
explanations for (A.9)) can be represented as follows:

an = p? (1—;’1—12p+o( )) =P (1+0(), (B.7)
ov2 = 07 (o g + 0 (1)) = s 040 ). (B9
421 = ernt” (25;2 “6acz T O (p2)>

= ety (1455) (140 (%), (B.9)
az = 2 ép—l—2m+l<m _b_p) e <p+55;;;rm)

— k2P 6l—2+0( 2) =k (244l (1+0(p)). (B.10)
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4. In the neighborhood of the origin on the plane C, the function A4 (see the explanations
for (A.10)) and the ratios aﬁ (j =1,2; see (2.4) and (2. 5)) can be represented as

Ay=p*k (24 kD) (14+0(p) —p° ﬁﬁ;f;egzl (1 + /ﬁ:é) (1+0(p))
=’k (24 kD) (1+0(p)) (B.11)
a hermlZ (1 + k1/3 hermlZ (3 + Kl
Aij; - pﬂ };I{CLC2 EQi mlg : (1+0() = 56}:{&62 (é —:—Id)) (1+0(), (B.12)
a2 1
A = 1F0m). (B-13)

5. In the neighborhood of the origin on the plane C, the transfer functions W,,_, ;) and W,_g(,)
can be represented as

Wuﬁw(x) = ]% (1 — p%ﬁ) (1 + O (pQ))

. pﬁﬁtherml2 (1 + 51/3) </€$—2 +pl’—3 +0 (p2)> i (1 + O( )) (B14)

2ac?k (2 + Kl) 2¢? 6ac? p?
T 3 12 (34 ki) <1+K$ 2 02 2x3,‘€> (1+0 ()
x) = - N
u—0 PPtherm | ¢35 = 67 2+ rl) pro 2 TP e
ﬁtherm |: 23 + Kl ( 1 >:|
_ -1 — ]| 1+0 . B.15

P 6ac? 2+ kl T (1+0() (1)

APPENDIX C

Proof of Theorem 3.

1. Due to (3.5) and (3.6), in the neighborhood of the origin on the plane C, the functions a;j
(j,k = 1,2) for kK = 0 can be represented as follows:

a1 =p* (140 (p)) (coincides with (B.7)), (C.1)
= (6%+o(p2)) o (140 (). c2)

21 = /Bthermp3 (% +0 (p2>> /Bthermp 212 (1 +0 ( )) (03)
ass = p% (b1 = bo) + O (p?) = lcz (¢ —ap) +0(p?) = pé (1+0(p))- (C.4)

2. Consequently,

Ar=plavom) -ss GL(lJrO M= plato 5
a thermP 12&264 (p )) p CL( + (p))a ( . )
as l azp 1
A—A ,Btherm 202 (1 + O( )) A—A - E (1 +0 (p)) . (06)
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10.

11.

12.

3. As a result, we obtain

1+0 2
Wiore) = LG 10 62) = s +0 (7))
2 o)) = Lato C.7
_pﬁﬁtherm 12ac + (p ) - E( + (p))7 ( : )
.733
Wu%@(x) - pﬁtherm@ (1 + ) (p))
+ Binermes (140 (p) bx—2—1+0(2> = ey 1+0@).  (C8)
therm 202 p p 220,02 p - therm 202 p))- .
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