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Abstract—This paper considers the boundary control problem for a distributed heterogeneous
vibrating system described by a one-dimensional wave equation with piecewise constant char-
acteristics. The travel time of a wave through each homogeneous section is assumed the same.
The control is implemented by displacement at the two ends. A constructive control design
approach is proposed to transfer the vibrations on a given time interval from the initial state
through the multipoint intermediate states to the terminal state. The control design scheme
is as follows: the original problem is reduced to a control problem with distributed actions
and zero boundary conditions. Then the variable separation method and control methods for
finite-dimensional systems with multipoint intermediate conditions are used. The results are
illustrated by an example.
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1. INTRODUCTION

Boundary and optimal control problems for distributed vibrating systems were studied by many
researchers; in particular, see [1-15]. For a distributed homogeneous vibrating system described by
a homogeneous wave equation with multipoint intermediate conditions, boundary control problems
were considered in [2-6]. Their solutions were constructed based on Fourier methods and control
methods for finite-dimensional systems with multipoint intermediate conditions.

The solutions of control problems for heterogeneous distributed compound systems were an-
alyzed in [7-15]. The paper [8] was one of the first works in this field; the author solved the
control problem for a distributed vibrating system consisting of two piecewise homogeneous me-
dia, originally formulated by A.G. Butkovskii. The solution was constructed using the method of
propagating waves. In [9, 10] and other publications, the same author and his students studied
similar boundary control problems for heterogeneous vibrating processes. Those boundary con-
trol problems were examined using the d’Alembert method, and d’Alembert-type formulas were
derived. The papers [13-19] were devoted to boundary problems for the equation describing the
longitudinal vibrations of a rod with piecewise constant characteristics (consisting of at least two
sections) with a free or fixed right end. The studies were carried out in the class of generalized
solutions. A mechanical system consisting of two equal-length pieces of a string connected by a
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136 BARSEGHYAN

spring was considered in [20]. The boundary control problem for the vibrations of a complexly
coupled system with singularities was investigated using the d’Alembert formula.

The need to model and control distributed vibrating processes of compound systems with piece-
wise constant (heterogeneous) characteristics arises in many theoretical and applied fields of science
and technology. However, control of heterogeneous elastic vibrations is still insufficiently investi-
gated: this research area is at the stage of formation.

Below, we consider the boundary control problem for some distributed heterogeneous vibrating
system with given states at intermediate time instants. This system is described by the homoge-
neous wave equation and reflects the transverse vibrations of a heterogeneous string and also the
longitudinal vibrations of a heterogeneous rod. The vibrating process is characterized by different
elastic properties and densities of the section. Their lengths are such that the wave travels through
each section in equal time.

The conditions determining contact interactions between the materials of heterogeneous bodies
are important. In mathematical modeling, these conditions of coupling (connection or gluing) for
two sections with different physical characteristics of materials must be considered properly to
match the continuous flow of excited wave processes.

This paper aims at developing an analytical boundary control design approach to one-dimensional
vibrating heterogeneous processes that transfer vibrations on a given time interval from an initial
state through multipoint intermediate states to a terminal state.

2. PROBLEM STATEMENT

Consider the vibrations of a distributed piecewise homogeneous medium along a segment
—ly < x <[ that consists of two sections, —l; <z <0 and 0 <z <I[. Let a; = \/g denote the
wave velocity along the sections, where p; = const is the density and k; = const is Young’s modulus,
i = 1,2. Following [9], assume that the lengths [; and [ of the sections are chosen so that the wave
travels through the sections 1 <z <0 and 0 < z <[ in the same time, i.e.,

h_ L (2.1)
a1 a2
Note that the vibrating heterogeneous process under consideration can be the longitudinal vi-
brations of a piecewise homogeneous rod (with the density p and the modulus of elasticity k) or
the transverse vibrations of a piecewise homogeneous string (with the density p and the string
tension k).
Let the state (longitudinal vibrations) of the rod (or the transverse vibrations of the string) be
represented by a function Q(z,t), —l1 <x <1, 0 <t <T. The deviation from the equilibrium is
described by the equation

Q. )
- 1 <x<0, 0<t<T
aQQ(.’L"t) _ al 8332 ’ L=r=5 - (2 2)
6t2 - 2 t ’
agw, 0<z<l, 0<t<T
ox
with boundary conditions
Q(=b1,t) = u(t), QUt) = w(t), 0<t<T, (2.3)
and coupling conditions at the junction point = = 0 of the form
Q(O - Ovt) - Q(O + Ovt)a
0Q(x, 1) 0Q(x, 1)
2 ) 2 )
— = — . 2.4
NP0 emom0 2P| 0 =0+0 (24)
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BOUNDARY CONTROL 137

The initial (t = 9 = 0) and terminal (t = T") conditions are given by

0Q(x,t

Q((L‘,O) = ()00(‘%')7 M = ¢0($)7 —h <z <, (25)
ot li=o
oQ

Qx,T) = pr(z), — =¢r(z), —li <z <L (2.6)
Ot li=r
In addition, at some intermediate time instants t; (k = 1,...,m) such that
O=th<t1 <... <Tm < Tm+1 =T,
the state function takes given values
(2.7)

Qz,t;) = pi(x), —h <z <l i=1,...,m.

The functions u(t) and v(t) in formula (2.3) are control actions (boundary controls).

By assumption, Q(z,t) € C*(Qr), where Qp = {(z,t): 2 € [~I1,1],t € [0,T]}, and ¢;(z) €
C?[~11,1],i=0,1,...,m,m+ 1, and o (z), Yr(z) € C[~I1,1].

Also, all these functions satisfy the following matching conditions:

(_ll)7 g 0) - ¢0(_l1)7 V(O)
(ti) = @i(_ll)’ Z/(ti) = QOZ(Z), = 1, e
Yr(=h), v(T) = er(l), »(T) =¢r(l).

1(0) = ¢o
I (2.8)

w(T) = pr(=l1), p(T)

The boundary control problem. It is required to find controls u(t) and v(t) (0 <t <T) trans-
ferring the vibrations of system (2.2) from the given initial state (2.5) through the intermediate

states (2.7) to the terminal state (2.6) (t =T).
Note that the coupling conditions (2.4) at the junction point x = 0 also hold for the functions

(po(x)f (pT(x)f and QOZ({I’.)7 t=1...,m

3. REDUCTION TO A PROBLEM WITH ZERO BOUNDARY CONDITIONS

To solve the problem, we pass to the new variable [21]

@x, - <zx<0
=4 @ (3.1)
x, 0<z<I,

which extends or compresses the segment —I; < x < 0 with respect to the point z = 0. Due to (2.1),
in this case, the segment —[; < z < 0 is transformed to the segment — < ¢ < 0. On equal-length

sections, the function Q(&,t) satisfies the same equation

2
28Q@JX-4<§<0,OStST

#Qen | o =
Ot2 - 2
a%%g’t), 0<¢<l, 0<t<T
No. 2 2023
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138 BARSEGHYAN

or, equivalently,

aQQ(gv t) _ 2 62@(57 t)

e~ e L —l<E<L0<t<T, (3.2)
with the corresponding boundary conditions
Q(=1,t) = u(t), QU,t)=v(t), 0<t<T, (3.3)
the initial conditions
0Q(&,t
QE0) = po(e). Z2ED| _ ), i<as (3.4
=0
the intermediate conditions
the terminal conditions
0Q(&,t
Qe =¢r©. 280y, <<t (30
t=T
and the coupling conditions
oQ(&, 1 9Q(¢, t
Q(0—0,t) =Q(0+0,t), a1p Q;Z ) le=0—0 = agp2 Qa(g ) le=040 (3.7)

at the junction point £ = 0.
For the sake of convenience, after the change of variable (3.1), all the functions are written in
the original notations.

Note that the boundary conditions (3.3) are heterogeneous. Therefore, we construct the solution
of equation (3.2) as the sum

Q& 1) = V(1) + W (S 1), (3-8)

where a function V (£, t) with the boundary conditions
V(=l,t)=V(l,t)=0 (3.9)
has to be determined and the function W (¢, t) is the solution of equation (3.2) with the conditions
W(=L1,t) = u(t), W(l,t) = v(t); (3.10)

it has the form
W(Et) = o5 [0~ O(t) + (1 + ()] (311)

In view of (3.11), substituting (3.8) into (3.2) gives the following equation for the function
V(£ 1) :

PV(Et)  L0°V(E1)
T2

+F(Et), -1<E<1, 0<t<T, (3.12)
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BOUNDARY CONTROL 139

where

F(&0) = 5 (6~ Dji(t) = (€ + (o). (313)

The function V' (&, t) satisfies the coupling condition at the junction point & = 0 that corresponds
o (3.7). According to (3.1), we have

wo(—l) = po(=1), wi(—l1) = pi(=1), er(—l1) = pr(-1),
Yo(—l1) = o(=1), Yr(=l1) = Yr(=I). (3.14)

Due to the initial, intermediate, and terminal conditions, (3.4)—(3.6), the function V'(,t) satis-
fies:

the initial conditions

= %0(&) — o7 [(1 = ©)(0) + (1 + E)w(0)], (3.15)

the intermediate conditions

1

V(& ti) = pi(§) — 3 (I =Outi) + I+ rvt)], i=1,...,m, (3.16)

and the terminal conditions

VET) = or(6) — = [(L - u(T) + (L + E(T)],

21
OV (& 1)
ot

1

=¥r(8) — 57 (1= OA(T) + (1 + Hr(T)]. (3.17)
t=T

Considering (2.8) and (3.14), conditions (3.15)—(3.17) can be written as follows:

V(€,0) = go€) — = [ E)po(—1) + (L + O)pol)]

21
LD o) — o [0 - ol + 1+ o) (3.18)
t=0
V(&) = 0il®) = 5 (1= Opi(—D) + U+ ilD)], i =1,...,m, (3.19)
V(ET) = or(€) - o [(l— Opr(—D) + (1 + Opr(1)],
D] = () — o 0~ Wor (1) + (4 (). (3.20)
t=T

Thus, the original problem has been reduced to the following vibration control problem: find
boundary controls p(t) and v(t), 0 <t < T, under which the vibration described by (3.12) with the
homogeneous boundary conditions (3.9) will pass from the given initial state (3.18) through the
intermediate states (3.19) to the terminal state (3.20).
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140 BARSEGHYAN

4. SOLUTION

We find the solution of equation (3.12) under the boundary conditions (3.9) and the matching
conditions in the form

l
ka smﬁ W=7 [ V(g,t)sin#dg. (4.1)

Let the functions F(&,t), ¢i(§) (1 =0,1,...,m+1), ¥o(§), and ¥7(§) be expanded in the
Fourier series in the basis {sm &l (k =1,2,...). Substituting their values and V (£, t) into equa-
tions (3.12), (3.13) and cond1t10ns (3.18)—(3.20) yields

. kN 2
Vie(t) + A2 Vi(t) = Fr(t), A} = ("’2; ) L k=1,2,..., (4.2)

a2

2 i) (201" = 1) = )] (43)

Fi(t) = )
Ve(0) =4 = 1 [po(=D) —eo(d) (21 = 1)]

V() =0 = 35 [9o(=1) = vo(d) (2(-1)* = 1)]. (44)
Vilt) =9 = 35 [ei(=D) —eilh) (2(-1)F = 1)] (4.5)
V(™) = i = 35 [or(=) —er(l) (2-DF - 1)]

(1) = v = 35 [9r(-0 = o) (20-1F - 1)]. (4.6)

Here, Fy(t), ¢ (Z) (i=0,1,...,m,m+ 1), (0 , and ¢k. denote the Fourier coefficients of the func-
tions F'(§,1), ¢ ({) (1=0,1,...,mym+1), wo(f) and Y7 (&), respectively.
The general solution of equation (4.2) with conditions (4.4) and its derivative have the form

t
1. 1
Vilt) = Vi(0) cos At + 5 -Vi(0) sin Mt + 5 / Fo(r) sin Ay (t — 7)dr,
k k

Vi(£) = —AoVi (0) sin Ayt + Vi (0) cos Ayt + / Fy(r) cos A (t — 7)dr. (4.7)

According to [2-6, 22], due to conditions (4.5) and (4.6) and formula (4.7), the control functions
w(t) and v(t) satisfy the following integral relations for each k :

T
/ u(r)sin A (T = 7) dr + By / V(7)sin M (T = 7) dr = Cui(T),

0
T T
/,u cos \g (T — 1) dr + Ej, / v(t)cos A (T — 1) d1 = Coi(T), (4.8)
0 0
T

T
/,u h() dT—l—Ek/y( )h,(;) (1)dr = Cii(ti), 1=1,...,m,
0 0
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BOUNDARY CONTROL 141

where

1 [l
== a—kclk; + Xk + Ek;Ylk ;
Cir = M Vi(T) — MV (0) cos M\ T — V. (0) sin A, T,

1 Tl
== a_kc2k+X2k;+Ek;Y2k )

égk = Vk(T) + )\ka(O) sin AT — Vk(O) cos A\, 1,

1 )\kl
)\2

Cii(ti) = MVi(t:) — M Vi(0) cos At — Vip(0) sin Aty
X1k = Aripr(—1) — (=) sin \eT — Appo(—1) cos M T, By, = 1 —2(—1)", (4.9)
Xok = Yr(=1) — to(— l) cos Mg T + Ao (—1) sin AT,
Yik = Aeer (1) — Yo (1) sin \p T — Ao (1) cos AT,
Yor = ¢r(l) — ?/)0( ) cos M T+ Ao (1) sin A T,
X = Aepi(—1) — (=) sin At — Ao (—1) cos Agts,
Y1 = Megill) — o(l) sin Awt; — Ao (1) cos Mg,

(), ~ ) sin\g(t; —71) for 0<7 <t
hk(T)_{O for t; <717 <T.

Ci(ti) = Clk( i)+ X{Q—i—Ele(,? )

We introduce the notations
sin A\ (T'—7) Epsin A\ (T — 1)
cos A\, (T'—7) Epcos A (T — 1)

B =1 n @ B (1) |
WO B ()
Cii(T)
Cor(T)
Ck(tl,...,tm,T) = Clk(tl) s
Cu(tm 1)
U(r) = < ’:E:i ) . (4.10)

Then equality (4.8) takes the form
/ 7 = Cultr, ot T) k= 1,2, (4.11)
0

Hence, the function U (7), 7 € [0,T7], is found from the infinite integral relations (4.11).

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 2 2023



142 BARSEGHYAN

In practice, the control design problem for distributed systems is solved using control methods
for finite-dimensional systems [1, 22, 23]. For the first n harmonics, from (4.11) we obtain

T
/Hn(T) Un(7)dT = 10, (4.12)
0
where the block matrices
ﬁl(’r) Cl(tl,...,tm,T)
H. Co(t1, ... tm, T
H,(1) = 2,(7) s T = 2(t, a ) (4.13)
H, (1) Cn(ty, ... tm,T)

have the dimensions (n (m + 2) x 2) and (n (m + 2) x 1), respectively. From this point onwards,

the subscript “n” means “for the first n harmonics.”

Thus, see (4.12), the first n harmonics of system (4.2) with conditions (4.3)—(4.6) are com-
pletely controllable iff for any vector 7, (4.13), there is a control action U, (), ¢t € [0,T], satisfying
condition (4.12).

Following [22, 23], we write the control action U, (t) satisfying the integral relation (4.12) as
Un(t) = Hy (£)Sy "1 + fa(t), (4.14)

where H!'(t) is the transposed matrix and f,(t) is a vector function such that

T T
/Hn(t)fn(t)dt =0, S, = /Hn () HI (t) dt. (4.15)
0 0

In this formula, S, is a known matrix of dimensions (n (m + 2) x n(m + 2)) with the property
det S,, # 0.
Due to (4.14), we have a set of control functions solving the boundary control problem.

Considering the notations of the function hg) (7) for the time intervals [t;—1,t;], i =1,...,m+ 1,
the control functions p,(t) and v, (t) under f,(t) = 0 can be represented as

ngl)(t)a 0<t<t 1/7(11)(75), 0<t<ty
pd(t), i <t<t ),  ti<t<ty
() =4 ... va(t) =4 ... (4.16)
FUE), tmoa <t<tm W), b1 <t <tp
p (@), b, <t<T, V@), b <t <T.

Substituting these expressions for the functions p,(t) and v,(t) into (4.3) and the expression
for Fy(t) into (4.7), we obtain the function Vj (¢), t € [0,7]. Next, formula (4.1) implies

Va(&,t) = Y Vi(t) sin WTkﬁ- (4.17)
k=1

In view of (3.7) and (3.10), the vibration function @, (&, t), —1 < & </, for the first n harmonics is
given by

Qn(&a t) = Vn(g’ t) + Wn(g’ t)’ (4'18)
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BOUNDARY CONTROL 143

where
Wn(&,1) = g?[(l—-S)Mn(t)*-(lﬁ-i)yn(tﬂ~ (4.19)
With the notations (3.1), the function @, (z,t), —l; <z <, can be written as
z”: Vk(t)sin%x+ % [(1 i) pn(t) + (1 + ll) (75)],

k=1
L <x<0,0<t<T

nlest) = - k 1 x x N
kz::l Vi (t) sin et [(1 — 7) pn (1) + (1 + 7) I/n(t)],

0<z<l,0<t<T.

Here, the control functions p,(t) and v, (t) have the form (4.17).

5. AN ILLUSTRATIVE EXAMPLE

To illustrate the proposed control design approach, we fix the right end in the boundary con-
ditions (2.3): Q(l,t) =0, 0 <t <T. (In other words, v(¢) = 0.) Consider the case m =1, i.e., the
vibration state

Qz,t1) = pi(x), = <z <1

is given at one intermediate time instant ¢; (0 < ¢; < T.)
In this case, formula (4.3) implies F,(t) = —x%/i(t); according to (4.8), we obtain the integral
relations

T T
/uﬁﬁmAMT—rﬁhzcm&m,/HHN%AHT—Tﬁh:C%GW
0 0

T
/M dT—Clk(tl) k‘=1,2,...,
0
where
1 [Agl 1 [Agl <
Ci(T) = )\2 [ b Clk+X1k:| Cor(T) = )\2 [ y Czk-i-sz]
1 [Agl
Cir(t1) = py [ k Clk(t1)+X(1)]

The constants Cj, Cay, C’lk(tl),Xlk,X%, and Xﬁ.) are calculated by (4.9). Hence,

sin A\g (T — 1) C1(T)
Hi(r) = | cos (T =7) |, Cp(t1,T) = | Cor(T) |, k=1,2,....
h{D(7) Ci(t1)

For the sake of simplicity, we construct the boundary control function p,(t) for n = 1 (hence,
k =1) using formulas (4.12) (or (4.14)) and (4.13). According to (4.10) and (4.15), we obtain
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144 BARSEGHYAN
Hy(r)= f_f1(7'), n1 = C1, and the matrix

s11 S12 813
S1=| s21 S22 s23
$31 832 833

In the notations (4.15), the matrix S; has the elements

T 1 1 T 1
S11 = 5 — E sin 2)\1T S12 = S91 = K Sll’l )\1T 522 = — + E sin 2)\1T

t 1
513 = 8§31 = 51 cos A (T —t1) — o sin A\1t1 cos AT,
1

1 t
§93 — 832 — —— sin )\1t1 sin )\1T — —1 sin )\1 (T — tl) , 833 =
21 2

In addition, A = det S # 0.

t1
U G2t
5 T Iy Sm2Aih

We introduce the notations S, 1 s 35 0

where
~ 1 T 1 t1 1
= — —sin2MT ) | = — — sin2)\¢
S11 A ( —1—4)\1 sin 2\ ) (2 Iy sin 2\ 1)
1 . t ?
- 2—sm)\1t1 sin T — Esm)\l (T —ty) ,
1

®)
—
Do

Il
®)

1 1
n= K% cos Ay (T = 1) = 1= sin At cos)\lT>

t
2—)\1 sin Mty sin \{T — 5 sin Ay (T — t1)>

t1 1
o AT (2 - = sinane
(2)\1 2\ oS AL ) (2 9N sin2h 1)}

11, 1 t
a1 ) (2 T— Lsin \ (T -t
513 = 831 A [<2)\1 IV cos” \ ) (2)\1 sin A1ty sin \; 5 sin A ( 1))

)
)

t 1 T 1
— (51 CoSs A1 (T — tl) — Tl sin A1ty cos )\1T> ( + E sin 2)\1T):|
~ 1 T 1 t1 1
— (5 - = sinanT) (2 - sin2ng
S99 A [(2 4)\1 Sin 1 ) (2 )\1 sin 1 1)

t 1 2
_ (_1 cos A1 (T —t1) — 2—)\1$in)\1t1 cos)\lT) ] ,

\V)

1 1 1 1
s :A = — _ T — — — ——§i )\ T
S93 = S39 [(2)\1 N cos® \; )(2 cos A1 (T —ty) o sin A\it] cos \; )

T 1 t
- (5 “In sin 2)\1T) <T1 sin M1ty sin \{T" — Elsm M (T — tl)ﬂ ,

AUTOMATION AND REMOTE CONTROL Vol. 84 No.2 2023



BOUNDARY CONTROL 145

From (4.14) it follows that (1) = H{ (7)S7'n1 + f1(7). Letting fi(7) = 0 and considering (4.16),
we arrive at the following results:

for 7 € [0,t41],
1D (r) = sindy (T - 7) [gncn(T) + 5120 (T) + glgcll(tl)}
+cos Ay (T'—7) {521011(T) + 82201 (T') + g23011(751)]
+sin A (1 —7) {531011(T) + 83201 (T) + g33011(751)] ;
for 7 € (t1,T],
1P (r) = sin Ay (T — 7) [511011(7’) 51O (T) + 513011(151)]
+cos Ay (T —7) {EglCll(T) + 52 (T) + 523011(751)} |
Due to the expressions (4.17)—(4.19), the function @Q1(,t) for —I < & <1 takes the form

Vit)sin 76+ 0 - 0p 1), 0<r<n
Ql(gat) = T 1
Vi®)sin 7€+ (- O (), 6 <T<T.

In the notations (3.1), the state function @, (z,t) on —I; < x <! can be represented as follows:

for 7 € [0, 1],

1

Vi(t) sin lfx +3 <1 - %) d@), —l <z <0
Qi(a,t) = )

Vi(t) sin ?SE + 3 (1 - %) ugl)(t), 0<z<lI

for 7 € (t1, T,

Vi(t) sin lzx + B <1 - %) u§2)(t), -1 <x<0

Q1) = : :
s 1 x (2)
Vl(t)Sln7$+§<1—7) 1 (t),0<$<l

6. CONCLUSIONS

This paper has considered the boundary control problem for a one-dimensional wave equation
describing the transverse vibrations of a piecewise homogeneous string or the longitudinal vibra-
tions of a piecewise homogeneous rod. A constructive boundary control design approach has been
proposed for one-dimensional heterogeneous vibrating processes. The boundary control function
has been explicitly expressed through the given initial, intermediate, and terminal state functions
of the distributed system.
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