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Abstract—This article discusses the problem of constructing an external estimate of the limit
set of controllability for a linear discrete system with convex control constraints. We have
proposed a decomposition method that allows us to reduce the problem for the initial system
to subsystems of smaller dimension by switching to the normal Jordan basis of the matrix of
the system. The statement about the structure of the reference hyperplane to the limit set of
controllability is formulated and proved. A method for constructing an external estimate of
the limit set of controllability with an arbitrary order of accuracy in the sense of the Hausdorff
distance is proposed based on the principle of contraction mappings. The paper provides
examples.
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1. INTRODUCTION

The issues of constructing reachability and controllability sets [1-6] are closely related to the
tasks of managing dynamic systems. In most mechanical systems, the control action is limited
in its capabilities: jet engines of an aircraft have limited thrust and a finite fuel reserve, servos
of various robotic systems are also capable of developing some fixed force. These limitations lead
to the fact that the controlled object can be brought to the desired mode of operation, generally
speaking, not from all initial states. In this regard, it turns out to be an urgent task to analyze
each individual initial state on the issue of controllability and reachability [7].

For discrete-time control systems, there is an approach aimed at constructing limit sets of
controllability and reachability. However, often, even in the linear case, it is only possible to
formulate sufficient conditions that these sets will be limited. At the same time, only the most
general estimates of their structure are given: in [1] it is demonstrated that the limit sets of
controllability and reachability of linear systems are a cylinder with a certain convex profile. In [2],
also in the case of a certain matrix structure of a linear system based on the maximum principle,
a method for estimating the limit set of reachability is proposed.

Methods of constructing and estimating the limit set of 0-controllability are of particular interest
in the case of solving the speed-in-action problem [8-12]. This problem has a certain specificity
for discrete time, while in the continuous case its solution has been known for a long time and is
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98 BERENDAKOVA, IBRAGIMOV

reduced to the use of relay control [8, 9]. For systems described by finite-difference relations, the use
of standard methods (the maximum principle [13, 14] and the dynamic programming method [15])
lead either to a full iteration procedure or to a degenerate situation, since the extremum for almost
all initial states is not regular, and the Lagrange multipliers on the optimal solution simultaneously
turn into zero [3, 16-19]. Due to this fact, an approach based on the use of 0-controllability sets is
applied. The methods for solving this problem are described in [20-23].

Nevertheless, these works postulate the solvability of the initial speed-in-action problem, but do
not provide the necessary and sufficient conditions for the feasibility of this fact. In turn, having the
opportunity to construct a limit set of 0-controllability or its evaluation, it is possible to determine
for a number of initial states whether the speed problem is solvable.

The structure of the article is presented as follows. Section 2 provides a statement of the
problem and introduces the basic concepts. In Section 3, the main lemmas are formulated and
proved, which allow, based on the transition to the normal Jordan basis of the matrix of the
system, to decompose the original system into subsystems of smaller dimensions. Section 4 provides
necessary and sufficient conditions for the limitation of the limit sets of O-controllability of the
system, and also suggests their external evaluation based on the use of the apparatus of reference
hyperplanes. In Section 5, a method that allows to construct an external estimate of the limit set
of O-controllability of a discrete linear system with an arbitrary degree of accuracy in the sense
of the Hausdorff distance is presented, based on the principle of contraction mappings. Various
numerical examples demonstrating the effectiveness of proven theorems and lemmas are presented
in Section 6.

2. PROBLEM STATEMENT

We consider an n-dimensional linear autonomous discrete control system (A,U) with limited
control:
x(k+1) = Azx(k) + u(k),

_ (1)
z(0) = xo, u(k) €U, k € NU{0},

where z(k),u(k) € R™ are vectors of state and control, respectively, Y C R™ is a convex compact
set of acceptable control values, A € R"*"—matrix of the system (1). It is assumed that 0 € int U.

Let’s define a family of 0-controllability sets {X'(INV)}%7_,, where each X'(IV) represents a set of
those initial states from which the system (1) can be translated to the origin in N steps by choosing
an acceptable control:

(2)

~J{zo € R™: Ju(0),...,u(N—-1) eU: 2(N) =0}, NEN
()_{mL N =0.

It is required to construct a limit set of 0-controllability X, i.e. the set of those initial states
from which the system (A,U) can be translated to the origin in any finite number of steps:

Xoo ={zp € R": 3N € N, w(0),...,u(N —1) e U: z(N) = 0}.
Taking into account (2), the representation is also valid

o= | X(V) 3)
N=0
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3. DECOMPOSITION OF A LINEAR SYSTEM

As will be shown below, the structure of the limit set of 0-controllability of the system (1) is
determined by the properties of the system matrix A. In [1] it is proved that X is a cylindrical set
oriented along the eigenvectors of the matrix A corresponding to eigenvalues that do not exceed 1
in absolute value. For this reason, the process of constructing X, is connected with the transition
to the normal Jordan basis A. Due to this fact, in the Section 3, we consider the properties of the
system (1) and sets of the form (2) and (3) associated with various linear transformations of the
coordinate system.

Let (A1,U;) and (Ag,Us) be ni-dimensional and no-dimensional systems of the form (1). Denote
by (A1,U1) x (A2,Us) the system (A,U) of dimension n; + ny, where

- A O c R(n1+n2)><(n1+n2)’ U=U, xUs € RMtn2
O A

Lemma 1. Let {X;(N)}¥_, and X; o denote the class of 0-controllability sets and the limit set
of 0-controllability, respectively, of the system (A;,U;), i € {1,2}, also (A, U) = (A1,Uy) X (A2, Us).
Then
1) X(N) = X1(N) x X3(N), N e NU {0};
2) Xoo = Xioo X X .
The proofs of the Lemma 1 and all subsequent assertions are given in the Appendix.
Lemma 2. Let S € R™" detS #0, (A,U) be an n-dimensional system of the form (1),

{V(N)}F=y and Voo denote the class of 0-controllability sets and the limit set of 0-controllability,
respectively, of the system (S~YAS,S~U).

Then
1) X(N)=SY(N), N e NuU{0};
2) Xoo = SVoo-

Lemma 3. Let A; € R™M*™ Ay € R"2Xn"2,

_ A1 O (n1+n2)X(n1+n2)
A= <O A2> cR )

moreover, all eigenvalues of the matriz Ay do not exceed 1 in absolute value. Us C R™2 denotes the
projection of a convex compact body U C R™ T2 onto an ny-dimensional subspace:

0 ---01 ---0

Uy = | : PoLo U eR™
0 ---00 --- 1
nax(n1+n2)
Then the (ny + na)-dimensional system (A,U) satisfies the equality
Xoo = R" x X o,

where Xa o s the limit set of 0-controllability of the system (Az,Us).

The lemmas proved in the Section 3 define the structure of the limit set of 0-controllability of
an arbitrary system of the form (1). According to the Lemma 3, each set X is a cylindrical set
oriented along the eigenvectors and associated vectors of the matrix A corresponding to eigenvalues
not exceeding 1 in absolute value. To pass to a normal Jordan basis of the matrix A, we can use
the Lemma 2. At the same time, the procedure for constructing X, due to the block-diagonal
form of the normal Jordan form of the matrix, taking into account the Lemma 1, can be reduced
to constructing similar sets for subsystems of lower dimension with Jordan cells as matrices.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 2 2023



100 BERENDAKOVA, IBRAGIMOV
4. CONSTRUCTION OF ESTIMATES FOR LIMIT SETS OF 0-CONTROLLABILITY

In the 4 section, we consider a method for constructing polyhedral estimates for the X, set
based on the apparatus of supporting half-spaces and properties of convex sets. To do this, we
formulate and prove a theorem that guarantees that for an arbitrary system of the form (1) the
set X, is convex.

Theorem 1. For any n-dimensional system (A,U) of the form (1) it is true that X is an open
and convex set.

By virtue of the Lemmas 1, 2, and 3, the problem of constructing the limit set of 0-controllability
can be considered only for systems whose matrix eigenvalues are strictly greater than 1. Since
Theorem 1 X, is convex by the theorem, its closure can be represented as the intersection of
all supporting half-spaces [24, Theorem 18.8]. Let us formulate the structure of the supporting
half-space to X, as a Lemma 4.

Lemma 4. Let all eigenvalues of the matriz A € R™ ™ be strictly greater than 1 in absolute value,
Xoo is defined by the relations (3).

Then for all p € R™\ {0} the following relations hold:

[e. 9]

1) X CHp= {x eR": (p,x) < max (—(A_k)Tp,uk)} ;

=1 upEU

o0
2) zf=-— Z ARy € Ao NOH,,  where
k=1
uy, = ar max(— ATp )
k= arg max (—(A™) p,uy

Since, according to the Lemma 2, it is permissible to assume that the matrix A is reduced to the
normal Jordan form, it suffices to consider only the case when A has the form of a Jordan cell to
construct the basic outer estimates for X..

Lemma 5. Let an n-dimensional system (A,U) satisfy the condition

Al

0
A 0N 0] g
Do 1
00 -+ A

where || > 1, U max = MaX Uj, Ujmin = Minu,, i = 1,n.
ueU ueld

Then
n
Xoo C ﬂ{.%' cR": T € (xi,min§xi,max)}-
=1
And
1) if A > 1 then
Timin = nz_f min{(— 1) iy jning (=1 i g max}
i,min — _ j+1 ’
)y (1)
. ni maX{(—l)j+1Ui+j7min; (_1)j+1ui+j,max} .
T max = z(:) ()\ _ 1)j+1 )
]:
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ABOUT THE METHOD FOR CONSTRUCTING EXTERNAL ESTIMATES 101
2) if A < —1 then

n—i
. Uit jmin — Uit+jmax . Witjmin T Ui+jmax
Tj min Z )

N 2 =1 2(|]A[ + 1)7+

. o nz—:z (uiJrj,maX — Uj44,min Uj+j,min T uiJrj,maX)
7,max . +1 +1
=\ 2(A =1y 2(|A[ +1)7
Corollary 1. Let n = 1 under the conditions of the Lemma 5.
Then

Xo — <_u1,max - max{)\ul,max; )\ul,min} .~ Ul min — min{)\ul,max; Aul,min})
- AP -1 ’ AP =1 '

Lemma 6. Let 2n-dimensional system (A,U) satisfy the condition

rd, I - O
: N | —singy cosp 01
O 0O - rA,

where > 1, ¢ € [0;27), 7 max = %162;5( (i1 wos)T||gz2, i =T, n.

Then
R o = Ti+j,max
7, max Z (’f' _ 1)j+17
=0

n
XOO C m{.%' S RQn: H(xgi_l .%'Qz‘)THR2 < Ri,max}-
i=1

The Lemmas 5 and 6 allow us to construct outer estimates for the limit set of 0-controllability
of the system (1) in the direction of each of the eigenvectors and associated vectors. To construct
the corresponding supporting hyperplanes bounding X, it suffices to compute the eigenvalues of
the matrix A. If the obtained restrictions on X, are not enough, you can apply the Lemma 4 to
construct an arbitrary reference hyperplane.

5. EXTERNAL ESTIMATE OF THE 0-CONTROLLABILITY LIMIT SET
BASED ON THE CONTRACTION MAPPING PRINCIPLE

In the Section 5, we consider the case when the limit set of X, 0-controllability of the (A,U)
system is bounded, which, by virtue of the Lemma 4, is equivalent to the fact that all the eigenvalues
of the matrix A are strictly greater than 1 in absolute value. Whence it follows that the matrix A
is invertible [25] and the following lemma holds, which defines the structure of the 0-controllability
sets of the system (A,U).

Lemma 7 [26, Lemma 1]. Let A € R™*", det A # 0. Then for all N € N the 0-controllability
set (2) of the system (A,U) salisfies the relation

N
X(N)=-> A""u.
k=1
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102 BERENDAKOVA, IBRAGIMOV

Lemma 7 can also be reduced to equivalent recurrence relations of the following form:
X(N)=AT"X(N-1)+ (—A'U).
Denote by K,, the set of all compact sets in R™, and by py the Hausdorff distance [27]:

K, ={X C R": X — compact},
pr(X,Y) = max {sup inf ||z — y||;sup inf ||z — yH} .
TeX YEY yey TeX

If we take into account that U is a convex compact set in R™, then every set of the form (2) is
also a convex compact set, because representable as an algebraic sum of linear transformations of
compact sets [24]. Then in the metric space (K, pg) one can define a mapping 7': K,, — K,, of
the following form:

T(X)=A"'X + (-AU). (4)

Taking into account the Lemma 7 and the relation (4), if the mapping T or T' o ... o T for some
[ —

M
M € N are contractive, the limit of a sequence of 0-controllability sets (2) in the space (K, pm)
can be determined by the contraction mapping principle [28]. Also, the principle of contraction
mappings makes it possible to estimate the error of the limit point approximation using the fixed
point iteration method. On the other hand, the limit point, up to closure due to (3), must be ¢ Xx.
We formulate this fact in the form of a theorem.

Theorem 2. Let all eigenvalues of the matriz A € R™ ™ be strictly greater than 1 in absolute
value, the family {X(N)}_y is defined by the relations (2), the set X is defined by (3), the
mapping T has the form (4).

Then

1) there exists M € N such that the mapping Tay = T o...oT is contractive with some com-

S ——

M
pression ratio « € [0;1);

2) X is the only fized point of the mapping T in the space (K, pr);
3) walid estimate
_ aN
pH(Xoo, X(NM)) < 7——pu (X (M), {0}).

The value of the contraction factor o from the Theorem 2 generally depends on the choice of the
norm in the space R and, as a consequence, on the associated operator norm of the matrix A~
For example, the following estimates for the value of a are known under the choice of different
norms in R™ [28]:

n

n n
Yo i an = fgiaglz |asj- (5)

i=1 i=1j=1 j=1

o= max ) laily o2 =

Methods that make it possible in the general case to determine at what value of M € NU {0} the
mapping Ty is contractive are currently unknown. However, taking into account the estimates (5),
the value of M can be determined numerically by sequentially calculating « for different values of
M € Nu{0}.

Also, the choice of the norm in the space R™ affects the value of the Hausdorff distance in K,
which ultimately determines the structure of the external estimates of the set X. This fact is
formulated as the following theorem.
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Theorem 3. Let all eigenvalues of the matrix A € R™*™ be strictly greater than 1 in absolute
value, the family {X(N)}F_, is defined by the relations (2), the set Xo is defined by the rela-
tion (3), the value M € N is chosen so that Ty is a contraction mapping with compression ratios
a1, 02, Qs € [0;1), which are associated with the norms || - |1, || - |2, || - llec i the space R™ respec-
tively. Then

Xy C X(NM) +conv { (0,...,0,7,0,...,00":r € {—Ry, Ry}, i=0,n — 1
N——

7

XOOCX(NM)—F{.%'GR”: Z]winRQ},
=1

Xoo CX(NM) + {:c € R™: max |z gRoo},

i=1,n

)

N
R, =

a , pe{l,2, , N eN.
o e el p € {1,2,00)

Theorem 3 allows one to construct external estimates for the set A, with any predetermined
precision. Unlike the results of Section 4, these estimates are not tangent to the limit set of
0-controllability and have a very complex structure, since they are a Minkowski sum of various
convex sets. To obtain more accurate estimates, you can use both approaches at the same time:

Xoo C XL N2,

where /f;o is the external estimate of X, based on the Lemmas 4, 5, 6, /ffo is the outer estimate
of X constructed according to the Theorem 3.

6. EXAMPLES

Let us demonstrate the theoretical results obtained in Sections 4 and 5 using the example of
constructing a limit set of O-controllability for various linear discrete systems of the form (1).

Example 1. Let the system matrix A € R5*® be of the form

100 0 0

2

021 0 0
A=1002 o0 0

000 3v/2 3vV2

000 —3v2 3v2

Consider the cube U = [~1;1]>. Let us construct an external estimate for the limit set of
0O-controllability of the system (A,U). The matrix A can be represented as

A, O O
1 21 3vV2 3vV2
A=|10 Ay, O ,A1:<—), A2:< ) A3:< )
O 0 A 2 0 2 -3v2 3v2

By the Lemma 3, the limit set of 0-controllability of the system (A,U) satisfies the equality

Xoo = R X X3 00,
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104 BERENDAKOVA, IBRAGIMOV

where X3 o is the limit set of O-controllability of the system (A3, Us3),

Ay O
A23 = <O2 Ag) ; Z/{23 = [_1a 1]4

The limit set of 0-controllability X33 o, can be represented by the Lemma 1 in the form
X3 00 = X2 00 X X300,

where X5  is the limit set of 0-controllability of subsystem (Ag,Us), U = [—1; 1]2, X3 oo—limit
set of O-controllability of subsystem (As,Us), Uz = [—1;1]°.

Consider the subsystem (Asg,Us). The matrix Ay has a unique eigenvalue A2 = 2 of multiplicity 2.
Then (Az,U>) satisfies the conditions of the Lemma 5. Whence it follows that

2
X2,oo - ﬂ{(L‘ € RQ: T; € (xi,mimxi,max)}-

i=1
o 2! min{ (=17 g ming (=17 14 max )
L1,min = Z ()\2 _ 1)j+1
=0

- min{(_l)ul,min; (_1)u1,max} + min{(_1)2u2,min; (_1)2u2,max} = _27

_ 5 max{ (D g ming (1 )
T1,max = Z ()\2 _ 1)j+1
7=0

= max{(_l)ul,min; (_1)u1,max} + max{(_l)QuZmin; (_1)2u2,max} =2,

2-2 . j j
min{ (—1)7 1y, jmin; (—1 I U915 max .
T2min = ) = (;;],_ 1)§'+1) 2305 h i (Dt i (~ Dt} = L.
Jj=0
2—-2 i+1 . j+1
max{(—1)" " uotj min; (—1)7 M uot ) max }
o = 2 Sl = ma{ (- Dtzaning (— 1z} = 1
j=

Then
Koo C{z €R?*: 2y € (=2;2)} N{z € R?: 19 € (—1;1)}(—2;2) x (—1;1).

Consider the subsystem (As,Us). The matrix Az has two complex conjugate eigenvalues A3 =
(3 —3i)v/2, Ay = (3 + 3i)v/2. The matrix A3 can be represented as

_od g [ cos(e)  sin(p)
As=rde = (—sin«o) cos(so>>’

where r = 6, ¢ = 7. Then by the Lemma 6
2. T
Xyoo C {a € B [|(21 22)"|l2 < Rimax | -

Pt = 02X [ (1 ua) " 2 = max Jud +ud =2,
12_:1 T14j,max 71, max \/§

Bt max = (r—11  (6-1) 5

J=0
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1

Fig. 1. The estimate Xs o for N = 2 (grey). Fig. 2. The estimate Xs o, for N = 10 (grey).

It follows that X3, C {z € R2: ||(z1 22)T 2 < ¥2}.
Then, according to the Lemmas 1 and 3, the limit set of O-controllability of the system (A,U)
can be estimated as follows:

2
Xoo CR X (—2;2) x (—1;1) x {xERQ: w/x%—kx%ég}.

Ezample 2. For the subsystem (Ag,Us) from the Example 1, we construct an estimate for the
limit set of 0-controllability X, ., according to the Theorem 3. As the value of the parameter that
defines the norm in R?, we choose p = 1, i.e.

[zl = [ + |22l

Then
1 1
2 4 . 3
Ay = 1| |45 H:alzzv
O _
i,e. M =1. According to the Lemma 7
1 3 1 3
1 1 1 1
2 2 2 2
ax [lal = 2
max |[z]; = -
sexany T

o= B4 -a(l)"

Let us construct external estimates for various N.

) N Ri(N)\ (—Ri(N) 0 U
X2,oo:kz::1A2ku2+Conv{< 10 )v( B >’<R1(N)>’<—R1(N)>}'

The estimates for /'%2700 for the cases N = 2 and N = 10 are shown in Figs. 1 and 2.
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106 BERENDAKOVA, IBRAGIMOV

Ezample 3. Consider a three-dimensional system (A, ), where

-3 0 1
A=105 =35 05 |, U=[-1;13
—-0.5 05 =25
Matrix A has a single eigenvalue \y = —3 of multiplicity 3, which corresponds to a single linearly

independent eigenvector h; and associated vectors hs, hs:

1 1 0
hl =11 s h2 =10 5 hg =11
0 1 1
The normal Jordan form of the matrix A has the form
-3 1 0
J=S51A4s=10 -3 1],
0 0 -3
According to the Lemma 2
where X, is the O-controllability limit set of (A,U), Vs is the 0-controllability limit set of (J, S~1U).
0.5 -0.5 -0.5 1.5 -1.5 0.5 0.5 -0.5
S~Y = conv 05(,]-05], 15 |,1-05|,] 05 |, 05 |,]—-15],]—-0.5
0.5 1.5 -0.5 -0.5 0,5 —-1.5 0.5 -0.5

The system (J, S~1U) satisfies the conditions of the Lemma 5. Whence it follows that

3

Voo € (Vv € R*: 4i € (Yimin; Yimax) -
i=1

3

S Z Ujtjmin — Witjmax = Wit+jmin T Uit max
Yimin = 9. 2j+1 9. 4j+1 )
Jj=0
3—i
‘ . Z Uitjmax — Wi+jmin . Wit+jmin T Uit max
Yi,max = 9. 9j+1 9. 4i+1 )
Jj=0
where 4; max = max wu; = 1.5, U min = ming,cg-170u; = —1.5, 7 =1,3.

ueS—1U

21 21 9 9 o 3
Y1, min = 167 Y1, max = 167 y2,m1n - 87 Y2 max = 87 y3,m1n - 47 Y3 max = 4

v C( 21'21)X( 9_9)X( 3'3)
o 16’ 16 ]’ 8 4'4)"

By virtue of (6), the inclusion

Then

CION L3I\ BN L8N 2N 3N 32 /2

16 16 16 16 16 16 16 16

. 33 9 33 9 9 33 9 33

X C intconv =Ll -=1Ll-=1.1-=11=1I11=1|1=11=
16 16 16 16 16 16 16 16

R B 3 S B O I Y B N R

8 8 8 8 8 8 8 8
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ABOUT THE METHOD FOR CONSTRUCTING EXTERNAL ESTIMATES 107
7. CONCLUSION

The paper considers the problem of constructing an external estimate for the limit set of
0-controllability of a linear discrete system with bounded control. The set of admissible control
values is assumed to be a convex compact containing the origin. It is proved that the structure of
the 0-controllability limit set depends on the normal Jordan form and the eigenvalues of the system
matrix.

Statements that make it possible to reduce the problem of constructing the limit set of
0-controllability of a system with a block-diagonal matrix to the problem of constructing anal-
ogous sets for subsystems of lower dimension are formulated and proved. For subsystems whose
matrix has all eigenvalues that do not exceed one in modulus, it is proved that the limit set of
0-controllability coincides with the entire phase space. For subsystems whose matrix has all eigen-
values strictly greater than one in absolute value, it is proved that the limit set of O-controllability is
a convex, bounded, and open set. In this case, there has been developed a method for constructing
polyhedral estimates for the limit set of O-controllability based on the apparatus of supporting half-
spaces and properties of convex sets. The reference half-spaces oriented along the direction of the
eigenvectors and associated vectors of the matrix of the system were constructed explicitly. Also,
for the case of a bounded limit set of 0-controllability, there has been developed a method for con-
structing its outer estimate based on the principle of contraction mappings with any predetermined
accuracy.

The obtained theoretical results were tested on examples.

APPENDIX

Proof of Lemma 1. Denote the initial states of the system (A;,U;) and (A2,Us) by z91 € R™
and zg 2 € R™ respectively. Then x¢ = <§0’1> is the initial state of the system (A,U).
0,2
By (1) it is true that for all N € N

(N) = AVzo + AV 1w (0) + AN 2u(1) + ... +u(N = 1)
. Ajlv O Z0o,1 Aiv_l O ul(O) ul(N —1
(o ) Go)+ (% ) Go) =+ (v
<A11V$071 + A{Vilul(O) + ...+ ul(N — 1)) _ (2?1(]\7))
ANz + AY Mus(0) + ...+ us(N — 1) (N))”

Then z(N) = 0 if and only if there exist u1(0),...,u;(N —1) € Uy and uz(0),...,u2(N — 1) € Us
such that z1(N) = 0, 22(N) = 0. The equality data is, by virtue of (2), equivalent to including
To,1 € Xl(N), To,2 € XQ(N) Hence,

X(N) = X1 (N) x Xo(N).

Let xg € X. Then according to (3) there exists N € N such that

X € X(N) = Xl(N) X XQ(N) C Ej Xl(N) X Ej XQ(N) = Xl,oo X XQ,oo-
N=0 N=0

Then X, C Xl,oo X X2,oo-
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108 BERENDAKOVA, IBRAGIMOV

Let zg € X100 X X2 0. Therefore, there are Nl,NQ € N such that zq € Xl(]\~]1) X Xg(]vg) C
X1(N) x XQ(N) where N = max{N;, No}. Then, by point 1 of the Lemma 1

o0

xo € X(N CUX

It follows that X o X X2 oo C Xoo.
Finally, we get that Ao = X oo X X2 . Lemma 1 is proved.

Proof of Lemma 2. Let {y(k)}_, be the trajectory of the system (S™'AS,S™'U), i.e. y(N)
according to (1) for the initial state yo € R™ admits the following representation:

y(N) = S1ASy(N —1) +o(N —1) = ... = ST1AVSyo + ST1AN1S0(0) 4+ ... + v(N — 1),

where v(0),...,v(N —1) € S~U.
By virtue of (2) yo € Y(N) if and only if y(N) =0, i.e.

STEAN Sy + STANTISu(0) + ... + (N —1) =0,
AN Sy + ANTLSu(0) + ...+ Su(N — 1) =0,

which, by virtue of (2), is equivalent to including Syg € X' (), since by construction Sv(0), ...,
Sv(N — 1) € U. Whence follows the equality X'(N) = SY(N).

Let 29 € Xoo. By (3), there exists N € NU {0} such that zo € X(N), which is equivalent to
including x € SY(N) according to point 1 of the Lemma 2. Hence S~'zg € Y(N). Then S~z €

U Y(N) = Voo, ie. 20 € SVo. Then Xoo C SVic.
N=0

Let 29 € SVu, then 57129 € Vao. By (3) there exists N € NU {0} such that S~lzg € Y(N).
Then xy € SY(N), which is equivalent to including zp C X'(IN) by point 1 of the Lemma 2. Ac-
cording to the (3) relations, the inclusion xy € X is also true. Then SY, C Xo.

Finally, we get that S),, = X». Lemma 2 is proved.
Proof of Lemma 3. Let xp € R" x &5 . Then xg = <§0’1>, where xo1 € R™, 02 € A3 o,
0,2

whence according to (3) there exists N € NU {0} such that xg2 € Ao( N), Wthh according to (2)
is equivalent to the existence of u3(0),...,u5(N —1) € Uy such that zo(N)=0. Then for the

ua (k)

system (A,U) there are u(0),...,u(N —1) € U such that u( k))’ k=0, 0,N —1. By (1),

x(]\? ) has the representation

z(N) = <A11vl“0,1 + Aﬁlul(%) + .U (N ) < )

According to the Lemma 1, it suffices to show that there exists U; C R™ such that Uy x {0} C U
and &) o = R™, where X}  is the limit set of 0-controllability of the system (A;,U;).

Denote by S € R™*™ the transition matrix to the normal Jordan basis of the matrix Aj.
Since 0 € int U, there exists umax > 0 such that S[—umax; Umax]™ X {0} C U. Moreover, due to
the non-degeneracy of the matrix S and the Lemma 2, the equality X ., = R™ is true for the
case Uy = S|—Umax; Umax|™" if and only if SleLoo =R™, where S71X) o, is the limit set of 0-
controllability of the system (S™1A1S, [~tmax; Umax]™ ) . Moreover, according to the normal Jordan
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form theorem [25], the equality

Jo 0 0
0 Jo 0
stas=|" P :
0 0 ... Jy
where the Jordan cells J; corresponding to the real eigenvalues \; € R of the matrix A; have the
form
A 10 ... 0
0O X 1 ... 0
Ji=| . T ermimy (A.1)
0 0 0 ... N\

and the Jordan cells J; corresponding to the complex eigenvalues \; € C of the matrix A; have the
form

ridy, I 0 0
0 ’I“iA% I ce 0 .
Ji=1 S | e m2moxami g = < coRpi Sl ‘PZ> : (A.2)
. . : . —Sin @; COS Y;
0 0 ridy, I
0 0 0 ... rAy,

where r; = |\;|, @i = arg(\;).

Hence, by virtue of Lemma 1, it suffices to show that for |\;| <1, the limit sets of null-
controllability of the system are (J;,[—Umax; Umax]™) for the case of (A.1) and the systems
(i, [~ Umax; Umax)>™) for the case of (A.2) coincide with R™ and R?*™ correspondingly, for all
i=1,1n.

Let J € R™*™ satisfy (A.1). Then for all N > m the following relations hold

ANV NANZL 2 AN=2 oAV
0 AN NAN-1 . gm—2)\N-m+2

I = : : : - " : ’ (A-3)
0 0 0 AN

where we denote the number of combinations of N choose m by C}3:

- N
ON = (N —m)Im!’

Denote by {y(k),v(k—1),yo }i_, the process of controlling the system (.J, [~ tmax; Umax]™). Hence

N-1
y(N) = JVyo+ Y J"(N —k —1).
k=0

If we denote zg = JVyq, then by (A.3) it is right for each ith coordinate of zg, that

m—1
— N—jrd -
200 =y AT ONyo i 1= Tm.
J=0
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Let us assume, that |A\| < 1. Then for all N > 2m the following relations hold

m—i m—1
1204 < Y N Ty O < D0 AT max yoi||C |

=0 =0 i=1,m
N-(N—-1)-...-(N — 2
< mIAY=TH ma fyn|CF < m mas [y, ANt 2D e (Vo m )
i=1,m i=1,m (m - 1)'
Nmfl
< m max [y |\ VT 80,
i=T,m (m—1)!

Then there exists N € N such, that for all : =1, m
—Umax < 20, < Umax-

Let us take v(0) = ... = (N —2) = 0 and v(N — 1) = —2) € [—tmax; Umax]™. Then we obtain
y(]\~]) =0, ie gy € y(ﬁ) Therefore, by choosing arbitrary yo € R™ and equation (3) we obtain
the result Voo = R™.

Let us assume, that |[A\| = 1. Then by (A.3) for some N, € N and mth coordinate of y(Ny,) it
is right that

Np—1
Ym(Npm) = MVmy,,(0) + Z Noevy (N — k — 1),

Here we choose Ny, € N, requiring |ym(0)| < Npumax. Then we take v(0),...,v(N, —1) €
[—Umax; Umax]™ in accordance with the following condition:

Nm —
’Um(Nm—ki—l) :—%w S [_UmaXQUmaX]a k=0,Np—1
We obtain
Ny, —1 N.
=2y (0)
_ Nm k m _
ym(Nm) = A + Z A )\kN =0.

Let us assume that for some N €N and ¢=1,m—1 it is right that y,,(N)=
ym,iJrl(N) =0. Then if Um(N 4+ Nppi — k — 1) =...= ’Um,iJrl(N 4+ Nppi — k — 1) 0
0, Npp—i — 1 is right, then by (A.3) the following result is straightforward

Np—i—1
Ym—i(N + Np—i) = MVm=ig ((N) 4+ 3" Moo (N + Ny — k= 1),

where N,,_; € N is chosen from the condition |y;,—i(N)| < Ny—itumax. Then we determine
v(N),...,v(N + Np—i — 1) € [~Umax; Umax)™ in order that

_)\Nm—i . N
vm*Z(N—f—Nm*Z_k_l) = Nmy:);\]gl( )a kZO,Nmfl_l
We obtain
Nyp—i—1
) m—e _)\Nm—i . N
YoV Nop) = Wiy (V) 4 30 W2 omeil) g
k=0 Nen—i
Ym(N + Npi) = ... = Ym—iy1(N + Nyi) = 0.
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Then there exists N € N such, that y(INV) =0, i.e. yo € Y(N) by the method of mathematical in-
duction. Therefore, we obtain the result Vo, = R™ by choosing arbitrary yo € R and equation (3).

Let J € R?™X2m gatisfy the case (A.2). Then for all N > m the following relations hold

T‘NAN¢ N’I"N_IA(N_l)SO C}Vnier_m—i_lA(N_m_’_l)(p
m—2 —m
N | 0 PN ANg e CFTNTR AN g (Ad)
0 0 . N An,

Denote the process of controlling the system (J, [—tmax; Umax]*™) by {y(k),v(k — 1),y0}_;.
Hence

N-1
y(N) = JNyo + > JEu(N =k —1).
k=0

If we denote zg = JVyyq, then by (A.4) for each ith two-dimensional subvector z it is right, that

m—i
N 9 .
204 = Z C]j\ﬂ“ jA(N_j)¢y07j+i eR® i=1m,
7=0

where zg = (zal,...,z({m)T, Yo = (y&jl,...,yam)T.

Let us assume, that » < 1. Then for all N > 2m the following relations hold

m—i m—l
N - N—j '
20l < D2 I T A —pypyoi+iCall < D2 I AN )04l O
j=0 7=
m—1
§ , ) N(N=1)-...-(N=m+2
< 30 PV ma [lgo.l|Ch < mrY T ma [y | LDt )
j=0 i=T,m i=Lm (m =1t
Nl
<mrV T ma [y | Y500,
i=1,m (m —1)!

Then there exists N € N such, that for all i = 1,m it is right that
120, < Umax-

Let us determine v(0) = ... = (N —2) = 0 and v(N —1) = —2) € [—tmax; tmax)>”. We obtain the
result y(]v ) =0, 1ie. yp € y(ﬁ ). Therefore, we obtain the result )., = R?™ by choosing arbitrary
Yo € R?™ and equation (3).

Let us assume, that r = 1. Then by (A.4) for some N,, € N and mth two-dimensional subvector
y(Ny,) it is true, that

Nyp—1
ym(Nm) = Angoym(O) + Z Ak;govm(Nm —k - 1)
k=0
Let us take N,, € N which hold the inequality ||ym(0)] < Npumax. Then we choose v(0),...,
V(Ny — 1) € [~Umax; Umax)>™ in accordance with the equality

~AW-k)eym(0)
Np,

’Um(Nm — k- 1) = S [_umax;umax]Qm’ k= 0, Ny — L
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‘We obtain

Nt _ANmSDym(O)

ym(Nm) - Achpym(O) + Z = 0.
k=0 Nm

Let us assume that for some N € N and ¢ = 1, m — 1 the relation y,,(N) = ... = ym—it1(N) =0
is correct. Then if v, (N + Npp—i —k—1) = ... =Up—ix1(N+ Np—i—k—1) =0, k =0, Np—; — 1,
then according to the (A.4)

Npp_i—1

ymfz(N + Nmfz) = ANm,ﬂpymfi(N) + Z Ak;govmfi(N + Np—i — k — 1)5
k=0

where N,,,—; € N is selected from the condition ||ym,—i(N)|| < Nyp—itimax. Then we define v(N), ...,
V(N + Npi — 1) € [~Umax; Umax]?™ in order that

—AWN,_i—k)pYm—i(N)
Nmfz' ’

Umfi(N'f’Nmfi_k_l) = k=0,Np_; — 1.

We obtain

Nypp_i—1
Z _ANm—i Y _(N
Ym—i(N 4+ Np—i) = AN, _i0Ym—i(N) + Z eYm-i(N) =0,

m
k=0 Nn—i

Ym(N + Nppi) = .. = Ym—it1(N + Ny i) = 0.

Then there exists N € N such, that y(N) =0, i.e. yo € Y(IN) by the method of mathematical
induction. Therefore, we obtain the result Vs, = R?>™ by choosing arbitrary 3y € R*™ and equa-
tion (3).

Hence the Lemma 3 is proved.

Proof of Theorem 1. Let 29 € X, which by (3) is equivalent to the existence of N € NU {0}
such, that z¢p € X(N). By (2) there exist u(0),...,u(N —1) € U such, that x(N) =0. Based
on (1), for all h € 9B1(0), € > 0 the following relations hold

T(N) = AN (zg 4+ eh) + AN 71u(0) + ... +u(N —1)
= ANzo 4+ AV u(0) + ...+ w(N — 1) + AVhe = 2(N) + AVhe = AV he,
T(N +1) = AZ(N) + u(N) = AV he + u(N),

where u(N) € U. Considering 0 € int U, there exists § > 0 such, that O5(0) C U, and € > 0 such,
that eAN*1 B (0) € Os(0). Let us take

u(N) = —ANThe € eANTIB(0) € 05(0) C U.

Then Z(N + 1) =0, i.e. for all h € B1(0) it is true that zo +ch € X (N + 1). As a result, B:(xg) C
X(N +1) C X, i.e. 29 € int X. Hence, X is open.

Let x0,1,%02 € X, € [0;1]. Then there exists N € N U {0} such, that z¢ 1,202 € X(NV),
i.e. there exist u!(0),u!(1),...,ut (N —1),u%(0),u%(1),...,u?(N — 1) € U such, that z*(N) = 0,
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22(N) = 0. According to the (1) it is true that
0=a"(N)=Azo 1 + AV 1 (0) + AN 2 (1) + ...+l (N - 1),
0=2a*N) = AVzoo + AV 12(0) + AN"22(1) + ... +u*(N — 1),

N-1
0=az’(N)=adVzo; + Z aAbul (N — k- 1),

k=0
N-1
0=(1-a)2*(N)=1-a)Azo2+ Y (1 — a)A"u*(N —k — 1),
k=0
N-1
0= AN(axg1 + (1 — a)zo2) + > Af(@u' (N —k = 1) + (1 — a)u®>(N — k —1)).
k=0

According to the convexity of U the relatios v(N —k—1) = aul(N—k—1)+(1—-a)u?>(N—-k—1) €U,
k =0,N —1 are correct. Then a1 + (1 — a)xp2 € X(N) C X, from which it follows that X
is convex.

The Theorem 1 is proved.
Proof of Lemma 4. Let 2y € Xx.. Then by (3) there exists N € NU {0} such, that zy € X(N).

According to the (2) there exist u(0),u(1),...,u(N — 1) € U such, that 2(N) = 0. Based on (1),
it is right that

N—-1
0=a(N)=Azo+ > AFu(N —k-1),
k=0

N—-1
O=ao+A N> Au(N-k-1),
k=0

ZA NN -k —1)
k=0

Let p belong to R™ \ {0}. Then

(p, o) = <p, ZA u( —1) i::( u(k — 1))

_ kz::l (=A™ puk — 1)) < max (=A™ p,w).

k=1

||M2

Since 0 € U, then for all k € N
A—R\T
ma (—(A™)Tp,u) > 0.
Then

o0

(p,20) < > max(—(A"")M)p,uy),
=1 up €U

i.e. zg € Hp. It follows that X C H,y.
Let us consider the following quantity for some p € R™ \ {0}:

S A = Y (AT = 3 max (~(475)Tp )
k=1

k=1 P

Then z* € 0H,.
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Since all eigenvalues of the matrix A are strictly greater than 1 in absolute value, then the series

Z A~ kuk converges. Then xy = — Z A‘kuz NZ%e 1% Demonstrate that xy € X(N) C Xy. Let
us take u(k) = uj,, €U. Then
N-1 N-1
a(N) = ANay + > APu(N —k—1) ZAN Fup + > Afuy o =0
k=0 k=1 k=0

Then zny € X(N) C Xy for all N € N. It follows that z* = A}im TN € Xoo.
— 00
The Lemma 4 is proved.
Corollary 2. Let all eigenvalues of the matriz A € R™ ™ be strictly greater than 1 in absolute
value, Xoo is defined by (3).
Then for all p € R™\ {0} it is right that:
oo
1) X%o CH_p =Sz R": (p,x) > min (—(A™")Tp, up) p;
=1 up €U

o0
2) ot =— Z A™Mur € Xy NOH_p, where
k=1

uj, = arg min (—(A_k)Tp,uk> .

up €U

Proof of Corollary 2. For proving that it is sufficient to consider the conditions of the Lemma 4
for the vector —p.
T
Proof of Lemma 5. Let p = (0 ... 010 ... 0) € R", where 1 corresponds to the ith
coordinate of the vector p. Then for arbitrary k € N

1 k —2)!
AR (DAY (—1)2R(E+ DA (_1)muwwﬂ

2 (n—1)(k—1)!
—k k-1 neo (K+n—=3)1 4, .
- -1 oo (=1 _—
ak_| 0 A (—1)kA (-1) I 1))\ ’
0 0 0 Ak
0
0
)\fk
. A*k T — ,
A (—1)kA=F1
(k‘—f—n—z—l) A k—n+i

(=)™ (k—1)!(n —i)!

(—(A_k)Tp, u) = —()\_kui — k:)\_k_lulqu +...+ ( )n AR n+zck+n i— 1un)

n—i n—i
e . , s , ,
=—> A =1 ujiChy g = > j(_l)j+luj+i01]§+j—1-
— =
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Let us consider the case A > 1. Since 4; € [%j min; Ui max], then for all k£ € N the following in-
equalities hold

n—1i
(=A™ p,u) <3N max{ (=17 g ming (17 i ma)
7=0
n—i
(=A™ p,u) < = DAL min{ (<17 g ming (<17 g mad-
=0

Additionally, the following equalities hold

0o n—1t n—i oo n—1i

3 YN IO =X SN 0 = Y

k=13j=0 j=0k=1 =0
By Lemma 4 and Corollary 2, which implies, that for all z € X, inequalities hold

n—z‘-_j+1,A.._j+1..
Zmln{( 1) uj+2,mln7( 1) u]—i—z,max} <(p’x)

j=0 (A= 1)+
< nz_f max{(=1)" ;i ming (= 1) 045 max}
= (A — 1)+ .

Since X is open according to the Theorem 1, these inequalities strictly hold, i.e.

n
Xoo C ﬂ{x € R"™: T; € (xi,mimxi,max)}-
=1

Let us consider the case A < —1. For all k£ € N it is true that

n—i n—i

(=A™ pw) = 3 AT ()T Gy = DI ()T Gy
=0 7=0
Then
I;:leaz/}[((_(14—(214:—1))Tp’ U) — %16354 ( z;) |)\|_(2k_1)_j(—1)_(2k_1)+1uj+icg2k1)+j1)
J:
S k-1 '
= Al ( ) ]uiﬂ,maxcg%fl)ﬂfp
=0
%1351{(_(14_%) %1323( (Z IAl™ 2 j 2k+1uj+icgk+j1>

= Z |)\|_2k_j(_UiJrj,min)C%kJrj—l-

Then by Lemma 4 for all z € X it is right, that

0o n—1t co n—1i

ZZ’)\’ (2k—1) ]uz—i—]max (2k—1)+j—1 ZZ‘)“ 2k Juz+]m1n02k+] 1

k=15=0 k=175=0

n— Z 1 1
Z ”Jm‘“( 2N+ 1 >J+1+2<|A|—1>J‘+1)

1 1
Z’U,H—]mln( ’)\’_1)]+1 + 2(’)\’+1)j+1) :fL‘i,max.
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Similarly
: —(2k—1)\T : = —(2k—1)—j —(2k—1)+1 j
316119 (_(A ( )) pvu) - 316119 (]ZO ’)" ( ) ](_1) ( o+ uj+icggk_1)+j_1)

n—i

— —@k=D)=dy. . .
= Z Al uj+z,mlnc(2k;—1)+j—1’
J=0

n—i
. —2k\T . —2k—j —2k+1,
min (—(47)"p, u) = min (Z A7 (1) u]+ngk+j—1)

n—i
- Z ’)"72]{7] (_uj+i,maX)C%k+j—1'
=0

<

Then by Corollary 2 for all x € X, it is right that

oo n—1i 00 n—i
(,2) > 3 D AT il 1y 0 = D0 2 N T i jmax Gy
k=1;=0 k=13=0
= Ui+ j,min i+1 —1)+1
= 20 A1+ 177 2(]A] = 1)

n—i 1 1
- Z Ui+ j max < + ) = Zj min-
Jj=0

20100 = 17 2(]Al + 1)+

Since X' is open according to the 1, then

Tjmin < (P,x) < Zj max,

n
Xoo C ﬂ{x € R": z; € (%imin; Timax) }-
i=1

The Lemma 5 is proved.

Proof of Lemma 6. Let p= (00 ... p* ... 0)T € R?", p= (p; p2)T € R2, p? 4 p2 = 1, where
p corresponds to the (2i — 1)th and 2ith coordinates of the vector p. Then for arbitrary k € N it
is true that

T_kA_]W, —kT_k_lA(,k,1)<p (—1)n_1CTTLLJ:;?QT_k_n'HA(,k,nJrl)(p

Ak — 0 TikA,]W, o (_1)n72Cg;]gigrfkfn+2x4(ikin+2)<p

TikA,]ap

0
TikA,]W,ﬁ
—k"l“_k_lA(_k_l)wﬁ

(—1)niiC/?Li—z‘—1T7k7n+iA(fkfn+i)<pﬁ
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Let u' € R?, i=1,n,u= (ulT, . u"T € R?". Then

(_(A*k)ij u) - (rik(A*kcpﬁv ul) + (_1)]{7747]{71(‘4(7]{71)(‘0?57 ui+1) +..

+ ()" O T A aebu™))

n—1i

n—1i
= = > I A ko B Ol < DI (A ko Pl O
=0 =0
n—1i n—i
= Z rE Tt 1CT 11 < Z Tﬁki]?"iﬂ,maxcl]gﬂfl-
=0 =0

Then by Lemma 4 for arbitrary x € X' it is right that

co n—i n—i oo n—i r

—k—j,. o _litjmax

<2 T T rimaxClyy = 20 3 T i man Ol = Z (r— 1)t
k=13=0 7=0k=1 7=0

Since X according to the Theorem 1 is open, then

n
X C ﬂ{x € R*™: |[(z2i-122:) " |rz < Rimax -
i=1

The Lemma 6 is proved.
Proof of Theorem 2. Let us consider for some B € R™*" and C € K,, the mapping

T(X)=BX +C.
Let us demonstrate, that if B: R® — R™ is a contraction mapping with the compression ratio

B €[0;1), then T: K,, — K, is also a contraction mapping.

pu(T(X), T(V)) =max{ sup inf p(x,y); sup inf p(z,y)
2eT(xX) YET(Y) yeT (V) r€T(X)

= max ¢ sup inf ||[Bx + ¢ — By — caff; sup 1nf |Bx + ¢1 — By — ¢
€y

zeX YeY
c1eC c2eC cneC C1 GC

< max 3 sup inf (1B ~ )| + ler — eal); sup inf (1B — )l +ller — )
reX YE cy TEX
c1€C CQEC coeC 1 eC

= max { sup mf |B(z —y)||;sup inf |[|B(z —y)||
zeX Y ynyeX
< maxc | sup inf Bz — gl sup inf. Bz — yl|} = Bpu(x.P).
zeX YEY ye)y TEX

Then T is a contraction mapping with the compression ratio 3.
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According to the (4) the following equality holds

TM(X)=A"Mx + %(—A*’w =T(X),
k=1

M
where B =AM C= Y (—A7*uU).
k=1
Since all eigenvalues of the matrix A are strictly greater than 1 in absolute value, then all
eigenvalues of the matrix A~! are strictly less than 1 in absolute value. Then according to the [24,

Theorem 5.6.12] [|A~F|| "% 0. Then by definition of the limit for a € [0;1) there exists M € N
such, that [|[A=™|| < a. As the following inequality

A=Y (@ =)l < AT -l =yl < aflz —y]),

is fair, then A=M is a contraction mapping with the compression ratio o € [0;1). Then ™ K, —
K,, is also a contraction mapping with the compression ratio «.

By virtue of Lemma 7 for all N € N it is right, that X(N) C X(N + 1), in addition, X(N) is a
compact set. Then according to the [27, Corollary A.3.4]

pi (Xoo, X(N)) =50, (A.5)

In contrast, by virtue of [27, Theorem A.3.9] the metric space (K, pg) is complete. Then the
contraction mapping T has a unique fixed point X* € K,,, which can be computed by fixed point
iteration method:

X*= lim (To...oT)(X), (A.6)

N — 00 e —r’
N

where X € K,, is arbitrary. Let us take X = {0}. Then by virtue of Lemma 7

(To...oT)({0}) = — A%VA"“Z/{ = X(NM).
T k=1

According to the uniqueness of the limit point and formulae (A.5) and (A.6)
Xo = |J X(V) ="
N=0

The error in the fixed point iteration method can be estimated by the following formula [28]:
_ aN
pi (Koo, X(NM)) < 7——pr (X (M), {0}).
The Theorem 2 is proved.
Proof of Theorem 3. By virtue of the point 3 of the Theorem 2
N

pi1 (oo, X(NM)) < 1L (X(M), {0}) = By, p € {1,2,00}.

Then according to the definition of the Hausdorff distance

Xoo C Xoo C X(NM) + Bp,(0),
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where

Br,(0) =conv { (0,...,0,7,0,....,00Y:r e {—Ry, R}, i=0,n—1p,
——

Br,(0) = {z € R":

Bpgr..(0) = {x € R™: max |z;] < Roo}.

i=1,n

The Theorem 3 is proved.
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