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Abstract—This paper considers a periodic boundary value problem for a nonlinear partial
differential equation with a deviating spatial variable. It is called the nonlocal erosion equation
and was proposed as a model for the formation of dynamic patterns on the semiconductor
surface. As is demonstrated below, the formation of a spatially inhomogeneous relief is a
self-organization process. An inhomogeneous relief appears due to local bifurcations in the
neighborhood of homogeneous equilibria when they change their stability. The analysis of this
problem is based on modern methods of the theory of infinite-dimensional dynamic systems,
including such branches as the theory of invariant manifolds, the apparatus of normal forms,
and asymptotic methods for studying dynamic systems.
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1. INTRODUCTION

Since the 1980s, describing the formation of an inhomogeneous (e.g., wavelike) relief on the
surface of semiconductor materials bombarded by an ion flow has always been a topical problem
of micro- and nanoelectronics. The nature of a wavelike relief continues to cause much discussion;
for example, see [1-6]. According to experimental evidence, a wavelike nanorelief is formed on the
surface of semiconductors and dielectrics in a certain range of ion incidence angles. Of course, it
depends on the beam intensity, ion type, and the material of the sample subjected to ion bom-
bardment. The process of nanostructure formation on the silicon surface has been most intensively
investigated at the experimental level.

Almost immediately, mathematical models were proposed to explain the phenomenon of inhomo-
geneous micro- and nano-relief formation. Two approaches were used: stochastic and deterministic.

In terms of applications, a more attractive approach is to treat such a process as dynamic. The
best-known model was introduced by Bradley and Harper [7]. This model involves one version of
the well-known Kuramoto—Sivashinsky equation supplemented with boundary conditions, natural
from a physical point of view. In principle, different variations and modifications of this model gave
a sufficiently convincing description of the process of inhomogeneous (wavelike) relief formation.
At the same time, this model suffers from several drawbacks in its initial formulation. One of them
is that in many cases, the corresponding boundary value problem revealed the possible formation
of an inhomogeneous relief with the leading role of the first possible mode; for example, see [8—11].
In many cases, such a conclusion contradicts the results of experiments.

A possible informal modification is a model known as the nonlocal erosion equation [8-11]. It
covers several nonlocal effects, first of all, the fact that the points of ion penetration (entry) into
the semiconductor material and its exit do not necessarily coincide. This led to the emergence of a
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PATTERN BIFURCATION IN A NONLOCAL EROSION EQUATION 1303

mathematical model with a partial differential equation in which some terms contain an unknown
function with a deviating spatial variable.

This paper considers a nonlocal erosion equation augmented with periodic boundary conditions.
Other problem statements for the nonlocal erosion equation can be found in [11-16].

Below, we study a periodic boundary value problem (BVP) for the nonlocal erosion equation

v 1)
2)

Ur = duyy — crwy + Csz + csw? (1.
u(t,y +21) = u(r,y), (1.

where u = u(7,y), w = u(t,y — hy), and hg is a positive constant to consider nonlocal effects (this
constant is set proportional to the average distance between the entry and exit points of the ion from
the incident beam); d > 0, ¢; > 0, ¢o, and c3 € R are constants characterizing the bombardment
conditions. For example, d is the diffusion coefficient of the target material, and the coefficient
¢y specifies the intensity (energy) of the ion beam. The deviation hg > 0 is the main parameter
distinguishing this model from others (e.g., from the Bradley—Harper model). The constant hg is
proportional to the inclination angle between the beam direction and the normal to the surface,
which is considered flat before the bombardment. From the very beginning, let us emphasize the
following aspect. In principle, the relief deviation from an equilibrium, u(7,y), must depend on
the second spatial coordinate y1: u = u(7,y,y1). But in most experiments, the dependence on y;
is rather weak and, therefore, the approximation u = u(7,y) is considered acceptable.

With the changes of variables

T:—t7 y=—-u,
™C1 s

the BVP (1.1), (1.2) can be written as

Up = QUgpy — Wy + bgwi + bgwi, (1.3)
u(t,z + 2m) = u(t, ),

where u = u(t,z), w = u(t,z — h), and

hom dm CoT c3m?
h _ — = — b = — b = —_—_.
T P el T P

Note that the BVP (1.3), (1.4) has the solution u(t,z) = a, where o € R. If the BVP (1.3),
(1.4) is supplemented by the boundary conditions

u(0,2) = f(z) (w(0,2) = f(z —h)), (1.5)

where f(z) € H}, the resulting initial boundary value problem will be locally well-posed. This
outcome follows from the results obtained in [17, 18]. Moreover, the initial boundary value prob-
lem (1.3)—(1.5) generates a local smooth semiflow T : f(z) — u(t,z), t € (0,4),5 > 0.

Recall that f(z) € H3 if:

1) f(z+27m) = f(x).

2) For = € [0,27], the inclusion f(z) € W3[0,27] holds, where W1[0,27] is the space of func-
tions f(x) such that f(z) € Lo(0,27) and their generalized derivative f’(z) € L2(0, 27) (for example,
see [19]).

The BVP (1.3), (1.4) has one peculiarity as follows. Let u(t,z) be any solution of this problem;
then a + u(t, z) is also its solution. Below, we will investigate the structure of the neighborhood of
all solutions wu(t,x) = « (spatially homogeneous equilibria). In particular, it is supposed to study
the formation mechanism of local attractors containing spatially inhomogeneous solutions.
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1304 KULIKOV

2. SOME PRELIMINARIES
Consider the nonlinear BVP (1.3), (1.4). We denote by

2w

1
M(u) = —/u(t,x)dx
2m
0
the space mean of the function u(t,z). Representing the solution u(t,x) as a Fourier series with

respect to the spatial variable x gives

u(t,x) = uo(t) + Z un(t) exp(inx),
n#0
where
1 27
up(t) = M(u), wun(t) = o /u(t,x) exp(—inzx)dz.
T
0

Hence, any solution solution of the nonlinear BVP (1.3), (1.4) can be written as

u(t,z) = uo(t) +v(t, ) Z un(t) exp(inx), M(v) = 0.
n#0

Therefore, the BVP (1.3), (1.4) takes the form

uor(t) = ba M (w3) + b3 M (w3), (2.1)
= Av + Fy(w;) + F3(wy),
v(t,x 4+ 2m) = v(t,x), M(v) = 0.

Equations (2.1) and (2.2) employ the following notations:

Av = avgy — wz, w=v(t,x — h),

Fy(wg) = byw? — boM(w?),  F3(wy) = bsw? — bgM (w?).

When forming the right-hand side of the differential equation (2.2), we take into account that
Aug = 0 and the right-hand side of the original partial differential equation (1.3) is independent
of uo (t)

The BVP (1.3), (1.4) can be analyzed in two stages. The first stage consists in studying the
BVP (2.2), (2.3). After that, the second stage is to reconstruct uo(t) using equation (2.1). Note
that the function wug(t) is reconstructed within an arbitrary constant without additional conditions
from equation (2.1).

Thus, the main point in investigating the BVP (1.3), (1.4) is to study the auxiliary nonlin-
ear BVP (2.2), (2.3). We emphasize that it has the unique spatially homogeneous equilibrium

v(t,x) = 0.

3. STABILITY OF THE TRIVIAL SOLUTION OF THE AUXILIARY NONLINEAR BVP

To analyze the stability of the trivial equilibrium of the nonlinear BVP (2.2), (2.3), we first
examine its linearized version, i.e., the linear BVP

v = Av, Av = augy — Wy, (3.1)
v(t,x 4 2m) = v(t,x), M(v) =0, w=v(t,x — h).

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



PATTERN BIFURCATION IN A NONLOCAL EROSION EQUATION 1305

Consider the linear differential operator (LDO)

Ap = A(a, h)p = apz(x) — pz(z — h),

where a sufficiently smooth function p(x) satisfies the periodic boundary conditions p(z+27) = p(z)
and has the zero mean. This operator possesses a countable set of eigenvalues

Ao = Ao(a, h) = —an? —inexp(—inh), n = +1,4£2,...;

the corresponding eigenfunctions {exp(inx)} form a complete orthogonal system of functions in the
space Lo (0, 27), i.e., f(x)€Lag(0,2m) if f(z)€La(0,27) and M(f) = 0.
The following result is true.

Lemma 1. If
ReA,(a,h) <0

for given values a and h, then all solutions of the linear BVP (3.1), (3.2) are asymptotically stable
in the metric of the initial condition space of the BVP (3.1), (3.2).

A natural choice of the initial condition space is the functional space Hj o: f(z) € Hj  if f(x) € Hj
and M(f) = 0. Indeed, let us consider the initial boundary value problem (3.1), (3.2), (1.5) for
flx)e H%,o- Its explicit-form solution is given by

v(t,x) = Z frnexp(Ant) exp(inz), (3.3)
n#0

where \,, denote the eigenvalues of the LDO A and {f,} are the Fourier coefficients of the func-
tion f(x) (fo =0 since M(f) =0).

It is straightforward to verify that:

1) v(t,z) — f(x) in the metric of Hi as t — +0.

2) For t > tp > 0, the solution (3.3) is an infinitely differentiable function.

Property 2) is immediate from the following result, which can be checked in a fairly standard
way: for ¢ > tg > 0 the series on the right-hand side of (3.3) converges uniformly together with its
partial derivatives of any order. This result is proved using the fact that

An(a, h)

lim 5

|n|—o0 n

= —a.

Note also that lim,|_o(Im(An(a, h)))/n? = 0. Hence, |ImM,(a,h)| < K|Re\,(a,h)| if |n| > ng
(np €N, the set of natural numbers) and K is some positive constant.

In particular, these results allow stating that the LDO A is the generator of the analytic semi-
group of linear bounded operators, and the linear BVP (3.1), (3.2) can be included in the class of
abstract parabolic equations in the sense of the definitions from [17, 18, 20].

If ReAp(a,h) >0 for some n = m, the solutions of the linear BVP (3.1), (3.2) are, of course,
unstable.

The considerations presented above lead to another result as follows.

Lemma 2. Assume that
Rel, < = <0

for alln € Z, (the set of integers n # 0). Then the trivial solution of the nonlinear BVP (2.2), (2.3)
18 asymptotically stable. At the same time, if there exists an integer m € Z, such that Re)\,, > 0,
then this solution is unstable.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1306 KULIKOV

Note that the conditions Re), <0, Re),, =0 for some m € Z, select a critical case in the
stability problem of the trivial solution of the BVP (2.2), (2.3).

The remainder of this section focuses on the following question: under what conditions is the
critical case implemented in the stability problem of the trivial solution of the BVP (2.2), (2.3).
Let us emphasize that, for h = 0,

An(a,0) = —an? —in
and, consequently, Re\,(a,0) < 0 for all n € Z, (Z,. = Z\{0}). Therefore, the critical case is possible
only if A > 0 (h > 0 by the problem statement). For all a > 0 we will determine the least positive
value h = h,(a) implementing the critical case.

First, it is necessary to find h,, satisfying

ReXy,(a, hy) = 0.

2

Such values h,, should be obtained as the solutions of the equation —an® — nsinnh = 0 or

sinnh = —an. (3.4)

Equation (3.4) has solutions if |an| < 1. Without loss of generality, assume that n €N (the set of
natural numbers) since replacing n with —n does not change equation (3.4).

Thus, an < 1. Then equation (3.4) possesses two groups of solutions:

1) hyp(m) = L(2rm — arcsin(an)), m € Z,

2) hn(k) = (7 + arcsin(an) + 27k), k € Z.

In the first group of solutions of the trigonometric equation, the least positive root is h,(1) =
(2m — arcsin(na))/n; in the second group of solutions, h,(0) = (7 + arcsin(na))/n. Furthermore,
we have the inequality

%(7{' + arcsin(na)) < %(QW — arcsin(na)) (3.5)

for any natural number n (of course, if na < 1). Inequality (3.5) is equivalent to

2arcsin(na) < m or arcsin(na) < g

The resulting conclusion is that h, should be determined as the least element of the sequence

dp =dy(a) = %(7‘(‘ + arcsin(an)) if n < %.

We underline that d,, = h,(0). Clearly, in principle, the least value d,, can be chosen by linear
search. For example, if a = 1, this sequence contains one element d; = 37/2 and h, = 37/2. In
the case a = 1/2, we obtain dy = 7w/6 and dy = 37/4; hence, h, = 37/4. At the same time, the
number of elements in the sequence d,,(a) grows when decreasing a. Therefore, linear search should
be improved to select h, faster.

For example, suppose that for all a > ag, di(a) < di_1(a); in other words, the sequence di(a)
decreases with increasing k. (An appropriate positive constant ag will be specified below.) This
property of the sequence di(a) can be checked by analyzing the inequalities

gr(a) = (k — 1) arcsin(ka) — k arcsin((k — 1)a) < m;
for k = 1,2, 3, they are trivial and hold for all admissible a. As is easily established,

dgr(a) 1 1
S = k(k - 1) (\/1_ — e 1)2> >0, akelo,1).
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Hence, di(a) < dg—1(a) for all admissible a if this inequality is valid for the maximum possible
value a (a = 1/k). The issue under consideration is thereby reduced to checking the inequalities

1
m (7'(' =+ arcsin

k—1>>3_7r k=1 w(k—3)
k Z o or arcsin P o

As it turns out, the latter inequalities hold for £k =1,...,10.

Well, let a>1/11. Then the minimum value h, is h(a) = (7 + arcsin(ka))/k, where k = [1/a],
since this choice of a makes the sequence dj decreasing. For the other numbers k, ie., k> 11
(a < 1/11), the choice procedure of h, can be alternatively simplified as follows. Consider the
auxiliary function

B(z) = é(w + arcsin(z)),

which is defined for z € (0, 1]. It is straightforward to verify that this function decreases for z € (0, z)
and increases for z € (z4,1); naturally, z, is its minimum point, i.e., B'(z,) =0. We determine
the corresponding value z, as the least positive root of the equation B’(z) = 0. As it turns out,
z =z, 09761 and d,,(a) = aB(na). Therefore, h, = min{d,,(a), dm+1(a)}, where ma < z, and
(m+1)a > z.

The possibility d,,, = dy,+1 will be eliminated from consideration as a special (exceptional) case
not discussed here. This case leads to another bifurcation problem with a codimension of 2. Further
analysis will be restricted to the general case d,,, # dp,y1-

Consider now the LDO depending on a small parameter, i.e.,

Ae)y = ay” — 9/ (x — h(e)),

where h(e) = hy (1 +ve), v==£1 or 0,e€(0,ep), hs = (7 + arcsin(ma))/m. The definitional do-
main of this operator consists of sufficiently smooth functions satisfying the condition y(z + 27) =
y(x), M(y) = 0. For such h = h(e), the LDO has a countable set of eigenvalues

Me(e) = —ak? — ik exp(—ikh(e)), k=41,+2,....

In addition, given k # +m,
ReX,. < - < 0,

A (€) = —am? F imexp(—i(m + pm)(1 + ve)), where p,, = arcsin(ma), and consequently,

Aim(0) = tiop, opm =mcos(im) = my/1 — (ma)?.

In other words, for (ma)? # 1, the LDO A has a pair of simple pure imaginary eigenvalues; for
(ma)? = 1, it has double zero eigenvalue. Therefore, the case (ma)? =1 needs deeper analysis.
The next section will be restricted to the general case o, # 0.

Note also that
A (E)le=0 = 75, + 0,
where 7/, = vm(r + arcsin(ma))/1 — (ma)? # 0 and o/, = —v(7 + arcsin(ma))m?a # 0. For v = 1,
we obtain the inequality 7;, > 0, i.e., stability is lost when exceeding the critical value h = hy; if

v = —1, then 7}, < 0 and the trivial solution of the BVP (2.2), (2.3) remains stable. Finally, v =0
corresponds to the critical case of a pair of pure imaginary eigenvalues.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1308 KULIKOV

4. LOCAL BIFURCATIONS

This section is devoted to the nonlinear BVP (2.2), (2.3) for h = h(e) = h.(1 + ve). With such
a choice of h, the BVP (2.2), (2.3) can be written as

v = A(e)v + Fy(wy, €) + F3(wy, €), (4.1)
v(t,x +27) = v(x), M(v) =0,

where

w=v(t,x — h(e)), A(e)v = avy(t,x) —vy(t,z — h(e)),
Fj(wg,e) = Fj(wg), j=2,3.

The functions Fj(w,) have been introduced above. Recall that the deviation value h, has been
chosen in Section 3. As a result, an almost critical case is implemented for the stability spectrum of
the trivial solution of the BVP (4.1), (4.2) (the spectrum of the LDO A(e)). The BVP (4.1), (4.2)
has a two-dimensional invariant manifold Ma(e) attracting all solutions from a sufficiently small
neighborhood Q(rp) of the trivial solution of this BVP. In addition, the radius 7y of the ball in
the space H is sufficiently small but independent of &; for example, see [21-23]. As is well known
(e.g., see [23]), bifurcations can be analyzed by studying a system of two differential equations,
commonly called the normal form (NF) according to the terminology originally proposed by A.
Poincaré [23]. In the general case, such an equation can be written in the complex-valued form

2= (!, +iol )z + (I +ily)z|z)%, (4.3)

where z = z(s), s = et denotes “slow” time, the prime indicates the derivative with respect to s, and
l1,l2 € R. By an a priori assumption, 1 # 0 : the first Lyapunov value is nonzero. In equation (4.3),
all vanishing terms as ¢ — 0 are discarded. Equation (4.3) represents the principal part of the NF
or the truncated NF. Under [; # 0, equation (4.3) plays a determinative role in the analysis of the
BVP (2.2), (2.3), (4.1), (4.2).

The solutions of the BVP (4.1), (4.2) belonging to M(e) will be found as the sum

v(t,x,z,Z,e) = 51/2vl(t, x,2,Z) +eva(t,z,2,Z) + 53/21)3(75, z,2,%) + O(e?). (4.4)

In addition, of course,

w(t,x,z,Z,6) = 51/2w1(t, x,2,Z) + ews(t,x,2,Z) + 53/2w3(t, x,2,Z) + 0(62), (4.5)
where
w(t,z,2,Z,e) =v(t,r — h(e),2,Z,€),
wi(t,x,2,zZ) = vj(t,x — hy, 2,%Z), j=1,2,3.
Finally,

vi(t,z) = zq +Zq, q = q(t,x) = exp(iont)exp(imx).
The functions ve and vs are vo(t, z, 2,%),v3(t, z, 2,Z) € ®. The symbol & denotes the class of func-
tions defined above.
We have ¢ = ¢(t,x,2z,Z) € @ if this function satisfies the following conditions:

1) It smoothly depends on the variables for all ¢, x € R, and |z| < d, where J is some positive
constant.

2) p(t,z,0,0) = 0.

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



PATTERN BIFURCATION IN A NONLOCAL EROSION EQUATION 1309

3) It has periods of 27 /0, and 27 in the variables ¢ and z, respectively.
4) a) M(yp) = 0 for all ¢, z,Z under consideration.

O o [ 27 /om B
b) My (p) = 22 “of ( bf <Pq:th> dr =0, ¢ =q, - =7.

To analyze the BVP (4.1), (4.2), we formulate an auxiliary statement, often called the solvability
conditions in branches of differential equations. Let Ay = A(0).
Remark 1. Consider the linear inhomogeneous BVP
Agv = g(t,x), v=v(t,x),
v(t,x 4 2m) = v(t,x), M(v) =0.
Here, g(t,x) is a sufficiently smooth function with periods of 27 /0, and 27 in the variables ¢ and =z,
respectively. In addition, suppose that M(g(t,z)) = 0. Then this BVP has periodic solutions in

the variable ¢ if

The conditions My (v) = 0 highlight one suitable solution of the linear inhomogeneous BVP con-
sidered in Remark 1.

Substituting the sum (4.4) and the related sum (4.5) into the nonlinear BVP (4.1), (4.2) yields
linear inhomogeneous BVPs for determining vo and vs.
Extracting the terms at e, we obtain the inhomogeneous BVP

vop — Agug = (I)Q(t, x, Z,?), (4.6)
va(t,x + 2m) = va(t,x), M(ve) = My (ve) = 0.
When extracting the terms proportional to £3/2, a similar BVP has the form

vy — Agusz = (I)g(t, x, Z,?), (4.8)
vs(t,x + 2m) = vs(t,x), M(vs) = My(vs) =0, (4.9)

where Agvj = aVjze — Wjg, wj = vj(t,x — hy), j = 2,3,

Dyt x,2,Z) = byw?, — by M (w?,),
D3(t,2,2,%) = bgw}, — bsM (w},) + 2ba(wigWae — M (wizwas)) + Atur — (2'q + 7'7),
wiz = 1m(Qzq — QZq), Q = exp(—imh.).

Note that A; = A’(¢)|.—0 and

Q=01 +iQ2, Q1=—/1—(ma)?, Q2 =ma.
The solutions va(t, x, z,Z) € ® of the BVP (4.6), (4.7) can (and should) be found in the form
va(t, x,2,%2) = 2@ + T, 220

In our case,
s (t,w,2,%) = bom*(Q*2%¢* — Q F7),

and quite easy calculations give

b m2 2_m
Nm, = —%7 Pmy = 4mQ2(1 — Q1), pmy = 2m(QF — Q3 — Q).

AUTOMATION AND REMOTE CONTROL Vol. 84 No. 11 2023



1310 KULIKOV

Now, we pass to the BVP (4.8), (4.9). It has a solution vs(t,z,z,Z) € ® under the solvability
conditions (see Remark 1), i.e

My (®3) = 0. (4.10)
Conditions (4.10) serve to determine the coefficients of the NF (4.3). As it turns out,
=12 +1® =1 1,
where

I = —3bsm®Qs, 1§ = 3bym®Q,

(2 _ _ 4bzm* 2 92 2 A2
ll - p72n1 —Hﬁm (pm1 Ql(Ql 3@2) +pm2Q2(3Q1 QQ)))
(2 _ _ 4b3m* 2 12y 2 92
l2 - p%nl +p%n2 (pm1Q2(3Q1 QQ) meQl(Ql 3@2)>7
7' =vm(m + pm)r/1 — (ma)?, o), = —v(7 4 pm)m2a, py, = arcsin(ma).

Note that 7/, > 0 if v =1, and 7, < 0 if v = —1. Thus, the coefficients of the NF (4.3) have been
calculated explicitly.
Let us emphasize that, after clear transformations,

8b2mSa
1B = 22 (ma)2(1 + 4(ma)?) +1).
1 pm1+pm2< (ma)(1 + 4(ma)?) +1)
Hence,
8b2mba
I; = —3bsm?*a — —2—— (/1 — (ma)2(1 + 4(ma)?) + 1).
1= —Bbyma = 2 (/1= (ma)(1+ 4(ma)’) + 1)

According to this formula, I; < 0 for b3 > 0. Obviously, the case [y < 0 is implemented “more
frequently” compared to the one [y > 0.
To proceed, we investigate the NF (4.3) by letting

z(s) = p(s) exp(ip(s)).
Transition to the trigonometric form leads to the two real-valued differential equations
p =1 p+0p (4.11)
¢ = ol +1p”. (4.12)

Besides the trivial equilibrium p = 0, equation (4.11) may also have the nonzero one

=&=/-
which exists if 77, /1; < 0.

The standard analysis using Lyapunov’s theorem on the first (linear) approximation shows that
the nonzero equilibrium p(s) = £ is asymptotically stable if i < 0 (7/, > 0 or, equivalently, v = 1)
and unstable if [; > 0 (77, < 0 or, equivalently, » = —1). The trivial equilibrium of the differential
equation (4.11) is asymptotically stable if 7/, < 0 and unstable if 7/, > 0.

As is easily observed, for p(s) =&, equation (4.12) has the solution
o(s) = (o, + 12%)s + @9, o €ER.
The considerations presented above establish the following result.
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Lemma 3. The differential equation (4.3) has the limit cycle Cy generated by the one-parameter
family of periodic solutions

2(s) = Eexp(i(al, + 12€%)s + i), (4.13)
where & = \/—7!,/l1. These periodic solutions are stable (orbitally asymptotically stable) if l; <0
(1], > 0) and unstable if I; > 0 (7}, < 0).

Lemma 3 was proved in many publications. According to [11-16], we arrive at the following
fact.
Theorem 1. There exists a value €9 > 0 such that, for all € € (0,e0), the BVP (2.2), (2.3) with

h = h(e) = h«(1 +ve) has a limit cycle C(e) corresponding to Cy that inherits the stability of Cp.
The solutions forming C(e) satisfy the asymptotic representation

v(t,x,e,y) = 51/2§(exp(imx +i(om + €0m)t + i) + exp(—ima — i(om, + €6m)t — z'y))
+ 2 (nm exp(2imax + 2i(oy, + €0m)t + 2i7y) + 7, exp(—2imax — 2i(op, + £06m)t — 22‘7)) + 0(%/?),

where £ = \/—7]. /11, Bm = ob, — Tila/l1, v is an arbitrary real constant, and the constant 1, is
chosen when constructing the NF (see the algorithm above).

5. A SPECIAL CASE OF THE BIFURCATION PROBLEM
As has been mentioned in Section 3, the eigenvalues A;(¢) of the LDO A(e) are given by

Me(e) = —ak? — ik exp(—ikh(e)), k=41,42,....

In the special case a = 1/m, it is easy to verify Reli(e) < —vy < 0 for k # +m and ¢ € (—eg, £¢),
where 0 < g << 1.

For a = 1/m, where m < 11 is some natural number, the following assertions are true:

1) hy = 37w/(2m).

2) If h(e) = hy + €, e € (—¢0,€0), then A\, (e) = T (€) + iom(e), where 7,,(¢) = —m(1 — cos me)
and o, (g) = —msinme.

3) The analytical function 7,,,(¢) is an even function of the variable .

4) The analytical function o,,(¢) is an odd function of the variable .

5) Am(0) = A, (0) = 0. For ¢ = 0, the LDO Ay has the double zero eigenvalue. The corre-
sponding eigenfunctions are exp(+imz).

Hence, in the BVP (4.1), (4.2) with ¢ € (—eg, €0), there exists a two-dimensional invariant man-
ifold Mj(e) in the neighborhood of the trivial equilibrium (as before, see Section 4). This manifold
will be a local attractor for the solutions of the BVP (4.1), (4.2) with sufficiently small initial con-
ditions. By analogy with the previous section, the dynamics of the solutions of the BVP (4.1), (4.2)
can be analyzed by investigating the complex-valued differential equation (NF)

2 = (1(e) +io(e))z + (2,7, ¢) (5.1)
with a sufficiently smooth function ¢(z,Zz,¢) such that

_o oy,
¢(07075) - % z=0 — %’210 =0.

Once again, when analyzing the behavior of the solutions of the BVP (4.1), (4.2), we emphasize
the determinative role of both equation (5.1) and its truncated version

2= (1(e) +io(e))z + o(z,2), (5.2)
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where 1y(z,Z) = ¥(2,%,0) and a sufficiently smooth function 1¢(z,Z) has an infinitesimal order
above 1 at the zero point.

To find the principal part of the function y(z,%), it suffices to consider the BVP (4.1), (4.2)
with € = 0 and construct the NF for it. The solutions of the BVP (4.1), (4.2) with ¢ = 0 will be
obtained in the form

v(t, x,2,%) = (qz + T2) + p2(2)2® + po(2)2Z + Py ()7 53
+r3(2)2> 4+ 71 (2)2°Z + Ty (2)222 + T3 (2)Z2 + ..., '

where the ellipsis indicates the terms of a higher infinitesimal order in the variables z,Z. Finally,
q(x) = exp(imx), the functions ps(x), po(x),r1(x), and r3(x) have a period of 27 in the variable z
and the zero means:

M(p;) =0, Myi(pj) =0, M(rr) =0, My(ry) =0,

where j = 0,2, k = 1,3, ¢+ = exp(imx), g— = exp(—imzx), ¢ = ¢4+, § = q—, and

27 27
1 1
M(p) = o /@d% My (p) = o /Sﬂﬁd% o = p(x).
0 0

Substituting the sum (5.3) into the BVP (4.1), (4.2) with e = 0 and sequentially extracting the
terms proportional to 22, 27z, 22, 23, 227, 2Z%, and Z°, we get a system of linear inhomogeneous
equations. This system will be analyzed to determine the principal part of the complex-valued
function 1y(z,Z). When forming the BVP, it is necessary to consider the formula

Yo(2,2) = 22° + Y027 + PoZ° +32° + 1272+ 122" + P37 + .,

where the ellipsis indicates the terms of a higher infinitesimal order in the variables z and Z.

As a result, we arrive at the following inhomogeneous BVPs for determining the periodic func-
tions with the zero means. For example, pa(z) and po(x) are obtained from the two linear inhomo-
geneous BVPs

Agpa(z) = —bam?q® + 1ag, (5.4)

po(x +2m) = po(z), M(p2) = My (p2) =0, (5.5)
Aopo(z) = o, (5.6)

po(z + 2m) = po(z), M(pg) = My (po) = 0. (5.7)

In the required class of functions, the solutions of the auxiliary linear inhomogeneous BVPs (5.4),
(5.5) and (5.6), (5.7) should be found with 12 = 0 and ¥y = 0, and consequently,

_ _ ~2_
po(fI,') - 07 pQ(x) = 772Q2q27 p2(fI,') - 7]2@ q27
where (in this case) Q = exp(—ih.m), i.e., Q = exp(—i37/2) =i and Q*? = —1. Finally,

(2+19).

bgm

"=y

At the third step of the algorithm, we have two BVPs for determining r;(x) and r3(z):

Agrs(x) = h3q + bsm®q® — dbanaim®q®, (5.8)
ra(z +2m) = r3(z), M(rs) = My(r3) =0, (5.9)
Agri(x) = h1q + 3bgm®q — dbonaim?q, (5.10)
ri(z +27) =ri(x), M(r1) = My(r1) = 0. (5.11)
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From the solvability conditions of the BVPs (5.8), (5.9) and (5.10), (5.11) it follows that 13 = 0
and 1y = —3bgm> + 2b3m>3(—1 + 2i).
Thus, the principal part of the NF (5.1) is

2
Z/ = <—%m3 — Z‘m2€> z+ (ll + ’L.ZQ)Z’Z‘Q, (512)

where [; = —3bzm? — %bgmB’ and [y = %b%mB’.
For analysis, we write this differential equation in the trigonometric form and let

2(t) = plt) expli(1)). (5.13)
Then the complex-valued equation (5.12) is replaced by the two real-valued differential equations
o = —5—22m3p + 11p?, (5.14)
¢ = —em? + Iyp?. (5.15)

By analogy with the previous section, we start the analysis of system (5.14), (5.15) with the
differential equation (5.14) for the amplitude p(t).

Lemma 4. In addition to the trivial equilibrium So: p = 0, the differential equation (5.14) may
have the equilibrium Sy: px = \/e?m3/(2ly). The equilibrium p, of the differential equation (5.14)
exists if Iy > 0. This equilibrium is unstable. The asymptotically stable equilibrium is p = 0.

The stability of these equilibria is analyzed using Lyapunov’s theorem on the first (linear)
approximation. Note that the equilibrium S, is associated with the solution of the differential
equation (5.15) of the form

l 2,3
ox(t) = <—€m2 + QZlm >t+<po,
1

where g is an arbitrary real constant. Equality (5.13) allows finding the periodic solution of the
NF (5.12) in the variable ¢:

e2m?

2l

2(t) = 2(t,e) = exp(ip. (1)).

According to [11-16], we obtain the following result.

Theorem 2. Let am =1 (h, = 37/(2m)), wherem = 1,...,10. There exists a positive constant €
such that, for all € € (—eg,€0), h = he + ¢, and € # 0, the BVP (4.1), (4.2) has the one-parameter
family of unstable periodic solutions in the variable t :

’U*(tw%.’g’ 900) = Px (qm(tvxv QOO) + qm(tw%.’ ()OO))

o (5.16)
+ p2 (122, (t, T, 00) + Mol (t, T, 00)) + 0(€?),

where qu(t, ,00) = exp(iw(e)t +imx +ipg) and w(e) = —em? + lom3e?/(2l1) + o(2). The con-
stants Iy and ly have been specified above. The family of solutions (5.16) exists if the first Lyapunov
value is Iy >0 (see Lemma 4).

In the case Iy < 0, the trivial solution of the BVP (4.1), (4.2) is asymptotically stable.

Remark 2. The existence of periodic solutions in the special case of the BVP (4.1), (4.2) occurs
rather rarely; if it does, they are unstable. Obviously, the case [; > 0 is rare as well. The dominating
situation is when /; > 0. Then the differential equation (5.14), and hence the BVP (4.1), (4.2), has
no small periodic solutions in the variable ¢.
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6. THE MAIN RESULT

We revert to the analysis of the primary nonlinear BVP (1.3), (1.4) with h = h(e) = hy(1 + ve)
provided that am # 1.

Let v(t, z,e,7) be a periodic solution obtained for the BVP (2.2), (2.3). Then ug(t) is determined
from equation (2.1): v(t,z,e,7) is substituted into its right-hand side and the resulting equation is
integrated. In this case, we have

UO(t, £, ’YO) = (2()252771,25 + 0(6))t + Y0,

where 7p is an arbitrary real constant and &2 = —(7/ /l1) > 0.

Theorem 3. There exists a positive constant €y such that, for all € € (0,e9) and h = h.(1 + ve),
the nonlinear BVP (1.3), (1.4) has the two-parameter family Va(e,v0,7) of solutions

U(t,$,€) = UO(t,€,’)/0) + U(t,$,6,’}/)

if the BVP (2.2), (2.3) possesses the limit cycle C(g). This family forms the integral manifold of
the nonlinear BVP (1.3), (1.4).

The family Va(g,70,7) is a local attractor if the limit cycle C(g) of the auziliary BVP (2.2), (2.3)
is a local attractor. This family is unstable (saddle) if the same property holds for C(e).

Assume that the special case is implemented: am =1 and h, = 37/(2m). Of course, the main
result needs an appropriate correction. In this case, Theorem 2 implies the following result.

Theorem 4. There exists a positive constant €y such that, fore € (—ep,0) U (0,£0) and h = hy + ¢,
the nonlinear BVP (1.3), (1.4) has the two-parameter family Vi (g, 70, 0) of solutions

u(t,x,s) — uO(taea’YO) + U*(t,$,€, 900)5
where v (t,x,€,¢0) is the solution (5.16) of the auxiliary BVP (4.1), (4.2) (see Theorem 2) and

52m2
uO(tvgvpyO) = <b2 I

+ 0(52)> t + 70,
1,0

where o s an arbitrary constant and 1y o = —3b3 — 202 /5. Recall that in this case, the solution
exists if 10 > 0.
Note that the solution family Vi(e,v0,¢0) is always unstable.

7. CONCLUSIONS

In this paper, we have studied local bifurcations in a periodic boundary value problem for
a nonlocal erosion equation. It represents a partial differential equation with a deviating spatial
variable. It has been demonstrated that proper consideration of the deviating variable is an essential
factor in bifurcation analysis. For the deviation value h = 0, an inhomogeneous relief is not formed.
Increasing h to some threshold values causes nanorelief formation.

In most cases, such a relief is formed as the result of Andronov-Hopf bifurcations with an
appropriate choice of h ~ h, and a. The special case ak ~ 1 leads to another type of bifurcations
and unstable patterns.

The above analysis of nanorelief formation, a topical physical problem, has turned out quite
effective due to applying modern methods of the theory of dynamic systems, namely, the methods
of invariant manifolds and the theory of normal Poincaré forms, extended to the class of problems
with an infinite-dimensional phase space. We emphasize that the use and development of the
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method of integral (invariant) manifolds is quite productive in the analysis of many problems of
mathematical physics: in many cases, this method reduces an original infinite-dimensional problem
to the analysis of a finite-dimensional dynamic system. Another approach to the analysis of infinite-
dimensional dynamic systems was shown in [24, 25].

Note that the inclusion (consideration) of nonlocal terms in a partial differential equation often

significantly changes the dynamics of its solution towards higher complexity and richness. For ex-
ample, bifurcations may arise on higher modes, which has been repeatedly observed in experiments.

Moreover, considering nonlocal terms in mathematical models reveals new effects in nanoelec-

tronics and in other nonlinear models of physics (for example, see [26-29]).
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